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Abstract

We devise an L-BFGS method for optimization problems in which the objective is the sum of two functions, where the Hessian
of the first function is computationally unavailable while the Hessian of the second function has a computationally available
approximation that allows for cheap matrix—vector products. This is a prototypical setting for many inverse problems. The
proposed L-BFGS method exploits the structure of the objective to construct a more accurate Hessian approximation than
in standard L-BFGS. In contrast with existing works on structured L-BFGS, we choose the first part of the seed matrix,
which approximates the Hessian of the first function, as a diagonal matrix rather than a multiple of the identity. We derive
two suitable formulas for the coefficients of the diagonal matrix and show that this boosts performance on real-life image
registration problems, which are highly non-convex inverse problems. The new method converges globally and linearly on
non-convex problems under mild assumptions in a general Hilbert space setting, making it applicable to a broad class of
inverse problems. An implementation of the method is freely available.

Keywords Structured L-BFGS - Seed matrix - Diagonal scaling - Non-convex optimization - Inverse problems - Medical
image registration
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1 Introduction Among others, this is a prototypical setting for inverse prob-
lems, where D : X — R represents a data-fitting term,

1.1 A Structured L-BFGS Method with Diagonal S : X — R a regularizer, and X a Hilbert space. In
Scaling this setting, it is often the case that, after discretization, the

data-fitting term has an ill-conditioned and dense Hessian
In this paper, we study a new L-BFGS-type method for  for which even matrix—vector multiplications are computa-

unconstrained optimization problems tionally expensive, whereas the Hessian of the regularizer is

positive definite, well-conditioned, and sparse with computa-
min J (x) tionally cheap matrix—vector products. The L-BFGS method
xeX

[19, 48, 56] is one of the most widely used algorithms for
large-scale inverse problems, but it does not take advantage
of the splitting in (1). In our recent work [50], we introduced
an L-BFGS-type method called TULIP (structured L-BFGS

with a cost function of the form

J: X >R, Jx)=Dx) +Sk). (1) method for inverse problems) that exploits different structural
properties of the two terms in (1). We proved the method’s

59 Florian Mannel global and linear convergence including for the case that the
florian.mannel @ uni-luebeck.de cost function 7 is non-convex with singular Hessian, and we
demonstrated in numerical experiments that it outperforms
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hariom85 @ gmail.com standard L-BFGS as well as other structured L-BFGS-type

methods on real-world image registration problems.
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In this paper, we present ROSE (structured L-BFGS
method with flexible seed matrix), an algorithm that further
improves the numerical performance of TULIP for image
registration problems while offering identical convergence
guarantees.

The improvement, which we demonstrate in the numerical
experiments in Sect.4, can be attributed primarily to the fact
that in ROSE the Hessian of D is approximated in the seed
matrix by a diagonal matrix rather than a multiple of the
identity. Let us explain this in more detail.

In the classical L-BFGS method with memory length ¢ €
No, the L-BFGS operator By = V27 (xy) is obtained as
By = B,El) from the recursion

@+ . () )
BkJ = BkJ + Update(sm+j, Y+ Bk] )
j=0,...,¢—1.

Here, m := max{0,k — ¢}, the stored update vectors
are {(sj,yj)}l;;ln, where s; = xj41 — x; and y; =
VI (xj+1) — VJ(x;), and they satisfy ijsj > 0 for all
j.For (s,y) € X x X with yT's > 0 and positive definite
B, the update is given by

Update(s, y, B) := = — ———

Itis a great advantage of the classical L-BFGS method that if
the seed matrix B,EO) is a multiple of the identity t I for some
7 > 0, then the search direction dy = — B, IVJ (x) canbe
computed matrix-free and without having to solve a linear
system. In practice, this is efficiently realized through the
two-loop recursion (e.g., [15, Fig. 1], [57, Algorithm 7.4]),
enabling the use of L-BFGS for large-scale problems. On
the other hand, this choice of the seed matrix does not take
into account the structure (1) and, in turn, does not benefit
from the convenient properties of V2S(xx). To change this,
in TULIP the seed matrix in iteration k is taken to be

B]EO) =1l + S,

where S approximates V2S(x;) and is selected in such a
way that B,EO) is positive definite and linear systems involv-
ing B,EO) can be solved cheaply at least approximately. While
the choice B,EO) = 1] + Sy is expected to make By a better
approximation of V27 (x;) and improve the rate of conver-
gence, the computation of dy = —B; 'V 7 (xi) now requires
the solution of a linear system involving B,EO). In this paper,

we consider seed matrices of the more general form

BY = Dy + 5, @)
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where Dy and Sy are chosen in such a way that B,EO) is posi-

tive definite and linear systems involving B,EO) can be solved
cheaply at least approximately. It is clear that this generalizes
TULIP. The main focus in this paper is on the choice of Dy as
a diagonal matrix. In particular, we propose two formulas for
the entries of the diagonal matrix in Sect.2 and we compare
them numerically in Sect.4. We also use the convergence
theory developed in [50] for TULIP to obtain convergence
results for ROSE in Sect. 3.

In view of the structure (1), the matrices 7/ and Sk,
respectively, Dy and Sk, may be regarded as approxima-
tions of the Hessians V2D (x;) and V2S(xz), respectively.
It is therefore expected that the approximation quality of
By ~ V27T (xx) increases from L-BFGS to TULIP to ROSE.
Consequently, L-BFGS should usually require more itera-
tions than TULIP, which should require more iterations than
ROSE. Since the increase in approximation quality in the
structured methods TULIP and ROSE comes at the cost
of (inexactly) solving one linear system per iteration, the
question arises whether the structured approach actually low-
ers the run time in comparison with standard L-BFGS. In
[50], the answer was affirmative for TULIP when we con-
sidered a test set of 22 real-world problems from medical
image registration. In the present paper, we find that ROSE is
significantly faster than TULIP on the same set of test prob-
lems. These problems are large-scale and highly non-convex
inverse problems that involve various data-fitting terms and
regularizers, see Sect. 1.2, suggesting that ROSE is a promis-
ing method also for other inverse problems.

1.2 Application to Image Registration

Image registration is a highly ill-posed inverse problem
where the regularizer S plays an important role to estimate
a meaningful transformation field to align the images. These
regularizers are generally designed well-structured and have
a Hessian that is cheap to compute. Examples include a
quadratic first order [16], a quadratic second order [29]
and a non-quadratic first order [18] regularizer, commonly
referred to as elastic, curvature and hyperelastic regularizer,
respectively. We emphasize that the hyperelastic regularizer
is non-convex. On the other hand, the data-fidelity measures
D are highly non-convex and their Hessians are very dense
and ill-conditioned. The sum of squared differences, mutual
information [64] and normalized gradient fields [34] are the
most commmonly used fidelity measures for registration. The
structure of the Hessian in the image registration problems
motivated us to apply structured L-BFGS methods including
ROSE. In the numerical experiments in Sect. 4, we con-
sider 22 real-world image registration problems that use the
aforementioned fidelity measures and regularizers to regis-
ter mono-modal and multi-modal images, estimating small
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to large deformations. While landmark constrained registra-
tion problems are not included in the 22 test cases, they still
fit in the framework of this paper. For further details we refer
the reader to Sect. 4.

1.3 Related Work

The idea to exploit the problem structure for constructing a
better approximation of V27 (xx) and use it as a seed matrix
in L-BFGS appears in the numerical studies [1, 2, 17, 35,
38, 40, 49, 50, 54, 66] that address a wide range of real-
life problems. On the considered large-scale problems, the
authors report significant speed ups over all methods that are
used for comparison, including standard L-BFGS, Gauss—
Newton, and truncated Newton. Among those contributions,
only [49, 66] employ a diagonal seed matrix other than a
scaled identity, but they do not consider the structure (1).
Thus, to the best of our knowledge, Algorithm ROSE is the
first structured L-BFGS method with proper diagonal scal-
ing. Another important difference to the present paper is that
except for [50], convergence rates are only studied numeri-
cally.

The convergence results of this work also hold for mem-
ory size zero. In this case, no updates are applied; hence,
By = B,EO) = Dy + S. For the choice S = 0, this may be
regarded as a method with diagonal Barzilai—-Borwein step
size [60]. Again, however, it seems that this work is the first
that integrates diagonal Barzilai-Borwein step sizes into a
structured method. We emphasize that the two choices pro-
posed for Dy in Sect.2 are inspired by [60], but are still
somewhat different. As a matter of fact, our proposals do not
agree with any of the choices for diagonal scaling that we
have found in the literature.

For S = 0 and S; = O for all k&, ROSE is an unstruc-
tured L-BFGS method that uses a diagonal seed matrix.
This class of methods has been studied in [9, 14, 21, 31,
43, 46, 48, 53, 61, 63], but convergence is usually shown
for strongly convex objectives or not at all, except in [46],
where global convergence is proved for the non-convex case
in the sense that lim inf_, o || V.7 (x¢)|| = 0. In contrast, we
have limy_, || VJ (x)|| = 0 in that case and a linear rate of
convergence, cf. Theorems 3.3,3.7 and 3.9. That is, in addi-
tion to its contribution in the structured setting, which is the
main focus of this work, ROSE also provides convergence
guarantees that are stronger than existing ones for unstruc-
tured objectives. Non-diagonal seed matrices have also been
considered, for instance in [3], where the seed matrix itself
contains low-rank updates.

