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Invariance and Equivariance

G-Invariant G-Equivariant

Input

Output

““genus two”

fo(g - x) = fo(x),

data/images: [LeCun et al., 1998], [RSUA, 2023]

Josephine Elisabeth Oettinger Diffeomorphism-Equivariant Neural Networks 2



NIVERSITAT U LOBECK CAMBRIDGE IMAGE ANALYSIS

DAMTP - UNIVERSITY OF CAMBRIDGE

Invariance and Equivariance

G-Invariant G-Equivariant

Input Output

Input

Segmentation fo
_—

Output
g
!

Transformed Input Output of Transformed Input

Segmentation fp ’
E——

folg - x) = fo(x), folg - x) =g fo(x),

Transformed Input

data/images: [LeCun et al., 1998], [RSUA, 2023]
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Diffeomorphisms

Definition (Diffeomorphism)

X and Y differentiable manifolds.
A map g: X — Y is called a diffeomorphism if

e g is bijective
e g is differentiable
e inverse g1 : Y — X is differentiable

When X =Y, this set forms an infinite-dimensional group under composition, D(X).
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data: [Karmakar, 2024]
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Diffeomorphically Transformed Images
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Input Ground Truth

True Segmentation
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Network fp
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Input Ground Truth

True Segmentation

Naive

Network fp

gz € arg min Eca..( ,g)
9€Dsvr(X)

Canonicalised Input
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Input Ground Truth

True Segmentation

Naive

Network fp

gz € arg min Eca..( ,g)
9€Dsvr(X)

Canonicalised Input

fo
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True Segmentation
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gz € arg min Ecan( ,g)
9€Dsvr(X)
Canonicalised Input Ours
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Canonicalisation

We have: input x.
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Canonicalisation

We have: input x.

We want: canonical representation x., that is “close” to the
training data Xg.
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Canonicalisation

We have: input x.

We want: canonical representation x., that is “close” to the
training data Xg.

Idea: energy-based canonicalisation [Shumaylov et al., 2024],
canonicalise input to x. := g - x with

gx € arg min E.n(x, g).
gGDSVF(X)

Energy minimisation through gradient-based optimisation following [Bostelmann et al., 2024].
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Canonicalisation Energy E.,

Intuitively, energy Ecan(x, g) small when g - x is “close” to training data Xg and transformation g
physically plausible, large otherwise.
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Canonicalisation Energy E.,

Intuitively, energy Ecan(x, g) small when g - x is “close” to training data Xg and transformation g
physically plausible, large otherwise.

Ecan : X X Dsve(X) — R, Ecan(x,8) = Ex.(g-x) + Eeglg) ,
—— ——
image similarity regularisation
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Canonicalisation Energy E.,

Intuitively, energy Ecan(x, g) small when g - x is “close” to training data Xg and transformation g
physically plausible, large otherwise.

Ecan : X X Dsve(X) — R, Ecan(x,8) = Ex.(g-x) + Eeglg) ,
—— ——
image similarity regularisation

with
Ex. (g - x) := AvaeEvae(g - X) + AadvEaav(g - X),
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Canonicalisation Energy E.,

Intuitively, energy Ecan(x, g) small when g - x is “close” to training data Xg and transformation g
physically plausible, large otherwise.

Ecan : X X Dsve(X) — R, Ecan(x,8) = Ex.(g-x) + Eeglg) ,
—— ——
image similarity regularisation

with
Ex.(g - x) := AvaeEvae(g - x) + AadvEaav(g - X),

d
Ereg(8) = Agrad ) > _(VVi(P))* + Njac ) max(0, — det(T(p))).

pe i=1 pe

gradient loss Jacobian determinant loss
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SVF-Based Diffeomorphisms Dsyr

Stationary Velocity Field (SVF): vector field v : Q — RY,

e v(p): velocity of a fluid at position p.

