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�`�2�b�m�H�i���M�iu �B�b ���M �2�H�2�K�2�M�i �Q�7 �i�?�2 �B�M �K���M�v �+�Q�M�i�2�t�i�b �K�Q�`�2 �ó�r�2�H�H�@�#�2�?���p�B�M�;�ô �7�m�M�+�i�B�Q�M �b�T���+�2 �Q�7 �#�Q�m�M�/�2�/
�p���`�B���i�B�Q�MBV (R2) � L 2(R2) �(�+�7�X �R�e�- �T���;�2 �R�9�) ���M�/ �?���b �b�Q�K�2 �/�2�b�B�`���#�H�2 �T�`�Q�T�2�`�i�B�2�b�,BV �7�m�M�+�i�B�Q�M�b ���`�2
�ó�K�2���b�m�`�2 �i�?�2�Q�`�2�i�B�+���H�H�v �T�B�2�+�2�r�B�b�2 �+�Q�M�i�B�M�m�Q�m�b�ô �Q�M�H�v �r�B�i�? �ó�D�m�K�T�b ���H�Q�M�; �� �K�2���b�m�`�2 �i�?�2�Q�`�2�i�B�+���H�H�vC1 �b�m�`�7���+�2�ô
�(�R�R�- �a�2�+�i�B�Q�M �8�X�N�) ���M�/ �K���v �@ ���i �H�2���b�i �B�M �b�Q�K�2 �b�2�M�b�2 �@ �#�2 �+�Q�M�b�B�/�2�`�2�/ �/�B�z�2�`�2�M�i�B���#�H�2 �(�+�7�X �R�R�- �a�2�+�i�B�Q�M �e�X�R�X�j�)�X �P�M
�i�?�2 �Q�i�?�2�` �?���M�/ ���M�/ �m�M�H�B�F�2 �7�m�M�+�i�B�Q�M�b �7�`�Q�K �i�?�2�a�Q�#�Q�H�2�p �b�T���+�2W 1;2(R2)�- �i�?�2�v ���`�2 ���H�b�Q �+���T���#�H�2 �Q�7 �T�`�2�b�2�`�p�B�M�;
�2�/�;�2�b ���M�/ �i�?�m�b �`�2�T�`�2�b�2�M�i�B�M�; �B�M�7�Q�`�K���i�B�Q�M �Q�7 ���M �B�K���;�2 �K�Q�`�2 �T�`�Q�T�2�`�H�v �(�9�- �T���;�2�b �k�e�e�7�)�X �h�?�2 �+�Q�M�+�2�T�i �#�2�?�B�M�/
�i�?�2�_�P�6 �K�Q�/�2�H�r���b ���H�b�Q �i�?���i �;�`�Q�m�M�/�#�`�2���F�B�M�; �#�2�+���m�b�2 �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M �M���i�m�`���H�H�v
�`�2�/�m�+�2�b �i�?�2 �M�Q�B�b�2 �Q�` �K�Q�`�2 �;�2�M�2�`���H�H�v �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �ó�b�T�m�`�B�Q�m�b �Q�b�+�B�H�H���i�B�Q�M�b�ô �(�k�y�) �B�M ���M �B�K���;�2�- ���M�/ �v�B�2�H�/�b
�� �`�2�H���i�B�p�2�H�v �b�B�K�T�H�2 ���M�/ �b�K�Q�Q�i�?�2�M�2�/ �`�2�b�m�H�i�X

�A�M �i�?�2�_�P�6 �K�Q�/�2�H�- �i�?�2 �[�m�2�b�i�B�Q�M �?�Q�r �K���M�v �/�2�i���B�H�b �Q�7 �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f ���`�2 �T�`�2�b�2�`�p�2�/ �B�Mu�- �B�b
�/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �+�?�Q�B�+�2 �Q�7 �� �r�2�B�;�?�i�B�M�; �T���`���K�2�i�2�`� > 0�, �q�?�B�H�2 �b�K���H�H� �`�2�b�m�H�i �B�M �� �`�2�H���i�B�p�2�H�v �ó�+�Q���`�b�2�ôu�-
�;�`�2���i�2�`� �T�2�M���H�B�b�2 �i�?�2�}�/�2�H�B�i�v �i�2�`�Kkvk2

2 �b�i�`�Q�M�;�2�` ���M�/ �?�2�M�+�2u �+�Q�M�i���B�M�b �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7f �X �A�M �p�B�2�r �Q�7
�i�?�B�b�- �i�?�2 �T���`���K�2�i�2�`� �+���M ���H�b�Q �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b ���+�m�i�@�Q�z �b�+���H�2�(�k�k�)�, �A�i �b�2�`�p�2�b ���b �� �b�+���H�B�M�; �H�2�p�2�H �/�2�i�2�`�K�B�M�B�M�;
�r�?�B�+�? �2�H�2�K�2�M�i�b �Q�7f ���`�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�2�t�i�m�`�2 ���M�/ �?�Q�r �K�m�+�?f �b�?�Q�m�H�/ �#�2 �b�B�K�T�H�B�}�2�/�X �h�?�B�b �H�2���/ �i�Q �i�?�2
�B�/�2�� �Q�7 �B�i�2�`���i�B�p�2�H�v �/�2�+�Q�K�T�Q�b�B�M�; ���M �B�K���;�2 �r�B�i�? ���M �2�t�T�Q�M�2�M�i�B���H�H�v �B�M�+�`�2���b�B�M�; �T���`���K�2�i�2�`� ` = 2 ` � 0�- �Q�` �K�Q�`�2
�T�`�2�+�B�b�2�H�v �/�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �`�2�K���B�M�B�M�; �`�2�b�B�/�m���Hv` � 1 �7�Q�`` = 1 ; :::; m�X

�l�b�B�M�; �i�?�B�b�?�B�2� �̀�� �̀+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- �B�M �i�?�2 �2�M�/ �Q�M�2 �Q�#�i���B�M�b �� �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M
f =

P m
` =0 u` + vm �- ���b �}�`�b�i �B�M�i�`�Q�/�m�+�2�/ �#�v �h���/�K�Q�`�- �L�2�x�x���` ���M�/ �o�2�b�2 �B�M �k�y�y�9 �(�k�k�)�X �h�?�B�b �+�Q�M�+�2�T�i �;�Q�i �`�2�+�2�M�i

���i�i�2�M�i�B�Q�M �r�?�2�M �2���`�H�B�2�` �i�?�B�b �v�2���` �B�M �(�N�)�- �B�i �r���b �i�`���M�b�7�2�`�`�2�/ �i�Q �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �K�m�H�i�B�b�+���H�2 �`�2�;�B�b�i�`���i�B�Q�M�-
�;�Q�B�M�; �7�`�Q�K �� �ó�+�Q���`�b�2�ô �H�2�p�2�H �Q�7 �;�H�Q�#���H �b�i�`�m�+�i�m�`���H �/�2�7�Q�`�K���i�B�Q�M�b �i�Q �K�Q�`�2 �H�Q�+���H�H�v �`�2�}�M�2�/ �Q�M�2�b�X

�h�?�B�b �i�?�2�b�B�b �;�B�p�2�b ���M �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �i�?�2�_�P�6 �K�Q�/�2�H���M�/ �b�i�m�/�B�2�b �i�?�2 �r�Q�`�F �Q�7 �(�k�k�) �Q�M �?�B�2�`���`�+�?�B�+���H
(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �k�. �;�`�2�v�b�+���H�2 �B�K���;�2�b�X �h�Q �i�?�B�b �2�M�/�- �A �r�B�H�H �b�i���`�i �B�M �*�?���T�i�2�` �k �#�v �/�2�}�M�B�M�; �i�Q�i���H
�p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2 ���M�/ �M���K�2 �b�Q�K�2 �Q�7 �i�?�2�B�` �T�`�Q�T�2�`�i�B�2�b�X �L�2�t�i �B�M �*�?���T�i�2�` �j�- �A �/�2�b�+�`�B�#�2 �i�?�2�_�P�6
�K�Q�/�2�H�B�M �/�2�i���B�H ���M�/ �T�`�2�b�2�M�i �b�Q�K�2 �Q�7 �B�i�b �+�?���`���+�i�2�`�B�b�i�B�+�b�X �h�?�2�`�2�- �i�?�2 �7�Q�+�m�b �H�B�2�b �Q�M �i�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2
�K�Q�/�2�H ���b �b�2�T���`���i�B�Q�M �Q�7 �i�2�t�i�m�`�2 �7�`�Q�K �i�?�2 �ó�2�b�b�2�M�i�B���H �f �+���`�i�Q�Q�M�B�b�?�ô �7�2���i�m�`�2�b �Q�7 ���M �B�K���;�2�- ���M�/ �Q�M �i�?�2 �B�K�T���+�i
�Q�7 �i�?�2 �i�m�M�B�M�; �T���`���K�2�i�2�`� �i�Q �i�?�2 �`�2�b�m�H�i�X �A�M �i�?�B�b �+�Q�M�i�2�t�i�- �h�?�2�Q�`�2�K �j�X�9 �7�`�Q�K �J�2�v�2�` �(�R�e�) �T�H���v�b �� �K���D�Q�` �`�Q�H�2�-
�#�v �r�?�B�+�?� �/�2�i�2�`�K�B�M�2�b �r�?�2�i�?�2�` �2�H�2�K�2�M�i�b �2�M�/ �m�T �B�Mu� ���M�/v� �X

�h�?�2�`�2���7�i�2�`�- �A �2�t�i�2�M�/ �i�?�B�b �K�2�i�?�Q�/ �i�Q �i�?�2 ���7�Q�`�2�b���B�/�?�B�2� �̀�� �̀+�?�B�+���H �U�"�o�-�G�k�V �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�B�M �*�?���T�i�2�` �9
���M�/ �/�B�b�+�m�b�b�- �r�?�v �i�?�2 �`�2�b�m�H�i�B�M�; �K�m�H�i�B�b�+���H�2 �/�2�b�+�`�B�T�i�B�Q�M �Q�7 ���M �B�K���;�2 �B�b �b�m�B�i���#�H�2 �7�Q�` �B�i�b �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �6�m�`�@
�i�?�2�`�K�Q�`�2�- �A �;�B�p�2 �� �M�2�r �B�M�B�i�B���H�B�b���i�B�Q�M �K�2�i�?�Q�/ �i�Q �+���T�i�m�`�2 �T�Q�b�b�B�#�H�v �K�B�b�b�B�M�; �H���`�;�2�` �b�+���H�2�b �B�M �a�2�+�i�B�Q�M �9�X�j�-
�B�M�b�T�B�`�2�/ �#�v �i�?�2 �Q�`�B�;�B�M���H �T�`�Q�T�Q�b���H �Q�7 �(�k�k�)�X

�A�M �i�?�2 �H���b�i �T���`�i�- �A �/�2�b�+�`�B�#�2 �� �r���v �i�Q �M�m�K�2�`�B�+���H�H�v �i���+�F�H�2 �#�Q�i�? �i�?�2�_�P�6 �K�Q�/�2�H���M�/ �B�i�b �?�B�2�`���`�+�?�B�+���H
���T�T�H�B�+���i�B�Q�M �7�Q�` �Q�#�i���B�M�B�M�; �� �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �`�2���H �B�K���;�2�b�X �h�?�2 �i�?�2�Q�`�2�i�B�+���H �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���M�/

