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Standard CNNs are typically trained on well-aligned data...

data: [Karmakar, 2024]
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But, data naturally varies...
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Equivariance
G-Equivariant

Input Output

g

Transformed Input
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Segmentation fθ

Segmentation fθ

f̃θ(g · x) = g · f̃θ(x)

Approaches

• Data augmentation [Shorten &
Khoshgoftaar, 2019]

• Group-equivariant layers [Cohen & Welling,
2016]

• Averaging-based methods: group averaging
[Murphy et al., 2019], frame averaging
[Puny et al., 2022]

• Canonicalization [Kaba et al., 2023]
[Shumaylov et al., 2024]
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Diffeomorphisms

Definition (Diffeomorphism)
X and Y differentiable manifolds.
A map g : X → Y is called a diffeomorphism if

• g is bijective
• g is differentiable
• inverse g−1 : Y → X is differentiable

When X = Y, this set forms an infinite-dimensional group under composition, D(X ).
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Training Data XE

data: [Karmakar, 2024]
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Input Images (Diffeomorphic Transformations of XE )
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Canonicalization

We have: input x .

We want: canonical representation xc , that is “close” to the
training data XE .

Idea: energy-based canonicalization [Shumaylov et al., 2024],
canonicalize input to xc := gx · x with

gx ∈ arg min
g∈DSVF (X )

Ecan(x , g).

Energy minimization through gradient-based optimization following [Bostelmann et al., 2024].

Towards Diffeomorphism-Equivariant Neural Networks via Canonicalization (DiffeoNN) 10



Canonicalization

We have: input x .

We want: canonical representation xc , that is “close” to the
training data XE .

Idea: energy-based canonicalization [Shumaylov et al., 2024],
canonicalize input to xc := gx · x with

gx ∈ arg min
g∈DSVF (X )

Ecan(x , g).

Energy minimization through gradient-based optimization following [Bostelmann et al., 2024].

Towards Diffeomorphism-Equivariant Neural Networks via Canonicalization (DiffeoNN) 10



Canonicalization

We have: input x .

We want: canonical representation xc , that is “close” to the
training data XE .

Idea: energy-based canonicalization [Shumaylov et al., 2024],
canonicalize input to xc := gx · x with

gx ∈ arg min
g∈DSVF (X )

Ecan(x , g).

Energy minimization through gradient-based optimization following [Bostelmann et al., 2024].

Towards Diffeomorphism-Equivariant Neural Networks via Canonicalization (DiffeoNN) 10



Canonicalization Energy Ecan

Intuitively, energy Ecan(x , g) small when g · x is “close” to training data XE and transformation g
physically plausible, large otherwise.

Ecan : X × DSVF(X ) → R, Ecan(x , g) := EXE (g · x)︸ ︷︷ ︸
image similarity

+ Ereg(g)︸ ︷︷ ︸
regularization

,

with
EXE (g · x) := λVAEEVAE(g · x) + λadvEadv(g · x),

Ereg(g) := λgrad
∑
p∈Ω

d∑
i=1

(∇vi(p))2

︸ ︷︷ ︸
gradient loss

+ λjac
∑
p∈Ω

max(0, − det(Jg (p)))︸ ︷︷ ︸
Jacobian determinant loss

.
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SVF-Based Diffeomorphisms DSVF

Stationary Velocity Field (SVF): vector field v : Ω → Rd ,
• v(p): velocity of a fluid at position p.

Flow: φt(p) : Ω → Ω,
• defined as solution to ODE:

dφt(p)
dt = v(φt(p)), φ0(p) = p, t ∈ [0, 1].

Diffeomorphism:
• solution of ODE at t = 1: φ1 = exp(v),
• exponential map exp : SVF → DSVF(X ),
• structured and computationally efficient subset of full group of diffeomorphic transformations
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Diffeomorphism-Equivariant Lung Segmentation
Input x Canon.

Input xc

Segm.
of xc

Output
DiffeoNN

Output
Naïve

Output
Aug.

Ground
Truth

data: [Karmakar, 2024]
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Diffeomorphism-Equivariant Lung Segmentation

Model IoU ↑ Dice ↑ Acc. ↑
Naïve 0.9147 0.9547 0.9755
DiffeoNN (ours) 0.9214 0.9586 0.9777
Aug. 0.9251 0.9606 0.9790

Table: Mean Intersection-over-Union (IoU), Dice
coefficient (Dice), and pixel-wise accuracy (Acc.) on
diffeomorphically transformed chest X-rays.
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Diffeomorphism-Invariant Homology Classification
Naïve Aug. DiffeoNN Ground

Truth Naïve Aug. DiffeoNN Ground
Truth

data: [LeCun et al., 1998]
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Diffeomorphism-Invariant Homology Classification

Model Acc. ↑
Naïve 0.68
DiffeoNN (ours) 0.82
Aug. 0.82

Table: Mean accuracy (Acc.) on
diffeomorphically transformed MNIST.
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Bounding the Generalization Error

For energy-based canonicalization in LieLAC setup [Shumaylov et al., 2024]:
(compact and finite-dimensional setting):

EµT [L(fθ(gx · x)), gx · ygt
x )] ≤ ϵ + (Lmax − ϵ)α,

with
• ϵ bounds training error,
• Lmax maximal possible loss,
• α small, when XE well sampled (probability mass on poorly-sampled group orbits),
• under mild assumption.
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Proof Idea

EµT [L(fθ(gx · x)), gx · ygt
x )]

=
∫

X
L(fθ(gx · x), ygt

gx ·x )dµT (x)

=
∫

Aδ

L(fθ(gx · x), ygt
gx ·x )dµT (x)︸ ︷︷ ︸

≤(1−µT (Ac
δ

))ϵ

+
∫

Ac
δ

L(fθ(gx · x), ygt
gx ·x )dµT (x)︸ ︷︷ ︸

≤µT (Ac
δ

)Lmax

≤ ϵ + (Lmax − ϵ)α
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Bounding the Generalization Error

EµT [L(fθ(gx · x)), gx · ygt
x )]

≤ ϵ + (Lmax − ϵ)α

EµT [L(g−1
x · (fθ(gx · x)), ygt

x )]
≤ C · EµT [L(fθ(gx · x), gx · ygt

x )].
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Invariance of Canonicalization and Empirical Equivariance Error

If f̃θ does make the inner network fθ
diffeomorphism-equivariant, for all images from
the training dataset x ∈ XE :

fθ(x) = f̃θ(x) = g−1
x ·fθ(gx ·x)

• mean Dice coefficient
Dice(fθ(x), f̃θ(x))=0.9812

• mean pixel-wise accuracy
Acc(fθ(x), f̃θ(x))=0.9902
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More Examples on Invariance of Canonicalization
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Diffeomorphism-Equivariant Neural Networks (DiffeoNN)

• turn any network
diffeomorphism-equivariant

• no data augmentation or
retraining necessary (only training
on original training dataset XE )

• bounded generalization error
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additional slides...
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Lung Segmentation: Failed Canonicalization
Input x Can.

Input xc

Seg.
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Output
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Output
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Output
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Bounding Generalization Error - Measures
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