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Abstract. Image registration is a demanding task that is required in
many different areas of application, in particular in medical imaging.
Due to the ill-posedness of image registration problems, regularization
is unavoidable. This paper focuses on a family of so-called vector-field
(VF) regularizers which consist of second-order energies based on a con-
vex combination of gradients of divergence and rotation. Following a
discretize-then-optimize approach, this paper proposes a staggered-grid
discretization of the VF regularizers and applies a quasi-Newton type
minimization to the image registration problem. Here the most costly
part is solving linear systems, which can be regarded as a discretization
of a linearization of a partial differential equation of fourth order. This
paper proposes a highly efficient multigrid (MG) solver. In particular, the
paper presents a local Fourier analysis to show that the suggested dis-
cretization is well suited for MG. More specifically, the paper provides an
explicit number for the h-ellipticity measure and the local smoothing fac-
tor for a collective w-relaxed Jacobi-type iteration. Our numerical results,
including 3D image registration tasks, underline that the MG solver has
in fact a complexity of O(n), where n is the number of unknowns.

Keywords: Image Registration - Efficient Solvers - Multigrid - Local
Fourier Analysis

1 Introduction

Image registration is a challenging problem, especially in medical imaging. The
goal of image registration is to establish geometric correspondences between two
or more images; see, e.g., [16]. Various approaches have been proposed, based
e.g. on Deep Learning [11], Optical Flow [7] or variational [25] methods.

This paper follows a variational approach [16,24,25], i.e. a joint energy is
minimized, which consists of a data fitting term and a regularizer. As described
for example in [16], a regularizer is typically based on either first- (e.g. diffusion
or elastic) or second-order (e.g. curvature) derivatives. The elastic regularizer
couples the components of the transformation, whereas diffusion and curvature
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are uncoupled. A coupled approach may be more useful in a biomedical setting,
while uncoupled approaches allow for more efficient numerical schemes. Com-
pared to first-order regularization, second-order regularization leads to smoother
transformations and hence allows the inclusion of constraints such as correspond-
ing landmarks [6] or the so-called 2D/3D registration [13]. The drawback of
second-order terms is that the numerical treatment of the registration problem
is significantly more complex, in particular for coupled approaches.

This paper focuses on a family of coupled second-order so-called vector-
field (VF) regularizers [1,18,21,23]. The considered family is based on a convex
combination of derivatives of divergence and rotation of the transformation and
includes the curvature [6] energy, also known as thin-plate-spline energy.

In order to minimize the joint energy this paper follows a discretize-then-
optimize approach with a quasi-Newton optimization scheme [19]. Here the com-
putational demanding part is the solution of the potentially large scale Newton-
system Hsp = VJ, where H denotes the Hessian and VJ the gradient of the
discretized objective function and s;, an update direction. The system can be
considered as a discretization of a linearization of a fourth-order partial differ-
ential equation and is solved with an efficient multigrid solver (MG) [3,22].

MG is established for many first-order [8,10,14,20] and second-order [4,12,
15] regularizers already, but to the best of our knowledge a MG analysis for the
considered VF regularizers is lacking. This paper presents a staggered grid dis-
cretization of the VF regularizers, which is ensured to be well suited for MG with
local Fourier analysis. More exactly, the h-ellipticity of the differential operator
of fourth order as well as the local smoothing factor for a collective w-relaxed
Jacobi-type iteration are determined. Numerical results underline the efficiency
of the proposed MG solver and demonstrate the application to image registration
problems.

The paper is organized as follows. The VF regularizers and their staggered-
grid discretization are presented in Sect.2. The MG components and a local
Fourier analysis of the differential operator of fourth order are provided in Sect. 3.
Numerical examples demonstrating the efficient use of MG solvers in 3D image
registration can be found in Sect. 4.