In diagonal quasi-Newton methods, the Hessian is approx-
imated by a diagonal matrix. In contrast with an L-BFGS-
based approach, however, low-rank updates are not applied
to the diagonal matrix. References include [5, 7, 8, 28, 44, 45,

68], but we are not aware of works that embed this approach
in a structured method.

Despite the large amount of works that involve diagonal
matrices, it seems that one of the two choices that we pro-
pose for Dy, in [2] has not been considered before, while the
other one may be regarded as a generalization of the diago-
nal matrix that appears in [6] within an unstructured diagonal
quasi-Newton method. As mentioned above, however, there
are no low-rank updates applied to the diagonal matrix in
[6], which differs from our approach. The numerical exper-
iments in [6] show that the method requires less CPU time
than BFGS, but more than L-BFGS. On the theoretical side,
[6] proves global convergence for strictly convex quadratics.

Structured variants of full memory quasi-Newton methods
have been studied in various settings, cf. e.g., [4, 22, 24, 25,
217, 37, 42, 51, 52, 65], most often in the context of least
squares problems [22, 32, 36, 55, 67]. However, they do not
allow for a seed matrix, so by design they are somewhat
different from Algorithm ROSE.

1.4 Main Contributions
The main contributions of this paper are that

e we present ROSE, the first structured L-BFGS method
with diagonal scaling. Additionally, the specific diago-
nal scaling that we propose is new even for unstructured
L-BFGS;

e we obtain global and linear convergence of ROSE for
non-convex problems without assuming invertibility of
the Hessian, cf. Theorems 3.3 and 3.7. Such strong results
are not available for other structured L-BFGS methods
except for our own method TULIP [50];

e we show that ROSE outperforms TULIP on real-world
image registration problems. This is significant since
TULIP outperforms standard L-BFGS as well as com-
peting structured L-BFGS methods on the same set of
problems [50];

e we work in Hilbert space, which is rarely done for
L-BFGS and also for diagonal scaling. This is valuable
for instance because infinite-dimensional Hilbert spaces
are a natural setting for many inverse problems.

1.5 Code Availability

An implementation of our structured L-BFGS method that
includes an example from the numerical section of this paper
is freely available at https://github.com/hariagr/SLBFGS.

1.6 Organization and Notation

The paper is organized as follows. In Sect.2, we introduce
ROSE. Section 3 collects the convergence results and Sect. 4
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contains the numerical experiments. Conclusions are drawn
in Sect. 5.

Weuse N = {1,2,3,...} and Ny = N U {0}. The scalar
product of x, y € X is indicated by x” y, and for x € X the
linear functional y — x”y is denoted by x”. The induced
norm is ||x]. We write M € L(X)ifM : X - Xisa
bounded linear mapping. The notation M € L>0(X) means
that M € L£(X) is symmetric and positive semi-definite. For
M € L(X), we define

AM) = inf |Mv]| and

A(M) := sup ||Mv].
lvli=1

llvll=1

Apparently, we have 0 < A(M) < AM). If M €
L>0(X), then M(M) = infjy=1 v! Mv and A(M) =
M| = supy,j=; v Mv. Furthermore, if M € L>0(X) is
positive definite, then it is invertible, M —lis symmetric, and
AM H =AM >0aswellas A(M™ ) = aM)~! >
0. If X is finite dimensional, then A(M) and A (M) are the
smallest and largest eigenvalue of M € L.

2 The Structured L-BFGS method ROSE

Algorithm ROSE: Structured inverse L-BFGS method

with flexible seed matrix
Input: xg € X, ¢ >0, ¢ € Ny, cg > 0, Cy € [cp, o],
cs,c1,¢2 >0
1 Choose Sp € L>0(X)
2 Let Dp = 71 forsome t > 0
3fork=0,1,2,...do
4 Let m := max{0, k — ¢}
5 Let B]EO) = Dy + Sk
6 Compute di := — B~ vy (xx) from B,EO) and the stored pairs

// choice of seed matrix

{Gsj, yj)}]j‘;in using the two-loop recursion [57,

Algorithm 7.4]

7 Compute step length x> 0 using a line search

8 | Letsg := aidk, Xkt+1 = Xk + Sk, Yk := VI (xk+1) — VT (x)
9 if ykTSk > cy ISk ||2 then append (s, yx) to storage

// cautious update 1

10 if k > ¢ then remove (s, ¥, ) from storage

11 if |[VJ (xk+1)| < € then output x| and break

12 Choose Sk+1 € L>0(X)

13 Let zx := yx — Sk+15k

14 | Letw), :=minfco, 1|V (xk+1)[?} and

o, = max{Co, (c1[|VT (e )1}

15 if szsk > 0 then let T4 := [wfﬁ_l, w}(‘H] else let

Tit1 = [wiJrl’ Pk+1(f1§+1)]

16 Choose Di+1 € L>0(X) such that

A(Di+1)s A(Di+1) € Ty // cautious update 2
17 end

The proposed structured L-BFGS algorithm with seed matrix
B,EO) = Dy + St is summarized as Algorithm ROSE

@ Springer

(Structured inverse L-BFGS method with flexible seed
matrix).

Here, Pr+1 : R — R projects onto [wiH, w,’;H], ie.,
Pet1 (1) := min{w}, |, max{w},t}}. The scalar 7, is
defined in Definition 2.2.

The main differences between Algorithm ROSE and stan-
dard L-BFGS are the choice of the seed matrix B,EO) and
the two cautious updates that affect if (sx, yx) enters the
storage and that restrict the choice of Dy 1. We stress that
the two-loop recursion in Line 6 requires solving a linear
system whose system matrix is B,EO). In standard L-BFGS,
where B,EO) = 1t 1, this is a trivial task, but in ROSE, where

B,EO) = Dy + Sk, this is usually non-trivial. As discussed
in Sect. 1.1, it is therefore important to choose Dy and S
in such a way that linear systems with B,EO) are relatively
cheap to solve either directly or iteratively. In the numeri-
cal experiments, we choose Dy as a diagonal matrix with
(sufficiently) positive entries, so for many regularizers S the
choice Sy = V2§ (xk ) will result in linear systems that are
cheap to solve. In Line 16, we see that the interval T4 is
used to restrict the spectrum of Dy, which is called cau-
tious updating. Cautious updating is critical for the strong
convergence properties of ROSE; cf. Section 2.2 for details.

In comparison with Algorithm TULIP from [50], ROSE
is more general. Specifically, the interval T4 is larger in
ROSE and Dy in TULIP is restricted to multiples of the
identity. In the following subsections, we offer two choices
for Dy and provide further commentary on ROSE.

2.1 Choice of Dy,

A key element of ROSE is to use
B, = D1+ 3)
k+1 k+1 k+1

as seed matrix, where Dy is a symmetric positive semi-
definite operator. In classical L-BFGS, we have Dy =
Tr4+11 for some 1441 > 0 and Sipy1 = O for all k, with
Tht1 = ykTsk/||yk||2 being the most popular choice. This
choice as well as some others can be derived from the Oren—

Luenberger scaling strategy [58], which postulates that B,E(i)l

should satisfy the secant equation y; = B,Egr)lsk in a least
squares sense. In the structured setting of this paper, where
B,E(l)l = Di41 + Sk+1, the secant equation reads

Diyisk —zxk =0,  where  zx = yx — Sk+15k. 4
If Dy is invertible, this equation has equivalent forms such
as D,iflsk — Dk_Jil/zzk =0ors; — D](_Jilzk = 0. This moti-
vates to choose Dy in such a way that it minimizes the
associated least squares problem, e.g., || Dx4+15x — zk|| or

||D,1£L2lsk — D,;&{zzkll. On the other hand, it is well known
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that to maintain positive definiteness of By 1, the seed matrix
B,E(J)r)l has to be positive definite. In fact, to prove conver-
gence of the algorithm, the positive definiteness of By is
not strong enough; it is also necessary to appropriately con-
trol the condition number of By so that it does not go to
infinity too quickly. For the problems that we are interested in,
it is reasonable to expect that the approximations S of the
Hessians V2S(x1) have well-behaved condition numbers.
In this setting, due to Line 9, the condition number of By
can be controlled by ensuring that A(Dy41) and A(Dg41)
belong to an appropriate interval, denoted T;4; in ROSE,
cf. Line 15. We comment further on 741 when we discuss
cautious updating in Sect.2.2.