�� �R ��



�R �A�M�i�`�Q�/�m�+�i�B�Q�M ���M�/ �K�Q�i�B�p���i�B�Q�M

���H�;�Q�`�B�i�?�K�b ���`�2 �/�B�b�+�m�b�b�2�/ �B�M �*�?���T�i�2�` �8�X �_�2�b�m�H�i�b �Q�M �i�?�2�B�` �T�2�`�7�Q�`�K���M�+�2 ���M�/ ���+�i�m���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �B�K���;�2�b
���`�2 �T�`�2�b�2�M�i�2�/ �B�M �*�?���T�i�2�` �e�X �h�?�2 �+�Q�/�2 �A �B�K�T�H�2�K�2�M�i�2�/ �7�Q�` �i�?�2 �i�?�2�b�B�b�- �B�b �r�`�B�i�i�2�M ���M�/ �2�t�2�+�m�i�2�/ �B�M �J���h�G���"
�U�o�2�`�b�B�Q�M �_�k�y�k�y�#�V �(�R�8�) ���M�/ �T�m�#�H�B�b�?�2�/ �Q�M �:�B�i�>�m�# �(�R�j�)�X ���b �K���B�M �2�t���K�T�H�2�- �A �r�B�H�H �m�b�2 �� �T�?�Q�i�Q�;�`���T�? �Q�7 �i�?�2
���m�`�H���M�/�b�7�D�Q� �̀/�B�M �L�Q�`�r���v �i���F�2�M �#�v �K�v�b�2�H�7 �B�M �C�m�M�2 �k�y�k�R�X �A�i �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �R�X�R ���M�/ �7�`�Q�K �?�2�`�2 �Q�M �r�B�H�H
�#�2 �`�2�7�2�`�`�2�/ �i�Q ���b�7�D�Q� �̀/ �T�B�+�i�m� �̀2�X

�6�B�;�m�`�2 �R�X�R�, �ó�6�D�Q�`�/ �T�B�+�i�m�`�2�ô �� �h�?�B�b �;�`�2�v�b�+���H�2�/ �T�?�Q�i�Q�;�`���T�? �Q�7 �i�?�2���m�`�H���M�/�b�7�D�Q� �̀/�B�M �L�Q�`�r���v �b�2�`�p�2�b ���b ���M
�2�t���K�T�H�2 ���M�/ �i�2�b�i �B�K���;�2 �7�Q�` �K�Q�b�i �Q�7 �i�?�2 �i�?�2�b�B�b�X

�� �k ��



�k
�h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�k�X�R �.�2�}�M�B�i�B�Q�M �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2L2 ���M�/BV �7�m�M�+�i�B�Q�M �b�T���+�2�b

���i �}�`�b�i�- �A �r�B�H�H �;�B�p�2 �b�Q�K�2 �T�`�2�H�B�K�B�M���`�B�2�b �r�?�B�+�? �r�B�H�H �#�2 �M�2�2�/�2�/ �7�Q�` �i�?�2 �7�m�`�i�?�2�` �/�B�b�+�m�b�b�B�Q�M�b �B�M �i�?�B�b �i�?�2�b�B�b�X �A�M
�;�2�M�2�`���H�- �A �7�Q�H�H�Q�r �Q�M �(�k�k�) ���M�/ �+�Q�M�b�B�/�2�` �B�K���;�2�b ���bL 2 �Q�#�D�2�+�i�b�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �i�?�2 �i�?�2�b�B�b �7�Q�+�m�b�b�2�b �Q�M �k�.
�;�`�2�v�b�+���H�2 �B�K���;�2�b �r�?�B�+�? ���`�2 �?�2�`�2 �;�B�p�2�M �#�vf 2 L 2(R2)�X �>�2�M�+�2�- �A �b�i���`�i �#�v �B�M�i�`�Q�/�m�+�B�M�; �i�?�2L p �b�T���+�2 �Q�p�2�`
�`�2���H �/�Q�K���B�M�b �i�Q�;�2�i�?�2�` �r�B�i�? �B�i�b ���b�b�Q�+�B���i�2�/ �M�Q�`�K�X

�.�2�}�M�B�i�B�Q�M �k�X�R�X�U�7�Q�H�H�Q�r�B�M�; �(�R�y�- �*�?���T�i�2�` �e �.�2�}�M�B�i�B�Q�M �k�X�R�) ���M�/ �(�R�R�)�V �G�2�in 2 N ���M�/
 � Rn �#�2 ���M �Q�T�2�M
�b�2�i�-p � 1 ���M�/� �/�2�M�Q�i�2 �i�?�2�G�2�#�2�b�;�m�2 �K�2���b�m� �̀2�(�R�y�)�X �6�Q�` ��� �@�K�2���b�m�`���#�H�2 �7�m�M�+�i�B�Q�Mf : 
 ! R�- �i�?�2L p�@�M�Q�`�K
�B�b �/�2�}�M�2�/ ���b

kf kp := kf kL p (
) :=
� Z



jf jp �/�

� 1
p

: �U�k�X�R�V

�h�?�2 �7�m�M�+�i�B�Q�M �b�T���+�2 �i�?���i �+�Q�M�b�B�b�i�b �Q�7 ���H�H �7�m�M�+�i�B�Q�M�bf �r�B�i�?kf kp < 1 �- �B�b �+���H�H�2�/L p�@�b�T���+�2�Q�p�2�`
 ���M�/
�/�2�M�Q�i�2�/ �#�vL p(
) �X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �K���B�M�H�vL 1 ���M�/L 2 �r�B�H�H �#�2 �Q�7 �B�M�i�2�`�2�b�i�X

�6�m�`�i�?�2�`�K�Q�`�2�- �7�Q�` �i�r�Q �7�m�M�+�i�B�Q�M�bf; g 2 L 2(
) �- ���b�+���H���` �T� �̀Q�/�m�+�i�(�+�7�X �R�y�- �T���;�2 �k�8�8�) �B�b �/�2�}�M�2�/ �#�v

hf; g i :=
Z



fg �/�: �U�k�X�k�V

�_�2�K���`�F�X�A�M �7���+�i�- �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�2 ���#�Q�p�2 �/�2�}�M�2�/ �b�T���+�2�b�- �i�?�2�b�2 �ó�M�Q�`�K�b�ô ���`�2 �Q�M�H�v�b�2�K�B�@�M�Q�`�K�b�#�2�+���m�b�2
�M�Q�i �Q�M�H�v �i�?�2 �x�2�`�Q �7�m�M�+�i�B�Q�M� = 0 �?���b �ó�M�Q�`�K�ô �y�X �h�Q �Q�#�i���B�M �T�`�Q�T�2�` �M�Q�`�K�b�- ���H�H �7�m�M�+�i�B�Q�M�b �i�?���i �+�Q�B�M�+�B�/�2
���H�K�Q�b�i �2�p�2�`�v�r�?�2� �̀2�M�2�2�/ �i�Q �#�2 �B�/�2�M�i�B�}�2�/ �r�B�i�? �2���+�? �Q�i�?�2�`�- �b�Q �i�?�2 �M�Q�`�K�b ���`�2 ���+�i�m���H�H�v �/�2�}�M�2�/ �Q�M �2�[�m�B�p���H�2�M�i
�+�H���b�b�2�b �Q�7 �7�m�M�+�i�B�Q�M�b �(�+�7�X �R�y�- �T���;�2 �k�8�y�7�)�X �>�Q�r�2�p�2�`�- �i�?���i �/�B�b�i�B�M�;�m�B�b�?�K�2�M�i �B�b �M�Q�i �`�2�H�2�p���M�i �?�2�`�2�X

�h�?�2 �K���B�M �+�Q�M�+�2�T�i �#�2�?�B�M�/ �i�?�2�_�P�6 �K�Q�/�2�H���M�/ �?�2�M�+�2 �i�?�B�b �i�?�2�b�B�b�ö �i�Q�T�B�+ �B�b �i�Q �/�2�+�Q�K�T�Q�b�2 ���M �B�K���;�2
f 2 L 2(
) �#�v �K�B�M�B�K�B�b�B�M�; �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- ���i �M�2�t�i �A �/�2�}�M�2 �i�?�B�b �[�m���M�i�B�i�v�X �L�Q�i�2 �i�?���i �i�?�2
�i�Q�i���H �p���`�B���i�B�Q�M �B�b �m�b�m���H�H�v �/�2�}�M�2�/ �7�Q�`L 1�@�B�M�i�2�;�`���#�H�2 �7�m�M�+�i�B�Q�M�b ���M�/ �i�?�2�`�2 �B�b �M�Q �;�2�M�2�`���H �B�M�+�H�m�b�B�Q�M �`�2�H���i�B�Q�M
�#�2�i�r�2�2�ML 1 ���M�/L 2 �(�R�y�- �T���;�2 �k�8�j�)�- �b�Q �i�Q �#�2 �T�`�2�+�B�b�2�- �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�B�b �i�?�2�b�B�b �B�K���;�2�b �K�m�b�i �#�2 ���b�b�m�K�2�/
���bf 2 L 2(
) \ L 1(
) �X �h�?�2 �M�2�t�i �i�r�Q �/�2�}�M�B�i�B�Q�M�b �7�Q�H�H�Q�r �(�R�R�- �.�2�}�M�B�i�B�Q�M �8�X�R�) ���M�/ �(�9�- �.�2�}�M�B�i�B�Q�M �R�X�R�)�,

�.�2�}�M�B�i�B�Q�M �k�X�k�X�G�2�in 2 N�-
 � Rn �#�2 ���M �Q�T�2�M �b�2�i ���M�/f 2 L 1(
) �X �h�?�2�i�Q�i���H �p���`�B���i�B�Q�M �Q�7f �B�M
 �B�b
�/�2�}�M�2�/ ���b

�h�o(f; 
) := �b�m�T
' 2 C 1

c (
 ;Rn )
k' kL 1 (
) � 1

Z



f (x) �/�B�p(' (x)) �/x �U�k�X�j�V

�r�?�2�`�2C1
c (
 ; Rn ) �/�2�M�Q�i�2�b �i�?�2 �b�T���+�2 �Q�7 �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b �7�`�Q�K
 �i�QRn �r�B�i�? �+�Q�K�T���+�i

�b�m�T�T�Q�`�i�-k' kL 1 (
) �i�?�2 �2�b�b�2�M�i�B���H �b�m�T�`�2�K�m�K �M�Q�`�K �U�b�2�2 �2�X�;�X �(�R�y�- �T���;�2 �k�9�j�)�V ���M�/ �/�B�p(' ) :=
P n

i =1
@' i
@xi

�i�?�2
�/�B�p�2�`�;�2�M�+�2 �Q�7' �X

�� �j ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�.�2�}�M�B�i�B�Q�M �k�X�j�X�G�2�in 2 N ���M�/
 � Rn �#�2 ���M �Q�T�2�M �b�2�i�X
�� �7�m�M�+�i�B�Q�Mf 2 L 1(
) �B�b �b���B�/ �i�Q �#�2 �Q�7�#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�U�"�o �7�m�M�+�i�B�Q�M�V �B�7 �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M

�h�o(f; 
) �B�b �}�M�B�i�2�X �h�?�m�b�- �i�?�2�b�T���+�2 �Q�7 �7�m�M�+�i�B�Q�M�b �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M �UBV �b�T���+�2�V�B�b �/�2�}�M�2�/ ���b

BV (
) :=
�

f 2 L 1(
) j �h�o(f; 
) < 1
	

: �U�k�X�9�V

�6�Q�f̀ 2 BV (
) �- �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �v�B�2�H�/�b �� �b�2�K�B�@�M�Q�`�K �r�?�B�+�? �7�`�Q�K �M�Q�r �Q�M �r�B�H�H �#�2 �/�2�M�Q�i�2�/ �#�v

kf kBV := kf kBV (
) := �h�o(f; 
) �U�k�X�8�V

�_�2�K���`�F�X���Vk�kBV �7���B�H�b �i�Q �#�2 �� �M�Q�`�K �#�2�+���m�b�2 �B�i �B�b �y �M�Q�i �Q�M�H�v �7�Q�`� = 0 �, ���b �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M
�G�2�K�K�� �k�X�d�- �7�Q�` ���M�v �+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M = c �B�i �?�Q�H�/�bk kBV = 0 �X �>�Q�r�2�p�2�`�- �T�`�Q�T�2�` �M�Q�`�K�b �Q�MBV
�+���M �#�2 �7�Q�m�M�/ �i�?���i �;�B�p�2 �`�B�b�2 �i�Q �i�?�2 �H���i�i�2�` �#�2�B�M�; ���"���M���+�? �b�T���+�2�(�9�- �T���;�2 �k�d�j�)�X