2 Vector-Field Regularization and Its Discretization

A general discussion about image registration can be found in [16]. We assume
that two images are given, i.e. 7,R : R? — R, continuously differentiable and
compactly supported on a set  C R%, where d € N denotes the spatial dimen-
sion. To simplify the presentation we restrict ourselves to d = 2. The aim is to
find a transformation y : R? — R? such that 7 oy corresponds to R. Since the
specific data fitting is irrelevant for this work and to simplify the presentation,
we stick to the Lo norm. With a regularizer S, the variational approach is to
determine a minimizer y* of the joint energy

T HEQRY) =R, T(y) = 1T oy —RIL, +aS(y — yret), (1)
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Fig. 1. Inner-staggered grid for d = 2: first component in blue and second component
in green, Dirichlet-0 boundary points are in yellow and red. (Color figure online)

where o > 0 is a regularization parameter, H*(Q, R%) is a Sobolev-space where
k € N depends on the order of the regularizer and s : R — R denotes a
reference transformation, e.g. yrof(z) = x for all x.

2.1 Vector-Field Regularization

For the regularization, we focus on the family of coupled second-order vector-field
(VF) regularizer [1,18,21,23], S : H2(Q,R?) — R,

S(y,’y) = VL(Bdiv Yy Bdiv y) + (]- - 7) /Q(Bcurly : Bcurl y) dx
— / AIVdiv g2 + (1 — )| Veurl y|f? dz
Q

with a weighting factor v € (0,1), (4: B) = Zj’k A Bjk, and, for d = 2,

Bav = (g1 i) wnd B = (252 31

— 022 12

Note that for v = 0.5 the VF regularizer simplifies, leading to a decoupling
of the components and thus the curvature regularization. In the following, we
use an arbitrary v and omit the dependency on 7.

For the minimization of the joint energy (1), the fourth-order differential
operator A enters with the Euler-Lagrange equation into play,

A= ,YBIW Bdiv + (1 - ’Y)BT Bcurl (2)

curl

_ (701111 + O1122 + (1 = )Da222 (27 — 1)(D1112 + D1222)
(27 = 1)(O1112 + O1222) (1 —7)01111 + O1122 + 02222 )
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2.2 Discretization of the Differential Operators

We follow a discretize-then-optimize framework for the minimization of the joint
energy. For the discretization of the integrals we use a midpoint quadrature
rule [5] and focus on the discretization of the VF regularizer and in particular
the fourth-order differential operator A in (2) with finite differences. Assuming
that global affine parts are captured by a preregistration e, thus Dirichlet-0
boundary conditions are added for the displacement y,.f —y. Hence, we discretize
the displacement on an inner-staggered grid as indicated in Fig. 1 for d = 2.

We start with the discretization of Bgjy and By . For the discretization of
each operator two distinct versions, see Table 1, are needed, since the components
of the displacement are discretized cell-centered in one and inner-nodal in the
other direction. For example, for d = 2 the discretized differential operators of
second-order are

~_(I5eDi DI e DS _ (-Ds@ D" Ii" @ D5,
Baiv = <D§ ® Dzl'n Dég ® ]lc and Beyl = _ 52 ® 171,71 D%" ® D(l, )

where ® denotes the Kronecker-product.

Table 1. Identity, first- and second-order finite difference operators for cell-centered
and inner nodal grids of size m = my X --- X mg with grid-width h; = (W} — w?)/m;
and Dirichlet-0 boundary condition;identity: I; € R™7™J and I;-“ e R™tLmi—1 firgt-
order: D§ € R™*t1™i and D" € R™>™ ! and second-order: D§; € R™"™ and
D e R™TLmi L

1
I ( ) I o
1 1

— O

0
2 1
-1 1 -1 1
Dj = % , D}* = % ,
-1 1 -1 1
—2 -1
0
-3 1 -2 1
1 -2 1 1 -2 1
1 -2 1 1 -2 1
1 -3 1 -2
0

The discretization of the fourth-order differential operator A from Eq. (2)
thus is
A = ’yBc—li—ideiV + (]- - ’Y)B;—lrchurL

We demonstrate that the proposed discretization A is consistent in O(h?).
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Fig. 2. Consistency check for Ex. 1 with v = 0.1 (left) and v = 0.5 (right). A log-log-
plot of grid-width h against the consistency error ||As’ — fj|| for the first (j = 1, blue)
and second (j = 2, green) component. Additionally the slopes 2(red) and —4 (magenta)
are visualized in dashed. Catastrophic cancellation is visible for the second component
for v = 0.5, as no consistency error occurs. The discretization A of the fourth-order
differential operator is consistent in O(h?).