As it turns out, the convergence analysis of [50] goes
through for Algorithm ROSE without further specification of
Dj1. That s, the convergence results that we obtain hold for
any Dyt € L>0(X) satisfying A(Dk+1), A(Dg+1) € Tit1.
However, to make the method efficient in practical computa-
tions it is crucial that linear systems with B,g(l) | can be solved,
at least approximately, in an efficient way. Thus, although
the convergence analysis does not require a specific struc-
ture of Dy41, we are mainly interested in choices that lead
to a seed matrix B,E?:l with favorable properties (for itera-
tive solvers). Recall that we focus on the case where Sy
is (some sort of approximation of) a regularizer and hence
positive definite, well-conditioned, and cheap to evaluate
in any given direction. It is then clear that we can choose
Dy as any symmetric positive semi-definite operator that
is cheap to evaluate in all directions. In [50] we focused on
Di4+1 = tk4+11, which is the most common choice for classi-
cal L-BFGS, but here we consider the more general situation
that Dy is a diagonal operator with respect to a fixed
orthonormal basis (e;) jcz C X, where Z = {1,2,...,n}
if X is n dimensional and Z = N if it is infinite dimen-
sional. We say that D41 € L£(X) is diagonal with respect
to (e;) jez if there is a sequence (yj‘“) € £°°(7) such that
Diji =Y 1 )/Jl.‘He je! . In the following, we will usually

suppress the k-dependency of the coefficients (y}‘“) and
write (y;) instead. From || Di1|| = sup .7 y; we infer that
Dy is bounded if and only if sup;.7 y; < 0o. Moreover,
Dy is positive semi-definite if and only if y; > 0 for all
J € L. AS A(Dg+1) = infj yj and A(Dg41) = sup; yj, it
is easy to ensure A(Dy41) € Tig+1 and A(Dy4+1) € Ty in
Line 16 of Algorithm ROSE. If we set y; = 741 for all
J, we recover the classical choice Dyt = tx4+11. Next we
provide two possible choices for the diagonal elements (y;)
of Dk+1 = ZjeN ijjef.
The first choice for Dy, As outlined above, we wan; to
2k €

minimize the residual || Dy 15¢ —zx||. Thisleadsto y; = gt
J

ifskTej # 0, and y; arbitrary ifskTej = 0. Since we also want
to ensure A(Dg+1), A(Di+1) € Tg+1, cf. Line 16 in ROSE,

we project each y; onto Ty 1. This is equivalent to saying
that (y;) minimizes the constrained least squares problem
[ Dis 15k — zkll st A(Dit1) € Tyt A A(Diy1) € Tiyr
Writing Pr4+1 : R — R for the projection onto Ty this
yields

T
N Zp€j . T
Vi = Pk“(_s,%ej,») if s, e; #0,

oI, —
ifs; e; =0.

&)

Vi € Tit1

Of course, in finite dimensions with the canonical basis
(ej)j, the scalar products z,{e j and skT e; are simply the j-th
component of the vectors z; and si, respectively.

The second choice for Dj,; Next we determine the
coefficients (y;) that minimize ||D,Z_21sk - D,:{zzkll s.t.
AMDrs1) € Tkt A A(Dgy1) € Tiy1. Since ||D,1flsk -

p-l12

k+1 2kl is minimal for y; = if skTej # 0, and y;

T,.
Z e
Ty,
skej

arbitrary if skT e; = 0, the coefficients (y;) are optimal if

T,.
2k 8

T,
Sk €j

) ifsie; #0,

P
1fske.,—0.

Yi= ﬁk+1<

Vj € Tit1

(6)

The following relation between the coefficients of (5) and
(6) is obvious.

Lemma2.1 Let (sy,zx) € X x X, (ej)jer C & for some
T C N, and Ty+1 C R. Define (y;) jez according to (5) and
(Vj) je according to (6), choosing y; < y; forany j € T
with skTej =0.Theny; <y forall j €T

Relationship to scaled identity
For Dy4+1 = w411, the following three scaling factors
are particularly interesting, and they also play a role in this

paper.

Definition 2.2 For (s¢, zx) € X x X with s # 0 let o :=
z,{sk and define

2
el D
Isell” K ok

Pk g

N
T = 5, Ty =
k1 ;

* llsell> ko

where 7} 41 is only defined if px # 0.

We remark that 7} 41 and r,f 41 are the so-called
Barzilai-Borwein scaling factors introduced by Barzilai and
Borwein in their seminal work [11].

It is easy to check that for p; > O the scaling factors
r,f i1 t,f 1 and t,f ', are the minimizers of the least squares
problems ||zsg — zkll, lv/Tsk — zx/+/TIl and [lsg — z& /7],
respectively. Correspondingly, there holds 0 < 77, <
r,f 1 = T 41 if pr > 0. Note that the least squares prob-
lems are identical to those outlined for (4) if Dxy1 = tx411.

@ Springer
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Thus, the coefficients (y;) from (5) and (6) as well as those
introduced in 2.2 all realize optimal least squares fits of s; to
Zk, but each in a different sense. In doing so, they all approx-
imately realize the secant equation Dy15x = zx. The secant
equation plays a fundamental role in quasi-Newton methods
[23, 57].

It follows that the choices (5) and (6) considered for (y;)
in this paper correspond to 7}, ; and rkg 1 inthe scalar setting.
We emphasize that for structured L-BFGS, r,f 1 has emerged
as the most effective choice in the scalar setting, cf., e.g., [38,
40, 50].

Next we observe that the scalars r,f I t,f 1 and r,f 1
provide inner approximations for the spectrum of the aver-
age Hessian V2Dj. For convenience, we state this only for
quadratic S. The proof is similar to [31, Section 4.1], hence
omitted. As an obvious consequence, we conclude that the
spectrum of Dy approximates from within the spectrum of
the average Hessian if we additionally impose 7; | as lower
and 7 41 as upper bound for 7y, which may not hold with-
out these bounds. The latter approximation property serves as
a motivation to impose these bounds in the numerical exper-
iments.

Lemma23 Let D : X — R be twice continuously dif-
ferentiable and S : X — R be quadratic with Hessian
S € L(X, X). Let x¢, xx+1 € X be such that szsk > 0,
where yi = VI (Xp+1) — VI (xk), Sk = Xk+1 — Xk and
Zk ‘= Yk — Sk415k with Sg41 := S. Let

1
V2D = / V2D (xy + tsg) de @)
0

be positive semi-definite. Then the scalars from Definition
2.2 satisfy

AMV2Dy) < 1y S T8 < T < AV2Dy).

If, in addition, (ej) jex C X is an orthonormal basis of X
and we project onto f"k+1 = [I,f_H, thH] instead of Ti+1 in
the formulas (5) or (6), then the diagonal operator Dy :=
Zjez yjejejr with (y;) jez according to (5) or (6)

satisfies

MV2Dy) < MDi+1) < A(Dit1) < AVDy).
2.2 Cautious Updating

Algorithm ROSE uses cautious updating [47] both for
the decision whether (s, yx) is stored and for the choice
of the seed matrix B]E(-)‘r)l’ the latter through requiring
A(Dg+1), A(Dr+1) € Tiy1 in Line 16, which effectively
safeguards || Dy41|l and ||ijil|| from becoming too small
or too large in relation to V.7 (xx+1). Combined, these two

@ Springer

techniques yield sufficient control over the condition number
of By to prove, without convexity assumptions on 7, that
limg— 00 VJ (xx) = 0, cf. Theorem 3.3, and that (7 (xx))
converges g-linearly, cf. Theorems 3.7 and 3.9. It is impor-
tant to note that for V.7 (x;) — 0 the lower bound a)f( 41 and
the upper bound wj, ; that appear in the definition of i1
satisfy w,l( 41 — 0and o | — oo, respectively. Asymp-
totically, this allows Dj4 to have arbitrarily small positive
eigenvalues and arbitrarily large positive eigenvalues. This is
more flexible than safeguarding with a fixed positive number
which would artificially restrict the spectrum of By 1.

Cautious updating has previously been used in L-BFGS,
for instance in [12, 13, 46, 50]. Except for our own work
[50], however, the cautious updating that we use in the
present paper differs from that in the aforementioned refer-
ences. Most importantly, only [50] proves linear convergence
in a non-convex setting, and it is also the only contri-
bution that considers cautious updating for a structured
L-BFGS method.

2.3 The Line Search

The step length o4 in classical L-BFGS is often computed
in such a way that it satisfies the weak or the strong Wolfe—
Powell conditions. However, some authors determine o by
backtracking until the Armijo condition holds. For structured
L-BFGS, the authors of [1, 50] observed in numerical exper-
iments that Armijo is preferable, so we have good reason to
include all these line searches. For later reference, let us make
the line searches explicit. For Armijo with backtracking, we
fix constants 8,0 € (0, 1). The step size oy > 0O for the
iterate x; with associated descent direction dy, is obtained by
successively trying for oy the numbers 1, 8, 8%, 83, ... and
accepting the first one for which xx11 = xx + o dy satisfies

T xr1) < T(x) + axo VI () T dy.. ®)

For the Wolfe—Powell conditions, respectively, the strong
Wolfe-Powell conditions we additionally fix n € (o, 1). A
step size o > 0 is accepted if it satisfies (8) and

VI ) di = VT ()" di
VI i) de| = 0| VT 0T di]

respectively, )

As is common practice when working with the Wolfe—Powell
conditions (weak or strong), the first trial step size for oy is
always the full step oy = 1.
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3 Convergence Results

This section presents convergence results for Algorithm ROSE.
Specifically, global convergence is addressed in Sect.3.1,
linear convergence in Sect.3.2, and finite convergence on
suitable quadratics in Sect. 3.3.

As it turns out, the convergence analysis developed in
[50] for Algorithm TULIP can be generalized to cover Algo-
rithm ROSE. By doing so, we essentially obtain the same
convergence results for ROSE in Sects.3.1 and 3.2 as for
TULIP in [50]. Since the changes required in the proofs are
straightforward, we only spell them out for the proof of The-
orem 3.3 1). To distinguish the convergence properties of
ROSE from those of TULIP, we show in Sect. 3.3 that for a
particular class of functions, ROSE converges after finitely
many iterations, whereas TULIP does not.

3.1 Global Convergence of Algorithm ROSE

For x¢ in Algorithm ROSE, we define the level set, respec-
tively, the extended level set by

Q= {xeX: J(x)fj(xo)}

and Qs := QL+ Bs(0), where s > 0.
The global convergence of Algorithm ROSE holds under

the following assumption.