ANNNNNNNNNY
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Flow: ¢:(p) : Q — Q, 2
e defined as solution to ODE: 2

d%ﬁm =v(ee(p)), wolp)=p, tel0,1]
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SVF-Based Diffeomorphisms Dsyr

Stationary Velocity Field (SVF): vector field v : Q — RY,

e v(p): velocity of a fluid at position p. o000 DRI IRSERNN
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e defined as solution to ODE: 2500000 NIRRT
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d%p) =v(pe(p)), wolp)=p, tel0,1]
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SVF-Based Diffeomorphisms Dsyr

Stationary Velocity Field (SVF): vector field v : Q — RY,

e v(p): velocity of a fluid at position p. o000 DRI IRSERNN
SLLLLL i
S/ 740 VNN NN
AT EERRRR RN
FIOW: @t(p)ﬂ—)Q, Y N R EEEEENA NN
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e defined as solution to ODE: 2200000 IRy
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d@t(P) =

—qp = V() wolp) =p, te[01]
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SVF-Based Diffeomorphisms Dsyr

Stationary Velocity Field (SVF): vector field v : Q — R,
e v(p): velocity of a fluid at position p.
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Flow: ©:(p): Q — Q,
o defined as solution to ODE:

d%(gp) = v(p:(p)), wolp)=p, te[0,1]. :
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SVF-Based Diffeomorphisms Dsyr

Stationary Velocity Field (SVF): vector field v : Q — R,
e v(p): velocity of a fluid at position p.

Flow: ©:(p): Q — Q,
o defined as solution to ODE:
de:(p)

—5 =~ V@), ¢olp)=p, te[01].
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Diffeomorphism:
e solution of ODE at t = 1: o1 = exp(v),
e exponential map exp : SVF — Dsyr(X),

e structured and computationally efficient subset of full group of diffeomorphic transformations
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Diffeomorphism-Equivariant Lung Segmentation
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data: [Karmakar, 2024]
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Diffeomorphism-Equivariant Lung Segmentation

MODEL IoU 4t Dice?t Acc. t
NAIVE 0.9147 0.9547 0.9755
DirreoNN (ours) 0.9214 0.9586 0.9777
Avac. 0.9251 0.9606  0.9790

Table: Mean Intersection-over-Union (loU), Dice
coefficient (Dice), and pixel-wise accuracy (Acc.) on

diffeomorphically transformed chest X-rays.
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Diffeomorphism-Invariant Homology Classification

Naive Aug. DiffeoNN

Pred. Label: 1 Pred. Label: 1 Pred. Label: 1

Pred. Label: 1 Pred. Label: 2 Pred. Label: 2

g

Pred. Label: 2

F.r‘

Pred. Label: 0

Pred. Label: 0

Ground
Truth

Label: 1

Label: 0

data: [LeCun et al., 1998]
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MODEL Acc. 1 >
NAIVE 0.68

D1FFEONN (OURS) 0.82 N
AvG. 0.82 £,

Table: Mean accuracy (Acc.) on
diffeomorphically transformed MNIST.
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Bounding the Generalisation Error

For energy-based canonicalisation in LieLAC setup [Shumaylov et al., 2024]:
(compact and finite-dimensional setting):

E,.-[L(fo(gx - X)) & Y] < e+ (Lmax — €)a,
with
e ¢ bounds training error,
® L. maximal possible loss,
e « small, when Xg well sampled (probability mass on poorly-sampled group orbits),

e under mild assumption.
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Proof Idea
EHT[L(F@(gX 'X))7 8x 'ygt)]
= | Hilec 05807 ()

=, L(fy(gx - x), y&.)dpuT(x)
')

<(1—p7(A§))e

+ /A L(fy(gx - x), g )duT(x)

5

<p7(A§) Lnax

< e+ (Lmax — €)@
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Bounding the Generalisation Error n

Epr[L(fo(gx - X)), &« - vE)]
< e+ (Lmax — €)
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Bounding the Generalisation Error n

B, [L(fo(gx - X)), & - ¥E°)]
< e+ (Lmax — €)

Canonicalised Input Segmentation of =,
Segmentation f, N
9. ] [
Input Segmentation of
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Bounding the Generalisation Error n

B, [L(fo(gx - X)), & - ¥E°)]
< e+ (Lmax — €)

Canonicalised Input z,, Segmentation of z,,

Segmentation f, N

4 y;“ ]EMT[L(gx_l : (fé(gx : X))? ygt)]

Input = Segmentation of = S C . EHT[L(fO(gX . X), gx ) yft)]
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Diffeomorphism-Equivariant Neural Networks (DiffeoNN)

e turn any network
diffeomorphism-equivariant

e no data augmentation or retraining
necessary (only training on Xg)

&5

e bounded generalisation error

Diffeomorphism-Equivariant Neural Networks 17



}@ﬁ e Ane CAMBRIDGE IMAGE ANALYSIS

=0 'DAMTP - UNIVERSITY OF CAMBRIDGE

Bounding Generalisation Error - Measures
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Lung Segmentation: Failed Canonicalisation

Can. Seg. Output Output Output Ground
DiffeoNN Naive Aug. -Truth
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Input
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