Example 1. On Q = [0,27]? we consider the linear system As = f with

sin(x1) cos(2x9 20 — 157v) sin(x1) sin(2x2
s(x) = ( ( )0 ( )> and  f(z) = (1(0(1 — 23))cosgx1§cos((2x1)))

and their inner-staggered discretizations sy, f,. The consistency error || Asy, — fr]|
for the proposed discretization A is plotted against the grid-width A in a log-
log plot in Fig.2. For v = 0.1 both components have the desirable slope 2. For
~v = 0.5 the slope of the second component is —4. The reason for this observation
is twofold. The discretization of A never has a (block) diagonal form, due to the
staggered grids. Nevertheless if the discretization is correct, we would expect an
O(h?) approximation of zero. Since the fourth-order differential operator approx-
imates a constant (here zero) to all relevant digits, catastrophic cancellation [9]
occurs, that is weighted with the factor % Catastrophic cancellation is a well
known phenomenon for finite differences, but it is only visible here as no consis-
tency error occurs. Hence the discretization A is consistent in O(h?).

3 A Multigrid Solution for Linear Systems

In the previous section a consistent staggered-grid discretization of the VF reg-
ularizer was introduced. Following a discretize-then-optimize approach, we next
focus on the optimization. For the minimization of the joint energy, an inexact
Gauss Newton scheme, as proposed in [10] is used. This leads to the system
Hsyp, = —VJ, which we solve with multigrid (MG) methods. For a simple pre-
sentation we denote the right-hand side VJ by f;, and omit the index h.

In a worst case scenario the Hessian consists only of the Hessian of the VF
regularizer, i.e. H = A. Hence a local Fourier analysis of the MG properties of
the operator A from Eq. (2) is presented.
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3.1 Local Fourier Analysis

The objective of local Fourier analysis [22, §8.3] is to determine the quantita-
tive convergence behavior and efficiency of an appropriate Multigrid algorithm.
More precisely we use local Fourier analysis to demonstrate that the h-ellipticity
measure Ej(A) of the discretization A is bounded away from zero. Furthermore
for the smoothing procedure, we propose an w-relaxed Jacobi-type iteration,
we ensure that the local smoothing factor po. is smaller than one. The local
smoothing factor can be interpreted as the worst asymptotic error reduction by
one relaxation step of all high-frequency error components. Hence for an appro-
priate smoother py,. < 1 must be fulfilled. More details about local Fourier
analysis and MG in general can be found in [3,22,26].

In the following local Fourier analysis, the stencil notation [22, §8.3.1] of
the operator A from Eq. (2) is needed. Here only the stencils corresponding to
the inner grid-points are presented, as local Fourier analysis assumes infinite
grids. The stencil notation of A corresponds to the finite difference operator A,
introduced in Sect.2.2. Note that staggered-grid discretizations avoid possible
checkerboard instability in MG [22].

Al,l A1’2

Theorem 1. An O(h?) approvimation A := <A1’2 422

from Eq. (2) can be defined with the stencils

) of the operator A

aé
) 1 —4y—2 1
A= (=) A=) =2 10 A=) -2(1-)|,
1 —4y -2 1
Y
1 -1
2,2 . _ (AL T 1,2 . 2y-1) |1 -6 6 —1 421
AR = (AV) AR = ha —16—61_A'
-11

The result follows directly from Taylor expansion.
First the h-ellipticity measure, see [22, §8.3.2], of A is explicitly determined.

Theorem 2. The h-ellipticity measure of the discretized differential operator A
from Thm. 1, is ﬁ.