Assumption 3.1 1) The objective J : X — R is continu-
ously differentiable and bounded below.

2) The gradient of 7 is Lipschitz continuous in €2 with con-
stant L > 0, i.e., there holds |[VJ(x) — VJX)| <
L|x — x| forall x, x € Q.

3) The sequence (|| Sk||) in Algorithm ROSE is bounded.

4) The step size oy is, for all k, computed by Armijo with
backtracking (8) or according to the Wolfe—Powell con-
ditions (9). In the first case, we suppose in addition that
thereis § > Osuchthat J or V7 is uniformly continuous
in Qa.

5) The value ¢y = O is only chosen in Algorithm ROSE
if with this choice there holds sup, ||(B,£0))’1 | < o0
(which is, for instance, the case if (|| S, ! [I) is bounded).

6) The value Cy = oo is only chosen in Algorithm ROSE if
any of the following holds:

e Line 15 is replaced by “Let T4+
Piyi(tg, D)

e J is twice continuously differentiable, Gy =
V2Ji — Sk is symmetric positive semi-definite for all
k, and (]|Gx|)) is bounded. For quadratic S and S; =
v2s (x) for all k, we can also replace Gy in the pre-
ceding sentence by V2D := fol V2D(xy, + ts¢) d.

— ol
= [

Remark 3.2 Parts 1)-4) of Assumption 3.1 are more general
than the assumptions that are typically used in the literature
to analyze the convergence of L-BFGS. For instance, it is
often assumed that the objective J is twice continuously
differentiable with bounded level sets and only the Wolfe—
Powell line search is discussed. Let us point out two benefits
of our more general setting to illustrate its usefulness. First,
in our numerical experience with image registration prob-
lems, Armijo with backtracking is often more effective than
Wolfe—Powell, and in particular, we use it in the numerical
experiments of this paper. On the other hand, Wolfe—Powell
is the standard line search for L-BFGS, so it is important to
include it, too. Second, our weaker differentiability require-
ments cover the situation that 7 contains a penalty term, e.g.,
the classical quadratic penalty ) °, max{0, g; (x)}2 (here, the
gi stem from inequality constraints g; (x) < 0). Since penalty
terms are frequently used in image registration [39, Chap-
ter 15], allowing penalty terms in the objective is a desirable
feature.

Next we comment on some aspects of 3), 5) and 6).
The sequence (||Sk||) is for instance bounded if we select
Sr = V2S(xp) for all k, (xx) is bounded and V23S is Holder
continuous in 2. The sequence (||(B,£0))_l |l is for instance
bounded if we select Sp = V2S(x¢) for all k and the reg-
ularizer S is strongly convex. We stress, however, that the
boundedness of (]| (B,EO) Y1) is only required if we want to
choose ¢y = 0 in ROSE. Yet, all convergence results hold
for cg > 0 and the numerical results in Sect.4 are obtained
with ¢g = 107° and include non-convex regularizers for
which a positive semi-definite approximation of the Hessian
is available for Si. Note that co = 0 implies a),ZC 41 = Ofor
all k, while Cy = oo implies wZH = oo for all k. That is,
for ¢ = 0, respectively, Co = oo, the lower safeguard is
zero, resp., the upper safeguard is irrelevant, just as in stan-
dard L-BFGS. Observe in this context that if S = 0 and D
is a strongly convex C? function with Lipschitz continuous
gradient in €2, then Assumption 3.1 holds with ¢9 = 0 and
Co = 00; hence, we can use S;; = 0 for all k. In this case, we
recover classical L-BFGS if ¢, is smaller than the modulus
of convexity of D.

We now state the global convergence of ROSE in the sense
limg—, o0 VT (xr) || = 0, without convexity of the objective.
For L-BFGS-type methods, this strong form of global conver-
gence has rarely been shown in the literature in non-convex
settings, cf. the discussion in [50].

Theorem 3.3 Let Assumption 3.1 hold. Then:

1) Algorithm ROSE is well-defined.

2) If Algorithm ROSE is applied with € = 0, then it either
terminates after finitely many iterations with an xj that
satisfies V.J (xx) = 0 or it generates a sequence (xi)
such that (J (xi)) is strictly monotonically decreasing
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and convergent and there holds
lim [[VJ(xp)] = 0. (10)
k— 00

In particular, every cluster point of (xy) is stationary.

3) If Algorithm ROSE is applied with € > 0, then it termi-
nates after finitely many iterations with an xy that satisfies
IVI x)ll < e.

Proof The claim 1) can be established similarly as in [50,
Lemma 4.3], while 2) follows as in [50, Theorem 4.8] and 3)
is an obvious consequence of 2).

Let us spell out the two changes required in the proof of
[50, Lemma 4.3] to obtain 1). First, the intervals [z, °] and
[t%, v8] that appear in the proof in [50] have to be replaced
by Ti41. It is then argued in the proof that these intervals are
non-empty, but this is obvious for T;1. Second, it is used
that By is positive definite, so we have to establish this here.

Lemma 4.1 from [50] yields that By is positive definite
if B\” is. Since B” = Dy + Sy by Line 5 of ROSE and
since Dy and Si are positive semi-definite by Line 16 and
Line 12, B,EO) is positive semi-definite. To argue that it is
actually positive definite, we have to distinguish two cases.
If the constant cg > 0 in ROSE is positive, we infer that
unless xy is stationary (in which case the algorithm terminates
before generating By, so there is nothing to show), there holds
a)f{ > 0.As a)é is the lower bound of the interval T} (Line 15),
it follows from A(Dy) € Ty (Line 16) that A(Dy) > wf{ > 0,

so Dy is positive definite, hence B,EO) is, too. By Assumption
3.15) the choice ¢y = 0 is only made if B,EO) is invertible, so

B,EO) is positive definite in this case, too. O

Remark 3.4 1) If (x;) is bounded, the uniform continuity
in Assumption 3.1 4) can be dropped for finite dimen-
sional X.

2) Note that while Theorem 3.3 states that cluster points of
(xx) are necessarily stationary, it it does not ensure that
cluster points exist. If & is finite dimensional, then the
boundedness of (x) is sufficient for that existence. If X is
infinite dimensional, then it is more delicate to ensure the
existence of cluster points. However, if (xx) is bounded
and V J is weakly continuous, then the existence of weak
cluster points is guaranteed and it is easy to show that
every weak cluster point is stationary.

3.2 Rate of Convergence of Algorithm ROSE

The convergence rate of the classical L-BFGS method is g-
linear for the objective and r-linear for the iterates under
global strong convexity of J, cf. [48], and sublinear for
non-convex objectives [12]. For structured L-BFGS, we
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established linear convergence for non-convex objectives in
[50]. A close inspection of the results from [50] reveals that
they essentially apply to Algorithm ROSE, too. This yields
two results on the rate of convergence. First we obtain under a
Kurdyka-t.ojasiewicz-type inequality, which is weaker than
local strong convexity, that the objective converges gq-linearly
and the iterates and their gradients converge r-linearly. Sec-
ond, the same type of convergence also holds if there is a
cluster point in whose neighborhood 7 is strongly convex,
which is the classical sufficient optimality condition of sec-
ond order. Both results rely on the following assumption.

Assumption 3.5 1) Assumption 3.1 holds.

2) Algorithm ROSE is applied with ¢ = 0 and does not
terminate finitely.

3) The sequences (|| B||) and (||B,:1 |I) are bounded.

4) If the Armijo condition with backtracking is used for step
size selection in Algorithm ROSE, there is § > 0 such
that 7 is uniformly continuous in s or V7 is Lipschitz
continuous in 5.

Remark 3.6 The boundedness assumption 3) is easy to satisfy
in the structured setting of this paper. Specifically, it follows
as in [50] that (]| Bx||) is bounded if at least one of the two
statements in Assumption 3.1 6) holds. Notably, the first of
those statements only limits the size of the interval Ty and
does not involve convexity of the objective. The bounded-
ness of (|| By ! [l) is, for instance, guaranteed if (Sy) is chosen
uniformly positive definite. If S is strongly convex, this holds
for Sy = V2S(xx), but more sophisticated choices may be
available for the problem at hand. If a positive semi-definite
approximation of V28 (xy) is available, we may choose it as
Sk and, if necessary, add §1 with a small § > O to ensure
boundedness of (|| B, ! ). In any case, the data-fitting term
D in (1) can clearly be non-convex.

3.2.1 Linear Convergence Under a
Kurdyka-tojasiewicz-type Inequality

In this subsection, we state the linear convergence of Algo-
rithm ROSE based on a Kurdyka—t.ojasiewicz-type inequal-
ity. To introduce this inequality, let us consider the sequence
(xx) generated by Algorithm ROSE and recall from The-
orem 3.3 that (7 (xx)) is strictly monotonically decreasing
and that J™* := limy_, o J (xz) exists. We demand that there
are k, © > 0 such that

1 _
T () —JT* < ;nvy(xk)nz Vk > k. (11)

Comments on how this inequality relates to other Kurdyka—
Lojasiewicz-type-inequalities can be found in [50]. It is not
difficult to check that well-known error bound conditions
like the one in [62, Assumption 2] imply (11). Thus, the
following result holds in particular under any of those error
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bound conditions. The significance of (11) is that it allows for
minimizers that are neither locally unique nor have a regular
Hessian, while still resulting in linear convergence. We recall
that the parameter o appears in the Armijo condition (8).