�#�V �"�v �/�2�}�M�B�i�B�Q�M �B�i �?�Q�H�/�bBV (
) � L 1(
) �- ���M�/ �[�m�Q�i�B�M�; �(�R�e�- �T���;�2 �k�9�) �B�M �7���+�iBV (
) � L
n

n � 1 (
) �X �a�Q �B�M
�T���`�i�B�+�m�H���`�- �7�Q�` �i�?�2 �+�Q�M�i�2�t�i �Q�7n = 2 �i�?���i �K�2���M�bBV (
) � L 2(
) �X

�k�X�k �h�Q�i���H �p���`�B���i�B�Q�M �Q�7 �/�B�z�2�`�2�M�i�B���#�H�2 ���M�/ �r�2���F�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b

�6�Q�` �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b�- �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �b�B�K�T�H�B�}�2�b �i�Q ���M�Q�i�?�2�` �7�Q�`�K �r�?�B�+�? �B�b ���H�b�Q �#���b�B�+
�7�Q�` �B�i�b �/�B�b�+�`�2�i�B�b���i�B�Q�M �B�M �*�?���T�i�2�` �8�,

�h�?�2�Q�`�2�K �k�X�9�X�(�R�)�G�2�in 2 N ���M�/
 � Rn �#�2 ���M �Q�T�2�M �b�2�i�X �A�7 �� �7�m�M�+�i�B�Q�Mf : 
 ! R �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v
�/�B�z�2� �̀2�M�i�B���#�H�2�- �B�X�2�Xf 2 C1(
) �- �i�?�2�M �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �B�b �;�B�p�2�M �#�v

�h�o(f; 
) =
Z



jr f (x)j �/x = k jr f j k1 �U�k�X�e�V

�r�?�2� �̀2j�j �/�2�M�Q�i�2�b �i�?�2 �1�m�+�H�B�/�2���M �p�2�+�i�Q�` �M�Q�`�K�X

�h�?�B�b �b�i���i�2�K�2�M�i �B�b �K�2�M�i�B�Q�M�2�/ ���M�/ �m�b�2�/ �� �H�Q�i �B�M �i�?�2 �H�B�i�2�`���i�m�`�2�- �b�2�2 �2�X�;�X �(�9�- �T���;�2 �k�d�R�)�- �(�e�- �T���;�2 �k�) �Q�` �(�R�k�-
�T���;�2 �d�8�)�X ���M�/ �B�M �7���+�i�- �B�i �B�b �M�Q�i �H�B�K�B�i�2�/ �i�Q �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b�- �#�m�i ���H�b�Q �r�Q�`�F�b �7�Q�`�r�2���F�H�v
�/�B�z�2� �̀2�M�i�B���#�H�2�7�m�M�+�i�B�Q�M�b�X �h�?�2�M�- �i�?�2 �;�`���/�B�2�M�ir f �B�b �`�2�T�H���+�2�/ �#�v �i�?�2�r�2���F �;� �̀��/�B�2�M�iDf �� �� �;�2�M�2�`���H�B�b���i�B�Q�M �Q�7
�i�?�2 �;�`���/�B�2�M�i�ö�b �+�Q�M�+�2�T�i �r�?�B�+�? �B�b �/�2�}�M�2�/ �M�2�t�i �7�Q�H�H�Q�r�B�M�; �(�R�R�- �a�2�+�i�B�Q�M �9�X�R�)�,

�.�2�}�M�B�i�B�Q�M �k�X�8�X�G�2�iI � R �#�2 ���M �Q�T�2�M �B�M�i�2�`�p���H�X �� �m�M�B�p���`�B���i�2 �7�m�M�+�i�B�Q�Mf : I ! R �B�b �+���H�H�2�/�r�2���F�H�v
�/�B�z�2�`�2�M�i�B���#�H�2�B�7 �i�?�2�`�2 �2�t�B�b�i�b �� �7�m�M�+�i�B�Q�Mg 2 L 1(I ) �r�B�i�?

Z

I
f (x)' 0(x)�/x = �

Z

I
g(x)' (x) �/x 8' 2 C1

c (I ):

�h�?�2�M�-g �B�b �+���H�H�2�/ ���r�2���F �/�2�`�B�p���i�B�p�2 �Q�7f �X
�L�Q�r �H�2�in 2 N ���M�/
 � Rn �#�2 ���M �Q�T�2�M �b�2�i�X �� �K�m�H�i�B�p���`�B���i�2 �7�m�M�+�i�B�Q�Mf 2 L 1(
) �B�b �+���H�H�2�/�r�2���F�H�v

�/�B�z�2�`�2�M�i�B���#�H�2�B�7 �B�i �B�b �r�2���F�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �2�p�2�`�v �+�Q�K�T�Q�M�2�M�i�- �i�?���i �B�b �B�7 �i�?�2�`�2 �2�t�B�b�i �7�m�M�+�i�B�Q�M�b
g1; :::; gn 2 L 1(
) �r�B�i�?

Z



f (x)' x i (x)�/x = �

Z



gi (x)' (x) �/x 8' 2 C1

c (
) ; i = 1 ; :::; n: �U�k�X�d�V

�h�?�2�M�-gi �B�b �+���H�H�2�/�r�2���F �T���`�i�B���H �/�2�`�B�p���i�B�p�2 �Q�7f �r�X�`�X�ix i ���M�/ �i�?�2 �p�2�+�i�Q�`Df := ( g1; :::; gn ) �r�2���F
�;�`���/�B�2�M�i �Q�7 �7�X

�� �9 ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�_�2�K���`�F�X�h�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �r�2���F �T���`�i�B���H �/�2�`�B�p���i�B�p�2 ���M�/ �r�2���F �;�`���/�B�2�M�i ���`�2 �+�Q�M�b�B�b�i�2�M�i �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;
�b�2�M�b�2�, �6�Q�`f 2 C1(
) �i�?�2�v �+�Q�B�M�+�B�/�2 �r�B�i�? �i�?�2 �ó���+�i�m���H�ô �T���`�i�B���H �/�2�`�B�p���i�B�p�2f x i ���M�/ �i�?�2 �;�`���/�B�2�M�ir f �X �h�?�B�b
�+���M �#�2 �b�2�2�M �#�v �B�M�i�2�;�`���i�B�M�; �U�k�X�d�V �#�v �T���`�i�b ���M�/ �m�b�B�M�; �i�?�2 �+�Q�K�T���+�i �b�m�T�T�Q�`�i �Q�7' �#�v �r�?�B�+�? �B�i �K�m�b�i �#�2 �y ���i
�i�?�2 �#�Q�m�M�/���`�v@
 �Q�7 ���M �Q�T�2�M �b�2�i
 �,

Z



f (x)' x i (x)�/x = f (x)' (x)

�
�
�
@


�
Z



f x i (x)' (x) �/x

' 2 C 1
c (
)

= �
Z



f x i (x)' (x) �/x:

�h�?�m�b�- �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2f x i �B�b �� �r�2���F �T���`�i�B���H �/�2�`�B�p���i�B�p�2 �Q�7f �r�X�`�X�ix i �U���M�/ �#�v �(�R�R�- �T���;�2 �R�9�9�)�- �i�?���i �r�2���F
�T���`�i�B���H �/�2�`�B�p���i�B�p�2 �B�b ���H�b�Q �m�M�B�[�m�2 ���H�K�Q�b�i �2�p�2�`�v�r�?�2�`�2�V�X

�L�Q�r�- �� �;�2�M�2�`���H�B�b���i�B�Q�M �Q�7 �h�?�2�Q�`�2�K �k�X�9 �7�Q�` �7�m�M�+�i�B�Q�M�bf �r�B�i�?L 1�@�B�M�i�2�;�`���#�H�2 �r�2���F �;�`���/�B�2�M�i�- �i�?���i �B�b
k jDf j k1 < 1 �- �B�b �;�B�p�2�M ���b �7�Q�H�H�Q�r�b�,

�G�2�K�K�� �k�X�e�X�(�+�7�X �R�R�- �T���;�2�b �R�N�d�7�)�G�2�in 2 N�-
 � Rn �#�2 ���M �Q�T�2�M �b�2�i ���M�/f : 
 ! R �#�2 �r�2���F�H�v �/�B�z�2� �̀2�M�i�B���#�H�2�X
�A�7k jDf j k1 < 1 �- �i�?�2�Mf 2 BV (
) ���M�/ �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M �B�b �;�B�p�2�M �#�v

�h�o(f; 
) =
Z



jDf (x)j �/x = k jDf j k1 �U�k�X�3�V

�r�?�2� �̀2j�j �/�2�M�Q�i�2�b �i�?�2 �1�m�+�H�B�/�2���M �p�2�+�i�Q�` �M�Q�`�K�X

�*�H�2���`�H�v�- �h�?�2�Q�`�2�K �k�X�9 ���M�/ �G�2�K�K�� �k�X�e �Q�M�H�v �/�2�b�+�`�B�#�2 �b�T�2�+�B���H �+���b�2�b �7�Q�` �+�Q�K�T�m�i�B�M�; �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M
�Q�7 �� �7�m�M�+�i�B�Q�Mf �X �>�Q�r�2�p�2�`�- �i�Q �b�i�`�2�b�b �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �r�2���F �;�`���/�B�2�M�i ���M�/ �i�Q�i���H �p���`�B���i�B�Q�M �U�Q�` �i�?�2�B�`
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �K�2���b�m�`�2�b�- �b�2�2 �(�9�- �a�2�+�i�B�Q�M �R�X�8�)�V�- �i�?�2 �H���i�i�2�` �B�b �b�Q�K�2�i�B�K�2�b �U�2�X�;�X �B�M �(�9�)�- �(�R�9�)�- �(�R�k�)�V ���H�b�Q �B�M �;�2�M�2�`���H
�/�2�M�Q�i�2�/ �#�v

kf kBV = �h�o(f; 
) =
Z



jDf j:

�6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �+�Q�M�+�2�T�i �7�Q�` �� �/�B�b�+�`�2�i�2 ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �+���`�`�B�2�/ �Q�m�i �B�M �a�2�+�i�B�Q�M �8�X�R
���`�B�b�2�b �7�`�Q�K �2�[�X �U�k�X�3�V�- ���b �r�2�H�H ���b �i�?�2 �7�Q�`�K �Q�7 �i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�i�Q �i�?�2 �H���i�2�` �/�2�}�M�2�/�_�P�6 �T� �̀Q�#�H�2�K�X
�h�?���i �2�[�m���i�B�Q�M �B�b �B�M�i�`�Q�/�m�+�2�/ �B�M �a�2�+�i�B�Q�M �j�X�j ���M�/ �#���b�B�b �7�Q�` �i�?�2 �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b �Q�7 �a�2�+�i�B�Q�M �8�X�k�X