Proof. Using the stencil notation from Thm. 1 the symbol of the operator A is

AWw) = A (i v+ (1 =)vs (27 = 1)/miva(vy + v2)
Rt \(2y — 1)1 +v2) (1 =i+ + s )

Here the substitution v; = 1 — cos 6; was used for the frequencies 6;. The deter-

minant of the symbol reads as det(A)(v) = 15v(1 —7)(v1 + v2)*.
Therefore the h-ellipticity measure is
min{| det([l)(v)| cv €10,2]2\[0,1)?} _ ;—27(1 ) 1

B = At (A v e 0.2) B -260(1— ) 256°
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Note that the h-ellipticity measure is in particular independent of the con-
stant « and the operator A is h-elliptic for all choices of . Hence the suggested
staggered-grid discretization of A is appropriate for a MG framework.

In a next step the smoothing properties [22, §8.3.1] of the collective w-relaxed
Jacobi-type iteration are examined, to show that this is a possible smoother.

Theorem 3. For the w-relaxed Jacobi-type iteration applied to a linear system
with the discretized differential operator A from Thm. 1, then the local smoothing

factor is

16w
Hioc(w;y) = max{‘l Ty (L+p5)

with py == /1 —4vy(1 — ).

Proof. The w-relaxed Jacobi-type update is given via

w

5 (1—py)

)

h4 h4
up L=kt wlet —y) where = (I - 10A> v + 15 Fne

The splitting matrices read as AT = 20T and A~ = A — 24T with the
symbols AT = 19T and A= =A— 2% 1.

The determinant det := det(A\(v)AT + A™) with

Y(1 —4)16(vy + 1v)* N 40\ (v) — 1)(v1 + 12)? N 100(A(v) — 1)?

det = he wh? 02 I

has the roots A\*(v) =1 — £ (v + 12)? (1 + /1 —49(1 - fy)) .

Hence the smoothing factor is computed as
e = up{IX*(0)] £ v € [0,212\(0,1)2)

16
:max{’l—%(l—kpy) ) 1—%(1—p7)

with p, == /1 —4y(1 — 7).

Since pioc < 1 is necessary for a smoother, this leads to an upper bound for
the relaxation parameter w.

Remark 1. According to Thm. 3, the w-relaxed Jacobi-type iteration is a
smoothing procedure, if

1—4y(1—-7))

We further provide a sanity check to emphasize the importance of choosing
an appropriate relaxation parameter w.
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Ezample 2. For m = [16,16] and v = 0.1 the right-hand side is set to f = A - 1,
where 1 is a vector of ones. The upper bound from Remark 1 is w* = 3—3
The approximated solution § of the linear system As = f is obtained using
the w-damped Jacobi-type implementation in FAIR [17] with four grids, i.e. the
linear system is solved directly on the coarsest grid with resolution m = [2,2].
More details about the MG set-up are given in Sect.3.2. For w = 0.3 < w*
and w = 0.5 > w* the relative residuum r = W is plotted against the
number of iterations in Fig.3. For the suitable relaxation parameter w = 0.3
the residuum decreases and hence the w-damped Jacobi-type iteration is an
appropriate smoother, whereas the residuum increases for the non-suitable choice
w = 0.5.

4 210"

relative residuum r*
relative residuum r*
N

0 10 20 30 40 50 0 10 20 30 40 50

iteration k iteration k

Fig. 3. The relative residuum against the number of iterations is visualized for w-
damped Jacobi-type iterations as described in Ex. 2. The relative residuum decreases
for w = 0.3 < w* (left) and rises for w = 0.5 > w* (right). Hence only for w = 0.3 the
w-relaxed Jacobi-type iteration is a smoothing procedure.

Hence we identified the collective w-relaxed Jacobi-type iteration as an appro-
priate smoother for the linear system As = f, if the relaxation parameter w is
chosen according to Remark 1.

3.2 Further Multigrid Components

Further MG components [22, §2.3] than just the smoothing procedure need to
be set for an appropriate MG solver.