Theorem 3.7 Let Assumption 3.5 and (11) hold. Then there
exists x* such that

1) there hold VJ (x*) =0and J* = J (x*);

2) the iterates (x*) converge r-linearly to x*;

3) the gradients (V. J (xx)) converge r-linearly to zero;

4) the function values (J(xx)) converge gq-linearly to
J (x*). Specifically, we have

L

B ) ECIEFLCS]
Vk > k. (12)

T (Xg1) = T (x¥) < <1 —

The supremum of the term in round brackets is strictly
smaller than 1.

Proof Identical to the proof of [50, Theorem 4.7]. O

Remark 3.8 Asin Remark 3.4, the statements concerning €2
in Assumption 3.1 and in Assumption 3.5 can be dropped if
X is finite dimensional and (x) is bounded.

3.2.2 Linear Convergence Under Local Strong Convexity

We now derive linear convergence under a different set of
assumptions than in Theorem 3.7.

For the special case S = 0 and Sy = O for all k, the
following result may be viewed as an improved version of
the classical convergence result [48, Thm. 7.1] from Liu and
Nocedal on L-BFGS, the most notable improvement being
that strong convexity is required only locally.

Theorem 3.9 Let Assumption 3.5 hold except for the state-
ments concerning 2s. Let (xy) have a cluster point x* such
that J|nr is w-strongly convex, where N' C Q is a convex
neighborhood of x*. Then

1) there holds J (x*) + pu|lx —x*||> < J(x) forallx € N;

2) the iterates (xi) converge r-linearly to x*;

3) the gradients (VJ (xx)) converge r-linearly to zero;

4) the function values (J(xx)) converge g-linearly to
T (x*). Specifically, if k is such that x; € N forallk > k,
then we have

2
T (pt) — J(x%) < (1 _ SR )

1Bl
[T@o—geh] vkzkad)

The supremum of the term in round brackets is strictly
smaller than 1.

Proof Identical to the proof of [50, Theorem 4.9]. O

Remark 3.10 If 7 is p-strongly convex in the convex level
set €2, then (13) holds for k = 0.

3.3 Finite Convergence on Suitable Quadratics

In Sects. 3.1 and 3.2, we have established convergence results
for ROSE for fairly general objective functions. We have
also pointed out that these results are essentially identical
to those derived in [50] for TULIP. In this subsection, we
show in a model setting that the better Hessian approxi-
mation of ROSE results in ROSE requiring fewer iterations
than TULIP. Specifically, we establish in this section that
for certain quadratic objective functions, ROSE with £ = 0
can find the exact minimizer after a finite number of iter-
ations, whereas this does not hold for TULIP. We confirm
these results in the numerical experiments for quadratics in
Sect.4.2. By extension, we expect that in related settings,
ROSE requires much fewer iterations than TULIP. Indeed,
for the real-world image registration problems in Sect.4.1.1
we observe this to be the case.

The key property of our model setting is that for some k
it enables the seed matrix B,E(J)r)l of ROSE to approximate the
Hessian V27 (xz41) exactly, yielding that xj» is the exact
minimizer if £ = 0. Since B,EOQI = Dj4+1 + Sk+1, where we
choose Sky+1 = v2s (xk+1) and Dy is a diagonal matrix
with diagonal elements that satisfy A(Dg+1), A(Dg4+1) €
Ti+1, cf. Line 16, we can only ensure B,E(J)r)l = V2j(xk+1) if
D has adiagonal Hessian V2D such that ,(V2D), A(V?D) €
Tk+1- Asthis severely limits the class of addressable objective
functions, we emphasize again that the goal is not to prove
another convergence result under general assumptions, but to
show rigorously that ROSE can require significantly fewer
iterations than TULIP.

We have now motivated the majority of assumptions that
are required to prove the first result. We recall that the objec-
tive function has the form 7 = S + D.

Lemma 3.11 Let Assumption 3.1 hold. Let D,S : X — R
be convex quadratics with positive semi-definite Hessians
D,S € L(X). Let (¢j) jez C X be an orthonormal basis
of X and suppose that D is diagonal wrt. (ej), i.e., D =
Zjel' )?jejejT with (P;) C [0, oo). Consider ROSE for some
k € No with Sk41 := S. Then:

1) (5) and (6) yield the same diagonal operator Dyy1 =
Y ez vieje] with (v;) C [0, 00).
2) Forany j suchthat y; € Tiy1 and skTej # 0, there holds
A 0
Vi =7V le, B/£+)1€j = szej.
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Proof Proof of 1):
Comparing the formulas (5) and (6), it suffices to show
that either sze j and skT e; have identical signs or sze i =0.
From

2k = Yk — Ssk = VD(xg+1) — VD(xx) = Dsy

it follows that z/ e; = P;jsle;. Thus, either z/ e; = 0 (if
p; = 0)orz] e; and s/ e; have identical signs (if ; > 0).
Proof of 2):

The formula z] e; = p;s!e; derived in the proof of 1)

T,.
implies that % = p; for any j with s]e; # 0. Since
k*J
Vi € Tkt1s
it follows from (5) that y; = p; for these j. O

Observe that for £ = 0 the approximation property of
Lemma 3.11 2) is particularly strong in that Byiie; =
V2 Je j. Since J is quadratic, Taylor expansion yields

VT (gt +dis1) e = VI e ej + (dip1) V2T e

= VI (k1) ej = VI (xrt1)ej = 0,

where the second equality relieson Byt 1dg+1 = —V.J (Xk+1)-

This shows that if skTej # 0 for all j, then V.J (xg+1 +
dr+1) = 0, i.e., Xg+1 + dir+1 is the minimizer of J. It is
not difficult to show that in this case, step size ax+1 = 11is
chosen, and thus, ROSE terminates with x**2 being the min-
imizer. Essentially, we have established the following result.

Corollary 3.12 Let Assumption 3.1 hold. Let D,S : X —
R be convex quadratics with Hessians D, S € L(X). Let
(ej)jez C X be an orthonormal basis of X and suppose
that D is diagonal wrt. (e;) and positive definite.

Consider Algorithm ROSE with £ = 0 and the choice
Si := S forall k. Then: There is K € Ny such that istT<ej #
0 forall j € T and some K > I% then ROSE terminates
for k = K + 1 in Line 11 with the global minimizer of
J. If the constants co, Co in ROSE satisfy co < A(D) and
Co > A(D), then K = 0.

Proof Our prior discussion establishes the claims, but recall
that it was based on Lemma 3.11 2) whose application
requires A(D), A(D) € Ti1. The specified choice for ¢, Co
guarantees that this requirement is satisfied because it implies
Tir1 = [0y @fyy] D leo, Col D [M(D), A(D)]. Here,
we used that szsk = skT Dsy > 0 because D is positive def-
inite by assumption. Without knowledge about cg and Cy,
it still holds that @} ; — 0 and @}, — oo for k — oo,
hence A(D), A(D) € [w}, |, {1 = Tit1 holds for all suf-
ficiently large k. The limits for coﬁc 41 and wy, ; follow from
the fact that V 7 (xx) — 0, which is established in Theorem
3.3. O
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The assumption that skT ej # 0 for all j is difficult to
guarantee in general, so let us also prove a result without this
assumption. The price to pay is that we need S to be diagonal.
This is helpful because if By = Dj + S is diagonal, then
skTej = 0 is equivalent to Vj(xk)Tej = 0. Since V27 is
also diagonal in this setting, we obtain V.7 (xk+1)Tej =0
by Taylor expansion, which in turn gives dkT +1¢j = 0. Hence,
VI (rp1+dig) T ej = VI )T ej+(diy )T V2T ej =
0, the same result as for those indices j with skT e;j # 0.
Necessarily, then, V.J (xg+1 + dk+1)Tej = 0 for all j, thus
VT (xk+1 + di+1) = 0. As before, a1 = 1 is selected and
ROSE terminates with xj42, which is the minimizer of 7.
These observations yield the following result.

Lemma 3.13 Let Assumption 3.1 hold. Let D,S : X — R
be convex quadratics with diagonal Hessians D, S € L(X)
wrt. the orthonormal basis (e;) je7. Also, let D be positive
definite. Consider Algorithm ROSE with £ = 0 and the choice
Sk := S forall k. Let K € Ny be the smallest number such
that a)lK < A(D) and w’;( > A(D) are satisfied. Then ROSE
terminates fork = K +1in Line 11 with the global minimizer
of J. If the constants cqy, Co in ROSE satisfy co < A(D) and
Co > A(D), then K = 0.

The arguments of this subsection remain valid under small
perturbations of V27 and By, although the final iterate will
no longer be the exact minimizer. The precise statement,
whose proof is omitted for brevity, reads as follows. We recall
that € is the termination tolerance in Algorithm ROSE.

Lemma 3.14 Let Assumption 3.1 hold. Let D : X — R be
twice continuously differentiable and strongly convex with
Hessian V2D(x) = D + Ty (x) forall x € X, where D €
L(X) is diagonal wrt. the orthonormal basis (e;) jeT and
positive definite. Let S : X — R be twice continuously
differentiable with Hessian VIS(x) = § + Tr(x) + T3(x)
forall x € X, where S + T>(x) is positive semi-definite for
allx € X. Let e X and Q :={x € X : T(x) < T®))}.
Consider Algorithm ROSE with £ = 0 and the choice Sy :=
S + T (xx) for all k. Then: For all € > O there is § > 0 such
that if sup  aIT1 ()| + IT2) || + IT3(0)|l < 8, then for
any xo € €2, ROSE ferminates fork = K + 1 in Line 11
with xk 42 satisfying |VJ (xk+2)|| < €, where K € Ny is
the smallest number such that a)lK < AM(D) and 0y > A(D)
are satisfied. If co < A(D) and Cy = A(D), then K = 0.