�L�2�t�i�- �A �r�B�H�H �;�B�p�2 ���M �B�M�i�m�B�i�B�p�2�H�v �/�2�b�B�`���#�H�2 �`�2�b�m�H�i�, �*�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M�b �?���p�2 �� �i�Q�i���H �p���`�B���i�B�Q�M �Q�7 �x�2�`�Q�X
�J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �i�?�B�b �?�Q�H�/�b �7�Q�` ���M�v �7�m�M�+�i�B�Q�Mf : 
 ! R �r�?�B�+�? �B�b �+�Q�M�b�i���M�i���H�K�Q�b�i �2�p�2�`�v�r�?�2� �̀2�- �K�2���M�B�M�; �i�?���i
�B�i �i���F�2�b �i�?�2 �b���K�2 �`�2���H �p���H�m�2 �Q�M �i�?�2 �2�M�i�B�`�2 �/�Q�K���B�M �2�t�+�2�T�i �7�Q�` ���i �K�Q�b�i �Q�M ���G�2�#�2�b�;�m�2 �M�m�H�H �b�2�iN � 
 �� ��
�b�2�i �r�B�i�? �G�2�#�2�b�;�m�2 �K�2���b�m�`�2� (N ) = 0 �(�+�7�X �R�y�- �*�?���T�i�2�` �9 �.�2�}�M�B�i�B�Q�M �9�X�R�)�X

�q�?�2�M �/�2���H�B�M�; �r�B�i�? �B�K���;�2�b �Q�M �#�Q�m�M�/�2�/ �/�Q�K���B�M�b ���M�/ �M�Q�M�@�x�2�`�Q �K�2���M�- �i�?�B�b �B�/�2�� �r�B�H�H �#�2 �B�K�T�Q�`�i���M�i ���b
�B�i ���H�H�Q�r�b �7�Q�` �K���M�B�T�m�H���i�B�M�; �i�?�2 �B�K���;�2 �#�v ���/�/�B�M�; �� �+�Q�M�b�i���M�i �b�B�;�M���H �r�B�i�?�Q�m�i �+�?���M�;�B�M�; �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M�X
�J�Q�`�2 �Q�M �i�?���i �B�M �a�2�+�i�B�Q�M �j�X�k�X

�G�2�K�K�� �k�X�d�X�G�2�in 2 N�-
 � Rn �#�2 ���M �Q�T�2�M �b�2�i�-c 2 R ���M�/f : 
 ! R �r�B�i�?f (x) = c ���H�K�Q�b�i �2�p�2�`�v�r�?�2� �̀2�X
�h�?�2 �U�T�Q�b�b�B�#�H�v �2�K�T�i�v�V �M�m�H�H �b�2�i �Q�M �r�?�B�+�?f (x) 6= c �#�2 �/�2�M�Q�i�2�/ �#�vN � 
 �X �h�?�2�M�- �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7f �B�b
�;�B�p�2�M �#�v�h�o(f; 
) = 0 �X

�S� �̀Q�Q�7�X�h�?�B�b �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �.�2�}�M�B�i�B�Q�M �k�X�k ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �#�2�+���m�b�2 �7�Q�` ���M�v' 2 C1
c (
 ; Rn )

�B�i �?�Q�H�/�b �#�v �i�?�2 �+�Q�K�T���+�i �b�m�T�T�Q�`�i �Q�7' �U�r�?�B�+�? �B�K�T�Q�b�2�b' = 0 �Q�M@
 �V�,

Z



f �/�B�p(' ) �/� =

Z


 nN
f �/�B�p(' ) �/� = c

Z


 nN
�/�B�p(' ) �/� = c

Z



�/�B�p(' ) �/� = c

Z

@

' � n �/� = 0 :

�L�Q�r �r�?�2�M �i���F�B�M�; �i�?�2 �b�m�T�`�2�K�m�K �Q�p�2�`' �- �Q�M�2 �Q�#�i���B�M�b �h�o(f; 
) = 0 �X
���H�i�2�`�M���i�B�p�2�H�v�- �#�v �i�?�2 �b���K�2 ���`�;�m�K�2�M�i �i�?�2 �r�2���F �;�`���/�B�2�M�i �Q�7f �K�m�b�i �#�2 �;�B�p�2�M �#�vDf = (0 ; :::; 0)�- ���M�/

�2�[�X �U�k�X�3�V �v�B�2�H�/�b �h�o(f; 
) = 0 �X

�� �8 ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�k�X�j �h�Q�i���H �p���`�B���i�B�Q�M �Q�7 �7�m�M�+�i�B�Q�M�b �B�M �Q�M�2 �p���`�B���#�H�2

�h�Q �;�2�i �� �#�2�i�i�2�` �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M�- �i�?�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �+���b�2 �r�B�H�H �#�2 �+�Q�M�b�B�/�2�`�2�/ �M�Q�r�X
�l�M�7�Q�`�i�m�M���i�2�H�v�- �i�?�2 �i�2�`�K�i�Q�i���H �p���`�B���i�B�Q�M�B�b �M�Q�i �/�B�b�i�B�M�+�i�- ���M�/ �2�b�T�2�+�B���H�H�v �B�M �R�.�- �i�?�2�`�2 �2�t�B�b�i �p���`�B�Q�m�b�- �M�Q�M�@
�M�2�+�2�b�b���`�B�H�v �2�[�m�B�p���H�2�M�i �/�2�}�M�B�i�B�Q�M�b �Q�7 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M�X �A�M �i�?�B�b �i�?�2�b�B�b�- �h�o �B�b �;�B�p�2�M ���b �B�M �.�2�}�M�B�i�B�Q�M �k�X�k�X

�>�Q�r�2�p�2�`�- �i�?�2�`�2 �B�b �� �b�2�+�Q�M�/�- �+�Q�K�K�Q�M�H�v �m�b�2�/ �/�2�}�M�B�i�B�Q�M �7�Q�` �i�Q�i���H �p���`�B���i�B�Q�M �B�M �r�?�B�+�? �i�?�2 �/�Q�K���B�M �B�b
�/�B�p�B�/�2�/ �B�M�i�Q �� �T���`�i�B�i�B�Q�M ���M�/ �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M ���H�H �M�2�B�;�?�#�Q�m�`�B�M�; �7�m�M�+�i�B�Q�M �p���H�m�2�b �B�b �K���t�B�K�B�b�2�/�X �h�?�B�b
�[�m���M�i�B�i�v �r�B�H�H �#�2 �m�b�2�/ �i�Q �+�Q�K�T�m�i�2 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �B�M �1�t���K�T�H�2 �k�X�R�y ���V�� �r�?�B�+�? �r�Q�`�F�b �#�2�+���m�b�2 �B�i �+�Q�B�M�+�B�/�2�b
�r�B�i�? �h�o �r�?�2�Mf 2 C1�- �b�2�2 �2�X�;�X �(�j�- �.�2�}�M�B�i�B�Q�M �R�X�R�)�,

�G�2�K�K�� �k�X�3�X�G�2�i[a; b] 2 R �#�2 �� � �̀2���H �B�M�i�2�`�p���H ���M�/P = f t0; :::; tm g �� �T���`�i�B�i�B�Q�M �Q�7[a; b]�- �B�X�2�X
a = : t0 < ::: < t m := b�X �A�7 �i�?�2 �7�m�M�+�i�B�Q�Mf : [a; b] ! R �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2� �̀2�M�i�B���#�H�2 �Q�M(a; b)�- �i�?�2�M �i�?�2
�i�Q�i���H �p���`�B���i�B�Q�M �Q�7f �+���M ���H�b�Q �#�2 �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�2�`�K�,

�h�o(f; 
) =
Z b

a
jf 0(x)j �/x = �b�m�T

P 2P ([ a;b])

mX

j =1

jf (t j ) � f (t j � 1)j : �U�k�X�N�V

�r�?�2� �̀2P([a; b]) �/�2�M�Q�i�2�b �i�?�2 �7���K�B�H�v �Q�7 �T���`�i�B�i�B�Q�M�b �Q�7[a; b]�X

�L�2�t�i�- �A �r���M�i �i�Q �;�B�p�2 �i�?�`�2�2 �2�t���K�T�H�2�b �Q�7 �R�.�@�7�m�M�+�i�B�Q�M�b �i�Q �B�H�H�m�b�i�`���i�2 �b�Q�K�2 ���b�T�2�+�i�b �B�M �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M
�i�Q�i���H �p���`�B���i�B�Q�M�- �+�Q�M�i�B�M�m�B�i�v ���M�/ �i�?�2 �U�b�[�m���`�2�/�VL 2�@�M�Q�`�K�X �A�M �K�v �Q�T�B�M�B�Q�M�- �i�?�2�v �;�B�p�2 �� �;�Q�Q�/ �B�K�T�`�2�b�b�B�Q�M �Q�M
�i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M ���M�/ �r�?�v �B�i�b �K�B�M�B�K�B�b���i�B�Q�M �+���M �#�2 �/�2�b�B�`���#�H�2 �r�?�2�M �b�2�2�F�B�M�; �� �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�` �b�B�;�M���H�b
�U�b�m�+�? ���b �B�K���;�2�b�V�X �1�t���K�T�H�2 �k�X�N �b�?�Q�r�b �� �b�2�[�m�2�M�+�2 �Q�7 �b�B�;�M���H�b(f n )n 2 N �r�?�B�+�? ���H�H �?���p�2 �i�?�2 �b���K�2 �2�M�2�`�;�v �U�B�M ���M
L 2�@�b�2�M�b�2�V�- �#�m�i �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �/�B�p�2�`�;�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �B�M�+�`�2���b�B�M�; �M�m�K�#�2�` �Q�7 �Q�b�+�B�H�H���i�B�Q�M�b �B�Mf n �,

�1�t���K�T�H�2 �k�X�N�X�"�2n 2 N ���M�/f n : [0; 2� ] ! R �r�B�i�?f n (x) := �b�B�M(nx)�X �A�i �?�Q�H�/�b�,

0 �
2 � 3�

2
2�

� 1

� 0:5

0

0:5

1

x

f 1

f 2

f 10

�6�B�;�m�`�2 �k�X�R�, �o�B�b�m���H�B�b���i�B�Q�M �Q�7f n (x) = �b�B�M(nx)
�7�Q�`n = 1 ; 2; 10�X ���H�H �b�B�;�M���H�b �?���p�2 �i�?�2 �b���K�2
�2�M�2�`�;�v�- �#�m�i �i�?�2 �B�M�+�`�2���b�B�M�; �M�m�K�#�2�` �Q�7 �Q�b�+�B�H�@
�H���i�B�Q�M�b �7�Q�` �H���`�;�2�`n �H�2���/�b �i�Q ���M �B�M�+�`�2���b�2 �B�M
�i�Q�i���H �p���`�B���i�B�Q�M�X

kf n k2
2 =

Z 2�

0
(f n (x))2 �/x =

Z 2�

0
�b�B�M2(nx)�/x

=
1
2

Z 2�

0
(1 � �+�Q�b(2nx)) �/x

=
1
2

�
x �

1
2n

�b�B�M(2nx)
� �

�
�
2�

0
= � ;

kf n kBV =
Z 2�

0
jf 0

n (x)j�/x =
Z 2�

0
jn �+�Q�b(nx)j�/x

=
Z �

2n

0
n �+�Q�b(nx)�/x

| {z }
=1

+
n � 1X

i =0

Z ( i + 3
4 ) 2 �

n

( i + 1
4 ) 2 �

n

� n �+�Q�b(nx)�/x

| {z }
=2

+
n � 1X

i =1

Z ( i + 1
4 ) 2 �

n

( i � 1
4 ) 2 �

n

n �+�Q�b(nx)�/x

| {z }
=2

+
Z 2�

2� � �
2n

n �+�Q�b(nx)�/x

| {z }
=1

= 1 + 2 n + 2( n � 1) + 1 = 4 n:

�h�?�m�b�-f n 2 BV ([0; 2� ])�X ���b �Q�M�2 �+���M �b�2�2�- �i�?�2 �b�[�m���`�2�/L 2�@�M�Q�`�K �`�2�K���B�M�b �i�?�2 �b���K�2 �7�Q�` ���H�Hn�- �r�?�2�`�2���b �i�?�2
�p���`�B���i�B�Q�M �B�M�+�`�2���b�2�b �H�B�M�2���`�H�v �r�B�i�? �i�?�2 �M�m�K�#�2�` �Q�7 �Q�b�+�B�H�H���i�B�Q�M�b �i���F�B�M�; �T�H���+�2�X �h�?�B�b �B�/�2�� �Q�7 �?�B�;�?�2�` �Q�b�+�B�H�H���i�B�M�;
�b�B�;�M���H�b �H�2���/�B�M�; �i�Q �� �H���`�;�2�` �i�Q�i���H �p���`�B���i�B�Q�M �B�M �K�v �Q�T�B�M�B�Q�M �B�b �#���b�B�+ �7�Q�` �i�?�2 �+�Q�M�+�2�T�i �Q�7 �B�K���;�2 �/�2�M�Q�B�b�B�M�; �#�v
�i�Q�i���H �p���`�B���i�B�Q�M �K�B�M�B�K�B�b���i�B�Q�M ���M�/ �B�M �i�?�2 �2�M�/ ���H�b�Q �i�?�2 �K�m�H�i�B�b�+���H�2 �B�K���;�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �/�B�b�+�m�b�b�2�/ �B�M �i�?�B�b
�i�?�2�b�B�b�, �h�?���i �B�b �#�2�+���m�b�2 �M�Q�B�b�2 ���b �r�2�H�H ���b �i�2�t�i�m�`�2 �2�H�2�K�2�M�i�b �Q�7 ���M �B�K���;�2 ���`�2 �m�b�m���H�H�v ���b�b�Q�+�B���i�2�/ �r�B�i�? �?�B�;�?�H�v
�Q�b�+�B�H�H���i�B�M�; �b�B�;�M���H �B�M�7�Q�`�K���i�B�Q�M �(�k�k�)�X �J�Q�`�2 �Q�M �i�?���i �B�M �*�?���T�i�2�` �j ���M�/ �*�?���T�i�2�` �9�X

�� �e ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�h�?�2 �Q�i�?�2�` �i�r�Q �7�m�M�+�i�B�Q�M�b �� �T�`�2�b�2�M�i�2�/ �B�M �1�t���K�T�H�2 �k�X�R�y �� ���`�2 �K�Q�/�B�}�+���i�B�Q�M�b �Q�7 �i�?�2 �b�B�;�M���H �b�B�M(1/ x)�X
�"�Q�i�? �?���p�2 �}�M�B�i�2 �2�M�2�`�;�v�- ���`�2 �+�Q�M�i�B�M�m�Q�m�b �B�M[0; 1] ���M�/ �2�p�2�M �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �B�M(0; 1]�- �#�m�i �r�?�2�`�2���b
�i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7 �i�?�2 �}�`�b�i �7�m�M�+�i�B�Q�M �B�b �B�M�}�M�B�i�2�- �i�?�2 �b�2�+�Q�M�/ �Q�M�2 �B�b �b�m�{�+�B�2�M�i�H�v �/���K�T�2�/ �i�Q �#�2 �Q�7 �#�Q�m�M�/�2�/
�p���`�B���i�B�Q�M�X �A�M �K�v �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �i�?�2�b�2 �b�B�;�M���H�b �b�?�Q�r ���;���B�M �?�Q�r �i�?�2 �[�m���M�i�B�i�v �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M �/�2�T�2�M�/�b �Q�M
�i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �Q�b�+�B�H�H���i�B�Q�M�b�- �#�m�i ���H�b�Q �Q�M �i�?�2 �b�B�x�2 �Q�7 �i�?�2 ���K�T�H�B�i�m�/�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �Q�b�+�B�H�H���i�B�Q�M�b�X

�h�Q �+�Q�K�T�m�i�2 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �B�M �1�t���K�T�H�2 �k�X�R�y ���V�- �A �m�b�2 �G�2�K�K�� �k�X�3 �r�?�B�+�? �r�Q�`�F�b �b�B�M�+�2 �i�?�2 �7�m�M�+�i�B�Q�M
�B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �B�M(0; 1)�X

�1�t���K�T�H�2 �k�X�R�y�X

0:2 0:4 0:6 0:8 1

0

0:5

1

x

x �b�B�M(1/ x)

�6�B�;�m�`�2 �k�X�k�, �o�B�b�m���H�B�b���i�B�Q�M �Q�7 �i�?�2 �b�B�;�M���H
f (x) = x �b�B�M(1/ x)�X �A�i �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�7�@
�7�2�`�2�M�i�B���#�H�2 ���M�/ �?���b �}�M�B�i�2 �2�M�2�`�;�v�- �#�m�i �B�M�}�@
�M�B�i�2 �i�Q�i���H �p���`�B���i�B�Q�M�X

���V �"�2f : [0; 1] ! R; f (x) :=

(
0 �7�Q�`x = 0

x �b�B�M
�

1
x

�
�7�Q�`x 2 (0; 1]

�X

�a�B�M�+�2 �H�B�K
x ! 0

�
�x �b�B�M

�
1
x

� �
� � �H�B�K

x ! 0
jxj = 0 �-f �B�b �+�Q�M�i�B�M�m�Q�m�b �B�M

[0; 1]�X �6�m�`�i�?�2�`�K�Q�`�2�-f �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �B�M
(0; 1] �r�B�i�?f 0(x) = �b�B�M

�
1
x

�
� 1

x �+�Q�b
�

1
x

�
�X

�6�Q�` �i�?�2 �2�M�2�`�;�v �Q�7f �- �B�i �?�Q�H�/�b�,

kf k2
2 =

Z 1

0
(f (x))2�/x =

Z 1

0
x2 �b�B�M2 �

1
x

�
�/x

�
Z 1

0
x2�/x =

1
3

x3
�
�
�
1

0
=

1
3

:

�6�Q�H�H�Q�r�B�M�; �(�j�- �1�t���K�T�H�2 �R�X�3�)�- �i�Q �+�Q�K�T�m�i�2 �i�?�2 �i�Q�i���H �p���`�B�@
���i�B�Q�M �Q�7f �Q�M[0; 1]�- �i�?�2 �T���`�i�B�i�B�Q�MP = f t0; :::; tm g �B�b
�+�?�Q�b�2�M �b�m�+�? �i�?���it j � 1 ���M�/t j �B�M �U�k�X�N�V ���`�2 ���H�i�2�`�M���i�B�M�;
�K���t�B�K�� ���M�/ �K�B�M�B�K�� �Q�7f �X �h�?�B�b �B�b ���+�?�B�2�p�2�/ �#�v�,

t0 := 0 ; t1 :=
2

(2m � 1)�
; ::: ; t j :=

2
(2m � 2j + 1) �

; ::: ; tm � 1 :=
2

3�
; tm := 1 :

�L�Q�r �B�i �?�Q�H�/�bjf (t j ) � f (t j � 1)j =
�
� �b�B�M

��
m � j + 1

2

�
�

�
t j � �b�B�M

��
m � j + 3

2

�
�

�
t j � 1

�
� � 2t j � 1

�7�Q�`j = 2 ; :::; m � 1�- �i�?�2�`�2�7�Q�`�2

�h�o(f; (0; 1)) �
mX

j =1

jf (t j ) � f (t j � 1)j �
m � 1X

j =2

2t j � 1 =
2
�

m � 1X

j =2

2
2m � 2j + 3

=
2
�

mX

j =3

2
2j � 1

�
2
�

mX

j =3

1
j

:

�G�2�i�i�B�M�;m ! 1 �M�Q�r �v�B�2�H�/�b �h�o(f; (0; 1)) � �H�B�K
m !1

2
�

mP

j =3

1
j = 1 �#�v �i�?�2 �/�B�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �?���`�K�Q�M�B�+

�b�2�`�B�2�b�X

�� �d ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

0:2 0:4 0:6 0:8

0

0:5

1

x

x2 �b�B�M(1/ x)

�6�B�;�m�`�2 �k�X�j�, �o�B�b�m���H�B�b���i�B�Q�M �Q�7 �i�?�2 �b�B�;�M���H
f (x) = x2 �b�B�M(1/ x)�X �A�i �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v
�/�B�z�2�`�2�M�i�B���#�H�2�- �?���b �}�M�B�i�2 �2�M�2�`�;�v ���M�/ �B�b �Q�7
�#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�X

�#�V �"�2f : [0; 1] ! R; f (x) :=

(
0 �7�Q�`x = 0

x2 �b�B�M
�

1
x

�
�7�Q�`x 2 (0; 1]

�X

���;���B�M�-f �B�b �+�Q�M�i�B�M�m�Q�m�b �B�M[0; 1]�- ���M�/ �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�7�@
�7�2�`�2�M�i�B���#�H�2 �B�M(0; 1] �r�B�i�?f 0(x) = 2 x �b�B�M

�
1
x

�
� �+�Q�b

�
1
x

�
�X

���M �m�T�T�2�` �#�Q�m�M�/ �7�Q�` �i�?�2 �2�M�2�`�;�v �Q�7f �B�b �M�Q�r �;�B�p�2�M �#�v�,

kf k2
2 =

Z 1

0
(f (x))2�/x =

Z 1

0
x4 �b�B�M2 �

1
x

�
�/x

�
Z 1

0
x4�/x =

1
5

x5
�
�
�
1

0
=

1
5

:

���M�/ �B�M �/�B�z�2�`�2�M�+�2 �i�Q ���V�- �?�2�`�2 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �+���M
�#�2 �2�b�i�B�K���i�2�/ �#�v�,

kf kBV =
Z 1

0
jf 0(x)j�/x =

Z 1

0

�
�2x �b�B�M

�
1
x

�
� �+�Q�b

�
1
x

� �
� �/x

�
Z 1

0

� �
�2x �b�B�M

�
1
x

� �
�

| {z }
� 2x

+
�
��+�Q�b

�
1
x

� �
�

| {z }
� 1

�
�/x � x2 + x

�
�
�
1

0
= 2 :

�>�2�M�+�2�- �B�M �#�Q�i�? �+���b�2�bf 2 L 2([0; 1])�-f 2 C0([0; 1]) ���M�/ �2�p�2�Mf 2 C1((0; 1])�- �b�Q �i�?�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M �#�v
x �`�2�b�T�Xx2 �2�b�T�2�+�B���H�H�v �v�B�2�H�/�b �+�Q�M�i�B�M�m�B�i�v�X �"�m�i �r�?�2�`�2���bx �/�Q�2�b �M�Q�i �b�m�{�+�2 �i�Q �H�B�K�B�i �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7f �B�M
�+���b�2 ���V�- �i�?�2 �ó�b�i�`�Q�M�;�2�` �/���K�T�B�M�;�ô �B�M�/�m�+�2�/ �#�v �i�?�2x2�@�i�2�`�K �B�M �+���b�2 �#�V�- �/�Q�2�b �M�Q�i �Q�M�H�v �2�M�b�m�`�2 �+�Q�M�i�B�M�m�B�i�v�- �#�m�i
���H�b�Q �#�Q�m�M�/�b �i�?�2 �p���`�B���i�B�Q�M �2�z�2�+�i�B�p�2�H�v�X

�k�X�9 �S�`�Q�T�2�`�i�B�2�b �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M ���M�/ �7�m�M�+�i�B�Q�M�b �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M