For the prolongation between the grids we set the bilinear interpolation and
for the restriction, the full weighting operator, both implemented in FAIR [17].
Hence of = 2 = of, where o', 0o is the order of the restriction or prolongation
operator. Hence the inequality of + of > o from [3, §4.3] is fulfilled, as 0 = 4 is
the order of A. Furthermore we perform at least two cycles of the MG solver as

for one cycle the inequality of* > o needs to be fulfilled according to [3, §4.3].
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The coarse grid operator of the VF regularizer is computed directly. For the
computation of the coarse grid operator of the data-fitting term we follow the
approach proposed in [10] and use a diagonal approximation and a Galerkin-
based approach.

We apply three pre- and one post-smoothing step to the V-cycle and hence
use the notation V(3,1).

Ezample 3. To verify the proposed MG components, we extend the sanity check
from Ex. 2. We change the size to m = (2P,2P) for p = 4,5,---,12, which
leads to a linear system of equations with 2P+1(2P — 1) unknowns. Two cycles
of the V(3,1) MG iterates are performed. The resulting runtime and the relative
residual are listed in Table2 for different values of p. As expected the runtime
is linear in the number of unknowns and the relative residual converges to the
asymptotic convergence factor.

4 The Multigrid Solver in Image Registration

To demonstrate the performance of the MG solver for image registration prob-
lems and further to illustrate the extension for d = 3, we provide 3D image
registration examples from the publicly available dataset ACDC [2].

The dataset includes image pairs with three expert segmentations.

Each image pair consists of two 3D MRI scans of the human heart, one in
the end-systolic, and the other in the end-diastolic phase. The 3D images are
taken as a series of parallel 2D short axis slices.

For the following examples we use case 101. The end-systolic scan is used as
template and the end-diastolic scan as reference image.

The image registration framework is implemented in Matlab and based on
FAIR [17]. For faster computations, matrix-free implementations are used.

In all following examples the VF parameter « is set to v = 0.3. Additionally
the following MG setting is used: The relaxation parameter is set to w = 0.2,
and two V(3,1) cycles are applied.

First we have a closer look at the inner(= MG) iterations within the first
outer (= inexact Gauss-Newton) iteration. The discussion about outer vs. inner
iterations is beyond the scope of this contribution.

We ensure that the proposed MG set-up is appropriate for the 3D image
registration framework, by measuring the relative residual in a two-grid cycle.

Table 2. Runtime and relative residual for 2P (27 — 1) unknowns, see Ex. 3. As
expected from a suitable MG solver the runtime increases linear to the number of
unknowns and the relative residuum converges.

P 4 5 6 7 8 9 10 11 12
runtime [s] 0.034/0.034/0.063/0.110/0.311/1.871(7.548|32.680(128.217
relative residual|0.349/0.378|0.400/0.407/0.412/0.415(0.417/0.417 |0.418
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Ezample 4. We set the resolution to m = (16,16,4), i.e. 2688 unknowns, and
perform two-grid cycles. Within the first outer iteration the number of cycles
is plotted against the relative residuum of the MG solver to the left in Fig. 4.
As expected the relative residuum decreases, which demonstrates that the MG
set-up is suitable.

We show that for large linear systems, that potentially occur during 3D image
registration, the MG solver outperforms other solver, e.g. backslash or conjugate
gradient [19] solver in terms of efficiency.

runtime

10710

relative residuum r*

107

3 4 5 6 7 8
0 50 100 150 200 250 300 350 400 450 10 10 10 10 10 10

iteration k number of unknowns

Fig. 4. Numerical results for 3D image registration of the ACDC data with a MG
solver. Left: The relative residuum on a logarithmic scale against the number of MG
iterations for the two-grid cycle from Ex. 4. The residuum decreases and thus validates
the MG set-up. Right: The number of unknowns plotted against the runtime in seconds
in a log-log-plot with the setting as proposed in Ex. 5. A linear slope is added in dashed
to visualize the expected linear behaviour of the runtime for large systems.