Remark 3.15 1) Let us specialize Lemma 3.14 to a strongly
convex regularizer of the form S(x) = as(x), « > 0,
Sy := aV?s(x;) forallk,anda quadratic function D with
a positive definite and diagonal Hessian. Lemma 3.14
with 71 (x) := T3(x) := S := 0 and T>(x) := aVZs(xx)
yields that as o decreases we expect ROSE with £ = 0 to
terminate earlier because sup, o [IT1(xX) || + |72(x)|| +



Journal of Mathematical Imaging and Vision (2025) 67:7

Page110f20 7

I T5(x) || becomes smaller. In particular, if we allow o« = 0
then ROSE with ¢ = 0 requires only 2 iterations if ¢y and
1/Cy are small enough, and the same statement holds if
o > 0 is sufficiently small. In contrast, for larger values
of @ or £ > 0 more than two iterations may be required.
Similarly, if c¢g and 1/Cy are not sufficiently small or the
interval T4 is restricted in such a way that A(D) or
A (D) do not belong to it, then ROSE with £ = 0 will
not terminate in two iterations. The numerical results in
Sect. 4.2 match these expectations quite well, cf. Table 5.
2) Let us briefly discuss what convergence behavior we
expect of ROSE for £ > 0. For £ = 0, the key point is
that a good approximation B,E(J)r)] of V27 (xz41) translates
into By being a good approximation of V2.7 (xi1).
For ¢ > 0 the identity B,Eg_)l = By41 is no longer

true, so although B,E(i)l =Vig (xx+1) remains valid, the

rank-two updates actually destroy the perfect approxi-

mation and guarantee that Byt # V27 (Xk+1)- On the

other hand, as £ increases ROSE becomes more similar

to a BFGS-type method, so there should be a tendency

of improving (linear) convergence rates, which suggests

lower iteration numbers. By observing that the rank-two

updates modify the eigenvalues of Bj4 vs. B,E(J)r)l, we
may further suspect that the updates are most helpful in
settings where B,E(J)r)l is unable to approximate the spec-
trum of V27 well, for instance if Tk +1 is too small. Thus,
if Tx4+1 does not include A(D) or A (D) (by a certain mar-
gin), we expect that the performance of ROSE with £ = 0
is worse than with £ > 0, regardless of the value of «.
Again, the numerical results in Sect.4.2 are very well
aligned with these expectations, cf. Table 5.

3) Itis clear that if V2D is diagonal but not a scalar multi-
ple of the identity, then the seed matrix of TULIP cannot
agree with the exact Hessian. Therefore, the iteration
numbers of TULIP may be significantly larger than those
of ROSE in the setting of Lemma 3.13. Table 5 con-
firms this. By extension, we also expect lower iteration
numbers from ROSE if D has a Hessian that is close to
a diagonal matrix (at least near the minimizer) or ill-
conditioned, cf. also Lemma 3.14. The results of the
real-world experiments in Sect.4.1.1 support this view.

4 Numerical Experiments

The numerical experiments are divided into two parts. First
we consider real-life image registration problems to demon-
strate the practical merits of ROSE; then, we study quadratic
model problems to illustrate its convergence properties in an
academic setting. All experiments are performed in MAT-
LAB (R2023b) on an Apple M1 Pro with 32GB of RAM.

4.1 Real-life Image Registration Problems

We first demonstrate the effectiveness of Algorithm ROSE
over its predecessor TULIP from [50] using the same 22
real-life large-scale highly non-convex and ill-posed image
registration problems that were used in [50] to compare
TULIP with L-BFGS and other structured L-BFGS meth-
ods. A description of these problems is provided next.

4.1.1 Problems Under Consideration

Registration problems are generally highly non-convex and
ill-posed. Given a pair of images T and R, the goal is to find a
transformation field ¢ such that the transformed image 7 (¢)
is similar to R, i.e., T o ¢ &~ R. To determine ¢, we solve an
unconstrained optimization problem

rrgnj(fﬁ) =D@; T, R)+aS(9), (14)

where D measures the similarity between the transformed
image T (¢) and R. The regularizer S = oS guarantees that
the problem is solvable and it enforces smoothness in the
field. We follow the “discretize-then optimize” approach. To
obtain a clearer comparison, we work with a fixed discretiza-
tion instead of a multilevel approach. In consequence, for
each problem the transformation field satisfies ¢ € R" with
a fixed n that defines the number of variables. The values of
n are provided in Table 1.

An important quality measure for the registration is the
target registration error (TRE). It measures the distance
between the landmark locations in the reference image and
in the target image transformed with the transformation field
¢.

The 22 test cases, listed in Table 1, cover many different
registration models, estimating small to large deformations.
The three-dimensional (3D) lung CT images are from the
well-known DIR dataset [20, 41], and the rest of the datasets
are from [54]; in Fig. 5 we display five of the datasets together
with registration results. 2D-Disc images are an academic
example with large deformations from [18]. The six test
cases for the datasets 2D-PET-CT and 2D-MRI-Head per-
form multi-modal registration of images from two different
modalities.

Let us also point out that the test cases do not include land-
mark constrained registration problems, but that they fitin the
framework of this paper if the constraints are eliminated as
proposed in [33], resulting in an unconstrained optimization
problem formulated in the basis of the constraint set.

The test cases comprise the fidelity measures sum of
squared difference (SSD), mutual information (MI) [64]
and normalized gradient fields (NGF) [34]. They include a
quadratic first-order (Elas) [16], a quadratic second-order
(Curv) [29], and a non-quadratic first-order (H-elas) [18]
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Table1 We use

22 non-quadratic image TC Dataset n D S o Initial TRE
Z‘;is:r( aT“g;l problems as test | 2D-Hands 32768 SSD Curv 1.5.10° 1.04 (0.62)
2 2D-Hands 32768 SSD Elas 15103 1.04 (0.62)
3 2D-Hands 32768 SSD H-elas (103, 20) 1.04 (0.62)
4 2D-Hands 32768 NGF Curv 0.01 1.04 (0.62)
5 2D-Hands 32768 NGF Elas 1 1.04 (0.62)
6 2D-Hands 32768 NGF H-elas a,1n 1.04 (0.62)
7 2D-Hands 32768 MI Curv 5.1073 1.04 (0.62)
8 2D-Hands 32768 MI Elas 5.103 1.04 (0.62)
9 2D-Hands 32768 MI H-elas (1073, 1) 1.04 (0.62)
10 2D-PET-CT 32768 MI Elas 104 N.A
1 2D-PET-CT 32768 MI Curv 0.1 N.A
12 2D-PET-CT 32768 NGF Elas 0.05 N.A
13 2D-PET-CT 32768 NGF Curv 10 N.A
14 2D-MRI-Head 32768 MI Elas 103 N.A
15 2D-MRI-Head 32768 NGF Elas 0.1 N.A
16 2D-Disc 512 SSD H-elas (100, 20) N.A
17 3D-Brain 49152 SSD H-elas (100, 10, 100) N.A
18 3D-Lung 294912 NGF Curv 100 3.89 (2.78)
19 3D-Lung 307200 NGF Curv 100 9.83 (4.86)
20 3D-Lung 319488 NGF Curv 100 6.94 (4.05)
21 3D-Lung 331776 NGF Curv 100 7.48 (5.51)
2 3D-Lung 344064 NGF Curv 100 434 (3.90)

Data-fidelity (MI, NGF, SSD) and regularization (Curvature, Elasticity, Hyperelasticity) are denoted by D
and S, respectively; the regularization parameter is «, cf. (14). The problem size isn = d - ]_[‘,f:1 my, where
d € {2, 3} denotes the data dimensionality (2D or 3D) and my the corresponding data resolution. The data
resolution for Hands, PET-CT, and MRI data is 128 x 128, for Disc data 16 x 16, Lung data 64 x 64 x X
where X € [24, 28], and Brain data 32 x 16 x 32. The last column (Initial TRE) reports the initial target
registration error and in brackets the standard deviation, cf. Sect.4.1.1. In Fig.5 we display five of the data

sets together with registration results

regularizer. We stress that the hyperelastic regularizer (H-
elas) is non-convex. Also, computing the full Hessian of the
hyperelastic regularizer is expensive. As proposed in [18],
we therefore use a Gauss—Newton-like approximation of the
Hessian for Si. In particular, this approximation is positive
semi-definite. It is important to note here that the convergence
analysis of ROSE allows for Sy # V2S(xz).

4.1.2 Algorithmic Settings

For TULIP and ROSE, we use Sy = V2S(xx), except for
the hyperelastic regularizer where S; only approximates
V28 (x). The seed matrix in TULIP is B,EO) = 131 + Si, and
we compute t; by the adaptive approach from [50], which
is the best performing method of [50]. Since we use only
one approach for 7, we will refer to it simply as TULIP.
In ROSE, we have B,Eo) = D; + S, and we determine
the diagonal entries of Dy according to (5), respectively,
(6), which we refer to as ROSE-Ds and ROSE-Dg, respec-
tively. The linear system in the two-loop recursion is solved

@ Springer

inexactly and matrix-free using MINRES [59] with a Jacobi
preconditioner. Unless stated otherwise, MINRES is termi-
nated after 50 iterations or when the relative residual falls
below 1072, For the 22 image registration problems under
consideration, these settings were identified in [50] to work
well for TULIP and to outperform the preconditioned conju-
gate gradients method.