�L�Q�r �#���+�F �i�Q �i�?�2 �K�m�H�i�B�p���`�B���i�2 �+���b�2�, �"�2�b�B�/�2�b �h�?�2�Q�`�2�K �k�X�9 �`�2�b�T�X �G�2�K�K�� �k�X�e�- �i�?�2�`�2 �B�b �� �;�`�2���i �M�m�K�#�2�` �Q�7
�T�`�Q�T�2�`�i�B�2�b �`�2�;���`�/�B�M�; �i�?�2 �[�m���M�i�B�i�v �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M ���b �r�2�H�H ���b �i�?�2BV �b�T���+�2 �B�M �;�2�M�2�`���H�- �b�2�2 �2�X�;�X �(�R�R�)�- �(�j�)
�Q�` �(�9�)�X �h�?�2�v �;�B�p�2 ���M �B�/�2�� �i�Q �i�?�2 �[�m�2�b�i�B�Q�M�- �r�?�v �b�B�;�M���H�b �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M �K�B�;�?�i �b�m�B�i �7�Q�` �`�2�T�`�2�b�2�M�i�B�M�;
�B�M�7�Q�`�K���i�B�Q�M �Q�7 �B�K���;�2�b�- �#�m�i �� �/�2�i���B�H�2�/ �/�B�b�+�m�b�b�B�Q�M �Q�M �i�?���i �;�Q�2�b �#�2�v�Q�M�/ �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �i�?�2�b�B�b�X

�A�M�b�i�2���/�- �A �r���M�i �i�Q �b�i���i�2 �Q�M�H�v �i�r�Q �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M�- �M���K�2�H�v �B�i�b�H�Q�r�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�B�i�v
���M�/ �B�i�b�+�Q�M�p�2�t�B�i�v�X �"�Q�i�? �r�B�H�H �#�2 �M�2�2�/�2�/ �H���i�2�` �B�M �a�2�+�i�B�Q�M �j�X�k �r�?�2�M �/�B�b�+�m�b�b�B�M�; �i�?�2 �2�t�B�b�i�2�M�+�2 ���M�/ �m�M�B�[�m�2�M�2�b�b
�Q�7 �� �K�B�M�B�K�B�b�2�` �i�Q �i�?�2 �U�_�P�6�V �T�`�Q�#�H�2�K�X ���7�i�2�`�r���`�/�b�- �A �r�B�H�H �[�m�Q�i�2 �i�r�Q �K�Q�`�2 �� �B�M �K�v �Q�T�B�M�B�Q�M �p�2�`�v �B�K�T�Q�`�i���M�i
�� �`�2�b�m�H�i�b �Q�MBV �7�m�M�+�i�B�Q�M�b�X

�G�2�K�K�� �k�X�R�R�X�(�+�7�X �9�- �a�2�+�i�B�Q�M �R�X�k�X�j�)

���V�h�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �B�b�H�Q�r�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b�- �i�?���i �B�b�,
�G�2�i
 � Rn �7�Q�`n 2 N �#�2 ���M �Q�T�2�M �b�2�i ���M�/f; f k 2 L 1(
) �7�Q�`k 2 N �r�?�2� �̀2f k ! f �B�ML 1(
) �X �h�?�2�M �B�i
�?�Q�H�/�b�,

�h�o(f; 
) � �H�B�K �B�M�7
k !1

�h�o(f k ; 
) :

�#�V�h�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �B�b�+�Q�M�p�2�t�- �B�X�2�X �7�Q�` ���H�Hf 1; f 2 2 L 1(
) ���M�/t 2 [0; 1] �B�i �?�Q�H�/�b�,

�h�o(tf 1 + (1 � t)f 2; 
) � t �h�o(f 1; 
) + (1 � t) �h�o(f 2; 
) :

�S� �̀Q�Q�7�X�h�?�2 �b�2�+�Q�M�/ �b�i���i�2�K�2�M�i �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �b�m�T�`�2�K�m�K �B�M �U�k�X�j�V ���M�/ �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �B�M�i�2�@
�;�`���H�b�X �6�Q�` �i�?�2 �}�`�b�i �b�i���i�2�K�2�M�i�- �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �B�M�i�2�;�`���H �7�Q�`�K �B�K�T�Q�b�2�b �7�Q�` ���M�v' 2 C1

c (
 ; Rn ) �r�B�i�?
k' kL 1 (
) � 1�, Z



f �/�B�p(' ) = �H�B�K

k !1

Z



f k �/�B�p(' ) � �H�B�K �B�M�7

k !1
�h�o(f k ; 
) :

�� �3 ��



�k �h�Q�i���H �p���`�B���i�B�Q�M ���M�/ �i�?�2BV �b�T���+�2�b

�q�?�2�M �i���F�B�M�; �i�?�2 �b�m�T�`�2�K�m�K �Q�p�2�`' �- �i�?�2 �H�2�7�i �?���M�/ �b�B�/�2 �#�2�+�Q�K�2�b �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M �B�M �U�k�X�j�V
���M�/ �i�?�2 �H�Q�r�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�B�i�v �7�Q�H�H�Q�r�b�X

�6�B�M���H�H�v�- �A �+�Q�K�2 �i�Q �i�?�2 �i�r�Q �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2BV �b�T���+�2 �i�?���i �A �r���M�i �i�Q �T�Q�B�M�i �Q�m�i�X �A�M �K�v �Q�T�B�M�B�Q�M�-
�#�Q�i�? �;�B�p�2 �B�K�T�Q�`�i���M�i �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �+�2�M�i�`���H �[�m�2�b�i�B�Q�M �B�M �i�?�B�b �i�?�2�b�B�b�- �r�?�v �K�B�M�B�K�B�b�B�M�; �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M
�K�B�;�?�i �#�2 �/�2�b�B�`���#�H�2 �r�?�2�M �b�2�2�F�B�M�; �� �b�m�B�i���#�H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �7�Q�` ���M �B�K���;�2�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2�v �+�H���`�B�7�v �i�?�2
�B�K�T���+�i �Q�7 �� �T�Q�i�2�M�i�B���H�H�v �b�K���H�H �i�Q�i���H �p���`�B���i�B�Q�M �B�M �� �b�B�;�M���H�X �6�Q�` �K�Q�`�2 �#���+�F�;�`�Q�m�M�/ ���M�/ �i�?�2 �T�`�Q�Q�7�b�- �b�2�2 �i�?�2
�B�M�/�B�+���i�2�/ �`�2�7�2�`�2�M�+�2�b�X

�h�?�2 �}�`�b�i �b�i���i�2�K�2�M�i �;�B�p�2�b �� �`�2�b�m�H�i �Q�M �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7BV �7�m�M�+�i�B�Q�M�b�, �A�i �2�M�b�m�`�2�b �i�?���i ���M�v �7�m�M�+�i�B�Q�M
f 2 BV (
) ���M�/ �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M �+���M �#�2 �H�Q�+���H�H�v ���T�T�`�Q�t�B�K���i�2�/ �#�v �� �b�2�[�m�2�M�+�2 �Q�7 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�b�X �h�?�B�b �B�b
�B�K�T�Q�`�i���M�i �2�b�T�2�+�B���H�H�v �r�?�2�M �M�m�K�2�`�B�+���H�H�v �/�2���H�B�M�; �r�B�i�? �i�?�2�_�P�6 �T� �̀Q�#�H�2�K�- �b�B�M�+�2 �i�?�2 �K�2�i�?�Q�/�b �7�`�Q�K �a�2�+�i�B�Q�M �8�X�k
�i�Q �/�B�b�+�`�2�i�2�H�v ���T�T�`�Q�t�B�K���i�2 �i�?�2 �K�B�M�B�K�B�b�2�` �K���B�M�H�v �i�`�2���i �i�?�2 �B�K���;�2 ���b �B�7 �B�i �r���b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2�-
���b �r�B�H�H �/�B�b�+�m�b�b�2�/ �B�M �i�?���i �b�2�+�i�B�Q�M�X

�h�?�2 �b�2�+�Q�M�/ �`�2�b�m�H�i �v�B�2�H�/�b �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7BV �7�m�M�+�i�B�Q�M�b�, �P�M �i�?�2 �Q�M�2 �?���M�/�- �B�i
�;�2�M�2�`���H�H�v �b�2�`�p�2�b ���b ���M �m�T�T�2�` �#�Q�m�M�/ �Q�7 �i�?�2�B�` �b�B�x�2 �B�M ���ML 1 �U���M�/ �7�Q�`n = 2 �2�p�2�ML 2�V�@�b�2�M�b�2�X ���M�/ �Q�M �i�?�2
�Q�i�?�2�` �?���M�/�- �B�i ���H�b�Q �H�B�K�B�i�b �i�?�2 �ó�/�B�z�2�`�2�M�+�2�ô �#�2�i�r�2�2�M �i�?�2 �7�m�M�+�i�B�Q�M ���M�/ �B�i�b �K�2���M �B�M �2�p�2�`�v �#���H�H �U���M�/ �?�2�M�+�2 �B�M
�T���`�i�B�+�m�H���` �B�M ���M�v �/�Q�K���B�M�V�X �A�M �K�v �Q�T�B�M�B�Q�M�- �2�b�T�2�+�B���H�H�v �i�?���i �b�2�+�Q�M�/ ���b�T�2�+�i ���H�b�Q �+�H���`�B�}�2�b �i�?�2 �K�2���M�B�M�; �Q�7 �i�?�2
�i�2�`�K�i�Q�i���H �p���`�B���i�B�Q�M�X

�G�2�K�K�� �k�X�R�k�X

���V �(�+�7�X �R�R�- �h�?�2�Q�`�2�K �8�X�j�)�G�2�in 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M �b�2�i ���M�/f 2 BV (
) �#�2 �� �7�m�M�+�i�B�Q�M �Q�7 �#�Q�m�M�/�2�/
�p���`�B���i�B�Q�M�X �h�?�2� �̀2 �2�t�B�b�i�b �� �b�2�i �Q�7 �B�M�}�M�B�i�2�H�v �/�B�z�2� �̀2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�b �r�B�i�? �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�Mf f k g1

k=1 �
BV (
) \ C1 (
) �b�m�+�? �i�?���i

f k ! f �B�ML 1(
) ���M�/kf k kBV ! k f kBV ���bk ! 1 :

�#�V �(�+�7�X �R�R�- �h�?�2�Q�`�2�K �8�X�R�y�)�"�2n 2 N�X �h�?�2� �̀2 �2�t�B�b�i�b �� �+�Q�M�b�i���M�iC1(n) �b�m�+�? �i�?���i �7�Q�` ���H�H �7�m�M�+�i�B�Q�M�b �Q�7 �#�Q�m�M�/�2�/
�p���`�B���i�B�Q�Mf 2 BV (R2)�,

kf k
L

n
n � 1 (Rn )

� C1(n) kf kBV (Rn ) :

�6�m�`�i�?�2�`�- �i�?�2� �̀2 �2�t�B�b�i�b �� �b�2�+�Q�M�/ �+�Q�M�b�i���M�iC2(n) �b�m�+�? �i�?���i �7�Q�` ���H�H �#���H�H�bB r (y) � Rn �r�B�i�? � �̀��/�B�m�br > 0
���M�/ �+�2�M�i� �̀2y 2 Rn ���M�/ �7�Q�` ���H�Hf 2 BV (R2) �B�i �?�Q�H�/�b�,

kf � �f k
L

n
n � 1 (B r (y ))

� C2(n) kf kBV (B r (y )) ;