Ezample 5. For resolution m = 2P(16,16,4), i.e. 3(23P+10 — 22P+7) unknowns,
with p=0,1,--- ,5 we tracked the runtime of the inner iterations. As the build-
in Matlab solver (“backslash”) is a direct solver only one iteration is needed and
the exact solution is met. For the conjugate gradient solver, we use a matrix-
free implementation and ensure with the termination criterion that the solver
achieves the same residual reduction, hence the same accuracy, as two cycles of
the MG solver. Hence the number of iteration differs for every resolution. Both
solvers are implemented in FAIR [17]. The obtained runtime for the three solvers
with different resolutions are summarized in Table3. The backslash solver is
limited to a rather small resolution m. Additionally Table 3 specifies the number
of iterations that the conjugate gradient solver needs until the same residual
reduction as for the two MG cycles is achieved. As expected the MG solver is
the fastest solver for a large linear system. Furthermore the MG solver’s runtime
against the number of unknowns is plotted in Fig. 4 on the right. For large linear
equation systems, the linear relationship O(n) between runtime and number of
unknowns is achieved.
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Finally, we present some 3D image registration results.

Table 3. Runtime in seconds (and number of inner iterations for the conjugate gradient
solver) for different solvers and for resolution m = 27(16, 16,4) of the ACDC scan. As
expected the Multigrid solver is the fastest solver for large linear systems.

Solver \ p 0 1 2 3 4 5
Backslash 0.07 2.51 173.72 |- — -
Multigrid 0.31 0.53 1.47 15.71  |121.30 1044.70
Conjugate Gradient|0.12 (12)/0.17 (7)0.52 (4)8.58 (9)[380.81 (56)|22596 (425)

Fig. 5. Image registration results for the 3D ACDC images as described in Ex. 6. First
row: a slice of the reference (left), template (middle) and their difference image (right)
with no registration. Second row: corresponding slice of the deformed template image
(left), a projection of the 3D deformed grid (middle) and the difference image (right)
after registration. The MG solver is applicable to the 3D image registration problem.

Ezample 6. We follow a Multilevel framework with the finest resolution
m = (128,128,32) and set yrer(x) = x. Here the maximal number of outer iter-
ations is set to 30 and the proposed MG settings are used. The sum of squared
differences is reduced from 1.44-108 to 6.01-107. The average Dice of the segmen-
tations is increased from 0.69 to 0.78. The registration results are visualized in
Fig. 5. Note that the registration is performed for d = 3 and slices of the volume
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are used for the visualization. This example demonstrates the applicability of
the MG solver to image registration problems.

5 Conclusion

An efficient numerical scheme, based on a MG solver for a fourth-order partial
differential equation occurring during the optimization of a joint energy including
the VF regularizer was proposed in this paper. Furthermore local Fourier anal-
ysis verified the suggested MG solver for the proposed discretization. Numerical
examples in the form of sanity checks and 3D image registration results underline
the theoretical predictions and demonstrate the effectiveness of MG methods for
image registration with the VF regularizer. The family of VF regularizers is cou-
pled and of second-order and hence suitable for medical registration frameworks
with constraints such as corresponding landmarks or 2D /3D registration.

The application of more advanced smoothing strategies and a comparison
between different smoothers is still pending and will be provided in future work
as well as an examination of higher-order prolongation/interpolation operators,
as second-order transfer operators are a borderline case here. Furthermore a
discretization with finite elements similar to [20] could further improve the h-
ellipticity, as the measure derived from the proposed discretization is rather
small. Here due to the fourth order of the differential operator a non-conformal
approach is necessary. Moreover, two- or three grid analysis as described in [26,
§6], which is a local Fourier analysis of the whole iteration operator and not just
the smoothing operator is planed. In addition, combining MG strategies with a
coordinate transformation within the VF regularizer and hence to end up with
a first order regularizer similar to [23] is also subject to further research.

Disclosure of Interests. The authors have no competing interests to declare that
are relevant to the content of this article.
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