The image processing operations are carried out matrix-
free with the open-source image registration toolbox FAIR
[54].

For the stopping criteria of the optimization methods, we
follow [54, p. 78]. That is, we stop if all of the conditions

o | T () — T (k)] < 1075(1 + [T (x0)l),
o llxx — xk—1ll < 1073 (1 + [|xll),
o [VT(x)ll < 1073(1+ 1T (x0)l)

are satisfied. We consistently use £ = 5 in ROSE and TULIP.
We employ the Armijo line search routine from FAIR [54]
with parameters LSmaxIter = 50 and LSreduction =
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Table2 Parameter values for Algorithms ROSE and ES

Algorithm ROSE Algorithm ES
Cs o Co < & £l noomoom

Table 3 Diagonal approximation schemes and choice of bounds a, b
forT =[a,b]NT

107 10° 10° 10° 1 1073 107* 10 30 50

10~*, where the latter corresponds to o in (8). We do not con-
sider the Wolfe—Powell line search because it does not work
as well on image registration problems [50]. The remaining
parameter values of Algorithms ROSE and TULIP are spec-
ified in Table 2, which also contains parameter values for
Algorithm ES that we introduce below.

4.1.3 Evaluation Measures

We select run time and solution accuracy as the main crite-
ria to evaluate the performance of the algorithms, where the
solution accuracy is measured with target registration error
(TRE) [30] discussed in Sect.4.1.1.

To visualize the performance, we use the performance
profiles of Dolan and Moré [26] which allow to compare
the performance of several optimization methods on a given
set of problems with respect to a performance metric (e.g.,
run time). Denote by S the set of methods, by P the set of
problems, and by ¢, ; € (0, oo] the value that method s € §
achieves on problem p € P inthe performance metric, where
a smaller value of 7, ; is better and 7, ; = oo indicates that
algorithm s did not solve p. The performance profile for s is
the function py : [1, c0) — [0, 1] given by

|{p EP:rps < r}|
|P
tp,s
min{t,,,g 10 € S}‘

ps(t) = , where

Tp,s =

We see that p; is the cumulative distribution function with
respect to the performance metric ¢. Note that T in pg(7) is
not related to the scaling factor t used for seed matrices, but
both are standard notation.

4.1.4 Results

Experimental comparison of different choices for Dy
We pair the two schemes ROSE-Ds and ROSE-Dg with
various restrictions of 7y 1. Here, by restriction we mean that
we choose A(Dy+1), A(Dg+1) in Line 16 of ROSE from a
sub-interval f“k+1 = [ag+1, br+1]1N Ti+1 (this is compatible
with the algorithm since it still ensures A(Dy+1), A(Dg+1) €
Ti+1)- Specifically, we are interested in sub-intervals that use
;. as lower and T 41 as upper bound because this guar-
antees that the spectrum of Dy, is related to that of the
(average) Hessian of the data fidelity term, cf. Lemma 2.3.

No diagonal approximation lower bound a upper bound b
1 ROSE-Ds: Formula (5) &' "

2 o min(|7?|, w*)
3 max(|t¥], o)) min(|t¢], o)
4 ROSE-Dg: Formula (6) o/ "

5 ! min(|7?], w")
6 max(|t¥], o)) min(|t¢], o)

We work with the absolute values of 7° and t° to account for the case

sTz < 0.1t is easy to see that [t°| < |r%|. We point out that the

parameters for the cautious updates are chosen such that ' < |*| and
wu >> |TZ|

Omitting the index k + 1, we detail different combinations
of lower and upper bounds that we use for ka in Table 3.

Figure 1 shows that all variants of ROSE are either faster
or at least similar to TULIP. All variants of ROSE-Dg outper-
form the adaptive version of TULIP, while only one variant
of ROSE-Ds is faster than TULIP.

In both ROSE-Ds and ROSE-Dg, the variant with lower
bound |t¥] is the fastest but yields the lowest accuracy. Less
run time is attributable to lower objective value reduction.
The other two variants with lower bound &' are almost iden-
tical in performance, but the one with upper bound |7%| has
a slight advantage in terms of accuracy and run time, which
is why we focus next on further improving this variant’s run
time by managing the accuracy of the linear solver over the
iterations.

Effect of linear solver on run-time performance

While a diagonal choice of Dy infuses more information
into the structured L-BFGS method compared to a scaled
identity, the run time is below the anticipated level. Figure 2b
confirms that the diagonal schemes require fewer function
evaluations than the scaled identity, but indicates that for
the diagonal choice the linear solver requires a much higher
number of total iterations. For instance, it requires more than
double the amount of iterations for 70% of the problems.This
is the main reason for its underperformance..

Since ROSE-Dg is superior to ROSE-Ds, which is consis-
tent with the literature on structured L-BFGS [38, 40, 50], we
exclude ROSE-Ds from the remaining experiments on image
registration.

Improved run-time performance with earlier stopping

We reduce the computational time required by the linear
solver by stopping earlier. Specifically, instead of allowing
a maximum of 50 iterations as before, we switch between
10, 30, and 50 iterations, respectively, depending on whether
ROSE makes good progress or not. The details are provided
in Algorithm ES.
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The underlying idea in Algorithm ES is that while far
away from a local minimum, a crude approximation of the
search direction is enough to obtain a sufficient decrease in
the objective value. Therefore, in this case MINRES stops
after only 7 iterations, where np = 10 in our experiments. As
the rate of change in the objective function value decreases,
the maximal number of MINRES iterations is increased to
obtain a more accurate estimate of the search direction.

Figure3 compares ROSE-Dg to TULIP, both with and
without Algorithm ES. As displayed, ROSE is faster than

TULIP on approximately 80% of the problems with almost
similar performance in terms of accuracy. In contrast with
ROSE, TULIP does not benefit from using ES, suggest-
ing that the lower approximation quality of the seed matrix
in TULIP combined with even earlier stopping produces
descent directions of poor quality.

Overall performance Table 4 reports the total run time
and average target registration error on the 22 image reg-
istration problems. The two variants of ROSE-Dg clearly
outperform the two variants of TULIP. In particular, the best

(i) ROSE-Ds vs. TULIP

(a) run-time

(b) accuracy

(c) objective value reduction

1 1 1
d {—l I'_
0.8 0.8 0.8 UJIP
X o6 0.6 0.6
Y
0.4 0.4 0.4
0.2 0.2 0.2
01 2 3 5 0 .02 1.04 1.06 01 1.02 1.04 1.06 1.08 1.1
T T T
— ROSE-Ds: [w!, w] — ROSE-Ds: [, |7?|]] — ROSE-Ds: [|75|,|7%]] — TULIP
(i) ROSE-Dg vs. TULIP
(a) run-time (b) accuracy (c) objective value reduction
1 1 1 I T
0.8 0.8 0.8 E
Eos 0.6 0.6
Y
0.4 0.4 0.4
0.2 0.2 0.2
01 2 3 5 0 .02 1.04 1.06 01 1.02 1.04 1.06 1.08 1.1
T T T

— ROSE-Dg: [w!,wY|

— ROSE-Dg: [, |77(]

— ROSE-Dg: [|7%|,|7%]] — TULIP

Fig. 1 Performance profiles for different variants of ROSE compared with TULIP. Each variant of ROSE is combined with three different choices

of Ty11

(a) run-time

1 1

) function evaluations

(c) MINRES iterations

0.8 0.8 0.8
=06 0.6 0.6
QU

0.4 0.4 0.4
0.2 0.2 0.2
01 15 2 25 3 35 4 O 1.5 2 25 3 35 4 01 2 3 4 5
T T T
— ROSE-Ds: [u!,|7?]] — ROSE-Dg: [w!,|7?|]] — TULIP

Fig.2 Performance profiles comparing the best variant of ROSE-Ds and ROSE-Dg to TULIP
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Algorithm ES: Early stopping criteria for linear solver; here, t is the number of allowed MINRES iterations at the

(k + 1)-th iteration of ROSE

Inmput: 0 < g1 <gg << 1,0 <no<ni <m
1if [T (k1) — T ()] < e1|T (xx)| then let i := 12
2 elseif | T (xx41) — T ()| < €0l T (xx)| then let ¢ :=
3 else let ¢ := ng

// small progress — many iterations
// medium progress — in between
// large progress — few iterations

method ROSE-Dg-ES improves meaningfully over the best
variant of TULIP. We recall from [50] that this variant of
TULIP outperforms standard L-BFGS by a wide margin on
the 22 problems under consideration.

Convergence rate In Fig. 4, we assess the rate of conver-
gence of ROSE in comparison with TULIP.

Unsurprisingly, the diagonal choice of Dy used in ROSE
enables much faster convergence than the scalar multiple of
the identity used in TULIP.

Visualization of the registration Figure5 displays the
two registration results with the largest TRE for ROSE-Dg
and TULIP. It also depicts registration results on three more
datasets where landmarks are not available to measure TRE.
The objective value reduction in Fig.5 is very similar for
ROSE-Dg and TULIP, which means that the final objective
values are close to each other. This suggests that the run-time
improvement of ROSE-Dg over TULIP does not affect the
quality of the registration.