�r�?�2� �̀2�f :=
R

B r (y ) f (x)�/x �/�2�M�Q�i�2�b �i�?�2 �ó�K�2���M�ô �Q�7f �Q�MB r (y)�X

�� �N ��



�j
�h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�h�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 ���M �B�K���;�2 �#�v �K�B�M�B�K�B�b�B�M�; �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M �Q�`�B�;�B�M���i�2�b �7�`�Q�K �i�?�2 �}�2�H�/ �Q�7 �B�K���;�2
�/�2�M�Q�B�b�B�M�; �Q�`�- �K�Q�`�2 �;�2�M�2�`���H�H�v�- �B�K���;�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �(�k�y�)�X ���b �i�?�2 �M���K�2 �B�M�/�B�+���i�2�b�- �i�?�B�b �T�`�Q�+�2�b�b ���B�K�b ���i
�`�2�+�Q�M�b�i�`�m�+�i�B�M�; �i�?�2 �Q�`�B�;�B�M���H �b�B�;�M���Hu �Q�` �b�Q�K�2�i�?�B�M�; ���b �+�H�Q�b�2 �i�Q �i�?���i ���b �T�Q�b�b�B�#�H�2 �7�`�Q�K �� �;�B�p�2�M �/�2�7�2�+�i�B�p�2 �b�B�;�M���H
f �X �>�2�M�+�2�- �Q�M�2 �b�2�2�F�b �� �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u + v �r�?�2�`�2u �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�2�b�B�`�2�/ �ó�Q�`�B�;�B�M���H�ô �b�B�;�M���H ���M�/
v = f � u �i�?�2 �`�2�b�B�/�m���H�X �A�M �� �T�2�`�7�2�+�i �b�+�2�M���`�B�Q�-v �r�Q�m�H�/ �Q�#�p�B�Q�m�b�H�v �#�2 �2�t���+�i�H�v �i�?�2 �2�`�`�Q�` �U�2�X�;�X �M�Q�B�b�2�V�X

�A�M �i�?�B�b �b�2�i�i�B�M�;�- ���M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Qu �B�b �/�2�}�M�2�/ ���b �� �K�B�M�B�K�B�b�2�` �Q�7 �� �T�`�Q�T�2�`�H�v �+�?�Q�b�2�M �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H
E : L 2(
) ! R �Q�7 �i�?�2 �7�Q�`�K

E(u) = F (u) + � kf � uk2
2 :

�r�?�2�`�2F : L 2(
) ! R �B�b �� �7�m�M�+�i�B�Q�M���H �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �i�v�T�2 �Q�7 �b�B�;�M���H �i�Q �`�2�+�Q�M�b�i�`�m�+�i ���M�/ �b�T�2�+�B�}�2�b
�#�v �r�?���i �+�?���`���+�i�2�`�B�b�i�B�+�bu �b�?�Q�m�H�/ �#�2 �2�p���H�m���i�2�/ �(�+�7�X �9�- �a�2�+�i�B�Q�M �R�X�R�X�k�)�X �P�7 �T���`�i�B�+�m�H���` �B�M�i�2�`�2�b�i �B�b �i�?�2 �i�m�M�B�M�;
�T���`���K�2�i�2�`� > 0 �r�?�B�+�? �/�2�i�2�`�K�B�M�2�b �i�?�2 �r�2�B�;�?�i �Q�7 �#�Q�i�? �+�Q�K�T�Q�M�2�M�i�b �B�ME�- ���M�/ �r�B�H�H �H���i�2�` �#�2 �/�B�b�+�m�b�b�2�/ �B�M
�/�2�i���B�H �7�Q�` �i�?�2�_�P�6 �K�Q�/�2�H�X

�.�m�2 �i�Q �i�?�2 ���m�i�?�Q�`�b �Q�7 �(�9�)�- �ó�� �;�Q�Q�/F �b�?�Q�m�H�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v �2�M�b�m�`�2 �b�Q�K�2 �b�T���i�B���H �`�2�;�m�H���`�B�i�v�- �#�m�i ���H�b�Q
�T�`�2�b�2�`�p�2 �i�?�2 �2�/�;�2�b�ô �(�9�- �T���;�2 �k�e�d�)�X �A�M �R�N�N�k�- �_�m�/�B�M�- �P�b�?�2�` ���M�/ �6���i�2�K�B �T�`�Q�T�Q�b�2�/ �B�M �� �b�2�K�B�M���H �T���T�2�` �(�k�y�) �i�Q
�+�Q�M�b�B�/�2�` �i�?�2�i�Q�i���H �p���`�B���i�B�Q�M���b �`�2�;�m�H���`�B�b�2�`�- �B�X�2�XF (u) = �h�o(u; 
) �X �a�B�M�+�2 �i�?�2�M�- �i�?�B�b �B�/�2�� �B�b �#�2�B�M�; �`�2�7�2�`�`�2�/
�i�Q ���b�_�P�6 �K�Q�/�2�H�X �"�v �+�Q�M�b�i�`�m�+�i�B�Q�M�- �B�i �`�2�b�m�H�i�b �B�M �� �b�B�;�M���H �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�- �B�X�2�Xu 2 BV (
) �X �A�M �i�?�B�b
�+�?���T�i�2�`�- �A �r�B�H�H �;�B�p�2 �� �T�`�2�+�B�b�2 ���M�/ �K���i�?�2�K���i�B�+���H �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H ���M�/ �/�B�b�+�m�b�b �b�Q�K�2 �Q�7 �B�i�b �T�`�Q�T�2�`�i�B�2�b�X

�j�X�R �.�2�}�M�B�i�B�Q�M ���M�/ �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�B�b �i�?�2�b�B�b�- �i�?�2�_�P�6 �K�Q�/�2�H�/�2�b�+�`�B�#�2�b �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u� + v� �Q�7 �� �k�. �;�`�2�v�b�+���H�2 �B�K�@
���;�2f 2 L 2(
) �B�M�i�Q �� �ó�+���`�i�Q�Q�M�B�b�?�ô �p�2�`�b�B�Q�Mu� 2 BV (
) ���M�/ �i�?�2 �`�2�b�B�/�m���Hv� 2 L 2(
) �X �h�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M
�B�b �Q�#�i���B�M�2�/ �#�v �K�B�M�B�K�B�b�B�M�; �i�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H

Ef;� : BV (
) ! R ; Ef;� (u) := kukBV + � kf � uk2
2 �U�j�X�R�V

�Q�p�2�` ���H�H �7�m�M�+�i�B�Q�M�b �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�Mu 2 BV (
) �7�Q�` �� �T�`�2�@�b�T�2�+�B�}�2�/ �r�2�B�;�?�i�B�M�; �T���`���K�2�i�2�`� > 0�X �h�?�m�b�-
�i�?�2�_�P�6 �T� �̀Q�#�H�2�K�B�b �/�2�}�M�2�/ ���b �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�#�H�2�K

�K�B�M�B�K�B�b�2
u2 BV (
)

kukBV + � kf � uk2
2 : �U�_�P�6�V

�>�2�`�2�-� kf � uk2
2 �B�b �i�?�2 �}�/�2�H�B�i�v �i�2�`�K�-kukBV �b�2�`�p�2�b ���b �`�2�;�m�H���`�B�b���i�B�Q�M ���M�/ �i�?�2 �T���`���K�2�i�2�`� > 0 �/�2�i�2�`�K�B�M�2�b

�i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �#�Q�i�? �i�2�`�K�b �i�Q �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�+�2�b�b�X
�L�Q�i���i�B�Q�M�, �A�M �i�?�B�b �i�?�2�b�B�b�- �A �r�B�H�H �`�2�7�2�` �i�Q �i�?�2 ���+�i�m���H �Q�#�i���B�M�2�/ �B�M�}�K�m�K �B�M �U�_�P�6�V ���b

J (f; � ) := �B�M�7
u2 BV (
)

Ef;� (u)

�� �R�y ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�r�?�B�+�? �K�2���b�m�`�2�b �?�Q�r �r�2�H�Hf �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v �B�i�b �óBV �@�7�2���i�m�`�2�b�ô �(�+�7�X �k�k�- �T���;�2 �8�8�8�)�- ���M�/ �i�Q �i�?�2
�`�2�b�m�H�i���M�i ���`�;�m�K�2�M�i�bu� ���M�/v� ���b

[u� ; v� ] := ���`�; �K�B�M
u+ v= f

J (f; � ) :=
�

���`�; �K�B�M
u2 BV (
)

Ef;� (u) ; f � ���`�; �K�B�M
u2 BV (
)

Ef;� (u)
�
: �U�j�X�k�V

�h�?�B�b �H���b�i �M�Q�i���i�B�Q�M �r�B�i�? �i�?�2 ���`�; �K�B�M �Q�7 �i�?�2J �@�7�m�M�+�i�B�Q�M���HJ (f; � ) �r�B�H�H �T�`�Q�p�2 �m�b�2�7�m�H �7�Q�` �+�H���`�B�i�v �� �2�b�T�2�+�B���H�H�v �B�M
�i�?�2 �/�B�b�+�m�b�b�B�Q�M �Q�M �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M �*�?���T�i�2�` �9 �� ���M�/ �7�Q�H�H�Q�r�b �i�?�2 �b�i�v�H�2 �Q�7 �(�k�k�) ���M�/ �(�N�)�X

�A �r���M�i �i�Q �T�Q�B�M�i �Q�m�i �i�?���i �B�M �i�?�2�B�` �Q�`�B�;�B�M���H �T���T�2�`�- �_�m�/�B�M�- �P�b�?�2�` ���M�/ �6���i�2�K�B �B�M�i�`�Q�/�m�+�2�/ �� �/�B�z�2�`�2�M�i
�p�2�`�b�B�Q�M �Q�7 �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�#�H�2�K�, ���b �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�- �i�?�2�_�P�6 �K�Q�/�2�H�?���b �B�i�b �Q�`�B�;�B�M�b �B�M �i�?�2 �B�K���;�2
�/�2�M�Q�B�b�B�M�;�X �h�?�B�b �T�`�Q�#�H�2�K �m�M�/�2�`�H�B�2�b �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �� �;�B�p�2�M �b�B�;�M���Hf 2 L 2(
) �+�Q�M�b�B�b�i�b �Q�7 �i�?�2 ���+�i�m���H
�B�K���;�2̂u 2 L 2(
) ���M�/ �b�Q�K�2 ���/�/�B�i�B�p�2 �M�Q�B�b�2v̂ 2 L 2(
) �Q�7 �K�2���M0 ���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M� �- �B�X�2�Xf = û + v̂
�(�k�y�)�X �h�?�m�b�- �i�?�2�B�` �T�`�Q�+�2�/�m�`�2 ���B�K�2�/ ���i �+�Q�K�T�m�i�B�M�; �� �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u + v �b�m�+�? �i�?���iu ���T�T�`�Q�t�B�K���i�2�bû
���b ���+�+�m�`���i�2 ���b �T�Q�b�b�B�#�H�2 �#�v �K�B�M�B�K�B�b�B�M�; �B�i�b �i�Q�i���H �p���`�B���i�B�Q�M�c �i�?�2 �M�Q�B�b�2v̂ �B�b ���M���H�Q�;�Q�m�b�H�v ���T�T�`�Q�t�B�K���i�2�/ �#�v �i�?�2
�`�2�b�B�/�m���Hv = f � u�X �A�M �p�B�2�r �Q�7 �i�?���i�- �_�m�/�B�M�- �P�b�?�2�` ���M�/ �6���i�2�K�B �Q�`�B�;�B�M���H�H�v �T�`�Q�T�Q�b�2�/ �i�Q �b�Q�H�p�2 �i�?�2 �+�Q�M�b�i�`���B�M�2�/
�K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�#�H�2�K