4.2 Quadratic Problems

We turn to the academic setting of strictly convex quadrat-
ics to illustrate what the ideal problem type is for ROSE.
This helps to explain the outperformance of ROSE over
TULIP observed for image registration in Sect.4.1. We
study how the regularization parameter and the number of
L-BFGS update vectors affect convergence of ROSE, and
we validate the results of Sect.3.3.

4.2.1 Problem Under Consideration

We seek the unique minimizer x* := (1,1,..., DT €
R!6 of the strictly convex quadratic J(x) := 0.5(x —
T [D + aS] (x —x*), where D and S are SPD and « > 0.
We let D be the diagonal matrix D; := exp(—j) with expo-
nentially decaying eigenvalues. This matrix is ill-conditioned
with a condition number around 107,

reflecting the Hessian of a typical data fidelity term in
inverse problems. For S, we use the classical five-point sten-
cil finite difference discretization of the Laplacian with zero
boundary conditions on the unit square [10, Section 1.4.3].
We investigate three setups: weakly (o = 107°), mildly
(¢ = 1073) and strongly (@ = 10~!) regularized problems.

4.2.2 Algorithmic Settings

We use xg = 0, Sy = «S, and we terminate if | V.7 (xz) | <
1013, The linear system in the two-loop recursion is solved
with MATLAB’S backslash. We use the same algorithmic
parameters for ROSE and TULIP and the same three variants
of fk+1 as in Sect.4.1, cf. Tables 2 and 3. ROSE-Ds and
ROSE-Dg agree in this example since the formulas (5) and
(6) yield identical coefficients, cf. Lemma 3.11 1), so we
simply call it ROSE.

4.2.3 Results

Iteration numbers, average number of line search steps, and
run times are summarized in Table 5. As expected based on
the considerations of Sect. 3.3, the iteration numbers decrease
for increasing ¢, except for ROSE when going from £ = 0
to £ = 3 in case of smaller « and a sufficiently large interval
Tis1, of. Remark 3.15 2).

Table 5 confirms that, as proved in Lemma 3.14, the prob-
lem structure implies that ROSE with £ = 0 terminates after
two iterations if « is small enough and fk+1 is large enough,
cf. also Remark 3.15 1).

We repeat that in this section we have deliberately chosen
a problem structure that is very favorable for ROSE (D and
S are strongly convex quadratics, D has a diagonal Hessian),
since our aim is to illustrate in a clear fashion that the better
Hessian approximation that ROSE generates can reduce the
number of iterations significantly in comparison to TULIP,
enhancing the practical performance. Indeed, ROSE consis-
tently requires fewer iterations and less run time than TULIP.
The variants of ROSE with [/, ©*] and [&', |T%]] are more
effective than with [|t¥], |t%|], which is in line with the results
from Sect.4.1. In consequence, the outperformance in run
time of ROSE over TULIP displayed in Table 5 is substan-
tial for the two variants with larger intervals. In this respect,
we recall that the larger the interval, the better Dy can
potentially approximate the spectrum of V2D, which is par-
ticularly helpful if V2D is ill-conditioned.

In this example, by obtaining a good approximation of
V2D, ROSE is able to substantially outperform TULIP for
weak and mild regularization. As an aside we note that like
TULIP, standard L-BFGS struggles on such poorly condi-
tioned problems. All in all, ROSE is robust across the full
range of regularization values .
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(a) run-time

(b) accuracy

(c) MINRES iterations

1 1 1
0.8 0.8 0.8 |IJ
< 0.6 0.6 0.6
<
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
1 15 2 25 3 35 4 1 1.02 1.04 1.06 1 2 3 4 5
T T T
— ROSE-Dg: [, |7] — TULIP — TULIP-ES
Fig.3 Performance profiles for ROSE-Dg and TULIP with and without Algorithm ES
Table 4 Performance table Measures ROSE-Dg ROSE-Dg-ES TULIP TULIP-ES
total run time (sec.) 624 614 904 949
average TRE 0.537 0.536 0.538 0.542

The best results are highlighted in bold and are achieved by Rose-Dg-ES

(i) Hwk - kale

(i) |7 (zr) = T (21-1))|

(iif) [[VT ()l

10?
104 ‘
103
1
102 102 1 10
10° 10! 10°
102 0
10 10—1
200 400 600 800 200 400 600 800 200 400 600 800
k k k
— ROSE-Dg: [, |77[] — TULIP — TULIP-ES

Fig.4 Convergence behavior of ROSE and TULIP on one image registration problem. The diagonal choices for Dy used in ROSE result in higher
rates of convergence compared to the scalar multiple of the identity used in TULIP

5 Conclusions

We have presented ROSE, a structured L-BFGS scheme that
allows the first part of the structured seed matrix to be diag-
onal. We derived two choices for the diagonal part and we
compared them to each other numerically. We found that the
choice (6) related to the geometric mean is substantially more
effective.

ROSE is well suited for structured large-scale optimiza-
tion problems, including many inverse problems. It comes
with strong convergence guarantees, ensuring global and
linear convergence in Hilbert space even for non-convex
objective functions and absent invertibility of the Hessian.
These convergence results do not require the first part of the
seed matrix to be diagonal, but they hold in particular for the
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two proposed diagonal choices. The underlying assumptions
are especially mild if the objective includes a regularizer for
which a computationally cheap and uniformly positive defi-
nite Hessian approximation is available.

In the numerical experiments, we have demonstrated
on large-scale real-world inverse problems from medical
image registration that ROSE outperforms the structured
L-BFGS method TULIP from [50], which in combination
with the findings of [50] implies that it also exceeds other
structured L-BFGS methods and standard L-BFGS on these
problems. In comparison with a scaled identity as in TULIP,
the diagonal scaling used in ROSE will usually increase
the time required by the iterative linear solver to satisfy
the same stopping criterion. On the other hand, diagonal
scaling improves the quality of the search directions, so
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Reference
(R)

Template

TC-18: 3D-Lung

TC-9: 2D-Hands

3D-Brain

TC-17:

TC-15: 2D-MRI-Head

TC-13: 2D-PET-CT

Fig. 5 Registration results for the test cases (TC) 18, 9, 17, 15 and
13; see Table 1. The first two columns show Template (T) and Refer-
ence (R) images in the gray scale, the third column and the last two
columns show the difference between T and R before and after registra-
tion through a two-channel colored composite image, respectively. The
composite image shows T and R overlaid in the green and red chan-
nels, respectively. Each color channel is scaled between O to 1 similar

Overlayed T & R

Overlayed T(¢) & R
ROSE-Dg TULIP

- . =
| |
E | |
a 1 a
mun— | - : -

TRE: 1.52, RED: 0.946 TRE: 1.53, RED: 0.947

TRE: 0.74, RED: 0.712 TRE: 0.72, RED: 0.715

RED: 0.4260

RED: 0.4247

RED: 0.9937 RED: 0.9938

RED: 0.9896

RED: 0.9896

to the gray scale images. Solution accuracy measure TRE is available
only for TC-18 and TC-9, where ROSE-Dg and TULIP achieve simi-
lar values. The relative objective value reductions (RED) of ROSE-Dg
and TULIP are consistently close to each other. This indicates that the
solution quality of ROSE-Dg is comparable to that of TULIP although
ROSE-Dg requires significantly less run-time on average
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Table 5 Comparison of ROSE and TULIP on quadratic problems with different regularization strengths « and different numbers of update vectors

L.

a=10"° a=10"3 a=10"
Method / ¢ 0 3 5 10 () 0 3 5 10 0 0 3 5 10 00
Number of iterations
TULIP 5000 3088 2222 1106 576 5000 551 409 177 62 284 35 35 22 19
ROSE: [, "] 2 2 2 2 2 2 2 2 2 3 3
ROSE: [/, |7%[] 5 12 9 8 8 6 12 9 8 8 10 7 6 6 6
ROSE: [|7°], |T%]] 107 51 46 47 38 85 47 31 32 23 37 25 20 15 14
Average number of line searches per iteration
TULIP 1.01 1.14 1.15 1.16 1.15 1.00 .11 111 122 1.39 1.02 1.09 1.06 1.05 1.00
ROSE: [0, 0] 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

ROSE: [0, [7]] 140 108 100 1.00  1.00 1.33
ROSE: [|7%],|<%]] 162 129 139 1.15 1.03 1.25

Run time (in milliseconds)

TULIP 5432 3405 248.1 1279 699 5425
ROSE: [}, 0"] 2.9 1.6 1.5 1.5 1.5 1.6
ROSE: [, [77]] 23 30 25 24 23 2.1
ROSE: [|t°],|<%]] 166 85 78 79 67 135

1.08 1.00 1.00 1.00 1.10 1.00 1.00 1.00 1.00
.11 1.03 1.09 1.00 1.05 1.04 1.05 1.00 1.00

619 464 21.7 87 317 52 51 3.7 3.5
1.5 1.5 1.4 1.4 1.9 1.6 1.6 1.6 1.6
29 24 23 2.3 2.6 22 2.1 20 20
8.1 54 58 45 62 47 40 33 32

ROSE clearly outperforms TULIP in run time

earlier stopping of the linear solver is appropriate. If this
is taken into account, diagonal scaling outperforms scalar
scaling in our experiments in that it obtains solutions of
comparable accuracy in lower run time. ROSE can be imple-
mented matrix-free and an implementation is available at
https://github.com/hariagr/SLBFGS.

Future work should assess the numerical performance of
Algorithm ROSE on additional classes of inverse problems.
It would also be worthwhile to incorporate other diagonal
scalings in ROSE and compare their numerical performance.
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