�K�B�M�B�K�B�b�2
u2 BV (
)

kukBV �b�m�#�D�2�+�i �i�Q
Z



(f � u) = 0 ���M�/ 1

2 kf � uk2
2 = � 2: �U�j�X�j�V

�1�t�B�b�i�2�M�+�2�- �m�M�B�[�m�2�M�2�b�b ���M�/ �b�Q�K�2 �b�i���i�2�K�2�M�i�b �`�2�;���`�/�B�M�; �i�?�2�r�2�H�H�@�T�Q�b�2�/�M�2�b�b�Q�7 �T�`�Q�#�H�2�K �U�j�X�j�V �r�2�`�2 �T�`�Q�p�2�M
�B�M �R�N�N�9 �#�v ���+���` ���M�/ �o�Q�;�2�H �(�k�)�- ���M�/ �K�Q�`�2 �;�2�M�2�`���H�H�v �i�?�`�2�2 �v�2���`�b �H���i�2�` �#�v �*�?���K�#�Q�H�H�2 ���M�/ �G�B�Q�M�b �(�8�)�X �A�M �i�?�2
�H���i�i�2�`�- �B�i �r���b ���H�b�Q �T�`�Q�p�2�M �i�?���i �b�Q�H�p�B�M�; �U�j�X�j�V �B�b �2�[�m�B�p���H�2�M�i �i�Q �b�Q�H�p�B�M�; �i�?�2 �m�M�+�Q�M�b�i�`���B�M�2�/ �T�`�Q�#�H�2�K �U�_�P�6�V �7�Q�`
�b�Q�K�2 �T���`���K�2�i�2�`� > 0�- ���M�/ �i�?�B�b �B�b �i�Q�/���v �K�Q�b�i �+�Q�K�K�Q�M�H�v �F�M�Q�r�M ���b�_�P�6 �K�Q�/�2�H�X

�"�v �i�?�2 �/�B�b�+�m�b�b�B�Q�M�b �Q�7 �*�?���T�i�2�` �k�- �Q�M�2 �r�Q�m�H�/ �2�t�T�2�+�i �i�?�2 �`�2�b�m�H�iu� 2 BV (
) �i�Q �#�2 �� �b�B�K�T�H�2�` ���M�/
�b�K�Q�Q�i�?�2�` �b�B�;�M���H �i�?���Mf �i�?���i �+�Q�M�b�B�b�i�b �Q�7 �B�i�b �2�b�b�2�M�i�B���H �7�2���i�m�`�2�b �U�2�b�T�2�+�B���H�H�v �H���`�;�2 �Q�#�D�2�+�i�b ���M�/ �2�/�;�2�b�V�- �r�?�2�`�2���b
v �`�2�T�`�2�b�2�M�i�b �i�?�2 �Q�b�+�B�H�H���i�Q�`�v �T���`�i �b�m�+�? ���b �b�T�m�`�B�Q�m�b �+�Q�K�T�Q�M�2�M�i�b �Q�` �i�2�t�i�m�`�2�X �h�?�B�b �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2
�/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���b �/�B�b�i�B�M�;�m�B�b�?�K�2�M�i �#�2�i�r�2�2�M�2�/�;�2�b���M�/�i�2�t�i�m� �̀2�(�R�e�) �(�k�k�) �B�b �7�m�M�/���K�2�M�i���H �7�Q�` �i�?�2 �H���i�2�` �/�B�b�+�m�b�b�2�/
�K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�X

�A�M �p�B�2�r �Q�7 �i�?�B�b�- �i�?�2 �T���`���K�2�i�2�`� �/�Q�2�b �M�Q�i �Q�M�H�v �r�2�B�;�?�i �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �#�Q�i�? �i�2�`�K�b �B�MEf;� �, �A�i �B�b ��
�+�m�i�@�Q�z �b�+���H�2�(�k�k�) �i�?���i �/�2�}�M�2�b �r�?�2�i�?�2�` �2�H�2�K�2�M�i�b �Q�7f ���`�2 �`���i�?�2�` �B�M�i�2�`�T�`�2�i�2�/ �#�v �i�?�2�_�P�6 �K�Q�/�2�H���b �i�2�t�i�m�`�2
�Q�` �M�Q�i�- ���M�/ �i�?�m�b �/�2�i�2�`�K�B�M�2�b �?�Q�r �K�m�+�?f �b�?�Q�m�H�/ �#�2 �b�B�K�T�H�B�}�2�/�X ���b �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�-
�i�?�B�b �[�m�2�b�i�B�Q�M �B�b �+�H�Q�b�2�H�v �`�2�H���i�2�/ �i�Q �i�?�2 �Q�b�+�B�H�H���i�Q�`�v �+�?���`���+�i�2�` �Q�7 ���M �2�H�2�K�2�M�i�X

�A�i �m�b�m���H�H�v �`�2�[�m�B�`�2�b �� �T�`�B�Q�`�B �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �B�K���;�2 �i�Q �T�`�Q�T�2�`�H�v �b�2�H�2�+�i� �, �A�7 �B�i �B�b �+�?�Q�b�2�M �i�Q�Q �b�K���H�H�-
�Q�M�H�v �7�2�r �B�M�7�Q�`�K���i�B�Q�M ���`�2 �F�2�T�i �B�M �� �ó�p�2�`�v �b�B�K�T�H�2�ôu� �- �r�?�2�`�2���b �� �;�`�2���i� �K���v �T�`�Q�/�m�+�2 �� �`�2�b�m�H�i���M�iu�

�i�?���i �B�b �p�2�`�v �+�H�Q�b�2 �i�Q ���M�/ �+�Q�M�i���B�M�b �ó�i�Q�Q �K���M�v�ô �/�2�i���B�H�b �Q�7 �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f �(�+�7�X �k�k�- �a�2�+�i�B�Q�M �k�X�R�)�X �h�?�B�b
�B�b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2 �j�X�R�X �A�M �i�?�B�b �i�?�2�b�B�b�ö �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �� �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- �?�Q�r�2�p�2�`�- �i�?���i
�T�`�Q�#�H�2�K �B�b �Q�M�H�v �K�B�M�Q�`�- ���b �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M �9�X�j�X

�h�?�2�_�P�6 �K�Q�/�2�H�+���M �#�2 �U���M�/ �Q�7�i�2�M �r�2�`�2 ���M�/ �B�b�V �K�Q�/�B�}�2�/ �� �7�Q�` �B�M�b�i���M�+�2 �#�v �m�b�B�M�; �i�?�2 �M�Q�M�@�b�[�m���`�2�/
L 2�@�M�Q�`�Kkf � uk2 �(�+�7�X �R�e�- �T���;�2 �k�N�) �Q�`L 1�@�M�Q�`�Kkf � uk1 �(�+�7�X �9�- �T���;�2 �8�e�) ���b �}�/�2�H�B�i�v �i�2�`�K�- ���M�/ �2�t�i�2�M�/�2�/ �i�Q
�K�Q�`�2 �;�2�M�2�`���H ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b�T� �̀2�@�i� �̀��M�b�7�Q�`�K�2�/ �K�Q�/�2�H�bf = Au + v �r�?�2�`�2A �B�b �� �H�B�M�2���` �Q�T�2�`���i�Q�` ���M�/
�`�2�T�`�2�b�2�M�i�b �b�Q�K�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �U�2�X�;�X �#�H�m�`�`�B�M�;�- �b���K�T�H�B�M�;�V �(�9�)�X �A�M �i�?�B�b �i�?�2�b�B�b�- �?�Q�r�2�p�2�`�- �A �r�B�H�H �Q�M�H�v �/�B�b�+�m�b�b
�i�?�2 ���#�Q�p�2 �/�2�}�M�2�/ �U�_�P�6�V �T�`�Q�#�H�2�K�X

�j�X�k �� �b�2�H�2�+�i�B�Q�M �Q�7 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H

���b �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�- �� �T�`�Q�p�2 �7�Q�` �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �K�B�M�B�K�B�b�2�` �Q�7 �U�_�P�6�V �r���b �;�B�p�2�M �B�M �(�8�)�X �L�Q�M�2�i�?�2�H�2�b�b�-
�A �+�Q�M�b�B�/�2�` �i�?�B�b �i�Q �#�2 �b�m�+�? �� �+�2�M�i�`���H �`�2�b�m�H�i �7�Q�` �i�?�2 �/�B�b�+�m�b�b�B�Q�M �Q�7 �i�?�B�b �i�?�2�b�B�b �i�?���i �A �r���M�i �i�Q �b�F�2�i�+�? �� �T�`�Q�Q�7
�7�Q�H�H�Q�r�B�M�; �(�9�- �a�2�+�i�B�Q�M �R�X�k�X�j�)�,

�*�Q�M�b�B�/�2�`�B�M�; �� �K�B�M�B�K�B�b�B�M�; �b�2�[�m�2�M�+�2(uk )k2 N �7�Q�Èf;� �b�m�+�? �i�?���iEf;� (uk ) ! �B�M�7u Ef;� (u)�- �Q�M�2 �}�M�/�b
�7�Q�` �b�m�{�+�B�2�M�i�H�v �H���`�;�2k 2 N �i�?���iEf;� (uk ) � E f;� (0) = � kf k2

2 < 1 �m�T �i�Q �� �b�m�#�b�2�[�m�2�M�+�2(u~k )~k2 ~N �- �i�?�m�b

�� �R�R ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

� = 10 5 � = 10 0

u� v� + 0 :5 u� v� + 0 :5

�6�B�;�m�`�2 �j�X�R�, �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2���i �b�+���H�2� = 1e5 ���M�/� = 1e0�, �q�?�B�H�2 �r�B�i�? �i�?�2 �+�?�Q�B�+�2
�Q�7 �� �ó�H���`�;�2�ô� ���H�K�Q�b�i ���H�H �B�M�7�Q�`�K���i�B�Q�M �Q�7f �2�M�/ �m�T �B�Mu� �- �`�2�H���i�B�p�2�H�v �ó�b�K���H�H�ô� �v�B�2�H�/ �p�2�`�v �b�K�Q�Q�i�?�2�M�2�/ �`�2�b�m�H�i�b�X

(uk )k2 Nn ~N �B�b �#�Q�m�M�/�2�/ �B�ML 2(
) �X �h�?�2�M �B�i �7�Q�H�H�Q�r�b �i�?���i �� ���;���B�M �m�T �i�Q �� �b�m�#�b�2�[�m�2�M�+�2 ��(uk )k2 Nn ~N �+�Q�M�p�2�`�;�2�b
�r�2���F�H�v �i�Q �b�Q�K�2u� 2 L 2(
) �(�+�7�X �9�- �T���;�2 �k�d�k�)�- �B�X�2�X

Z



uk (x) v(x) �/x !

Z



u� (x) v(x) �/x 8v 2 L 2(
) :

�"�v �(�9�- �T���;�2 �k�d�j�)�- �B�i �M�Q�r �?�Q�H�/�b �i�?���ikf � u� k2
2 � �H�B�K �B�M�7

k !1
kf � uk k2

2�X �h�?�B�b �`�2�b�m�H�i �B�M �+�Q�K�#�B�M���i�B�Q�M �r�B�i�?

�i�?�2�H�Q�r�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�B�i�v�Q�7k�kBV �b�i���i�2�/ �#�2�7�Q�`�2 �B�M �G�2�K�K�� �k�X�R�R ���V�v�B�2�H�/�b �i�?���i

Ef;� (u� ) � �H�B�K �B�M�7
k !1

Ef;� (uk ) = �B�M�7
u

Ef;� (u):

�>�2�M�+�2�-u� �B�b �� �K�B�M�B�K�B�b�2�` �Q�7 �U�_�P�6�V�X
�h�?�2 �m�M�B�[�m�2�M�2�b�b �Q�7 �i�?�B�b �K�B�M�B�K�B�b�2�` �M�Q�r �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�2 �+�Q�M�p�2�t�B�i�v �Q�7Ef;� �r�?�B�+�? �+���M �/�B�`�2�+�i�H�v �#�2 �/�2�`�B�p�2�/

�7�`�Q�K �i�?�2 �+�Q�M�p�2�t�B�i�v �Q�7 �B�i�b �b�m�K�K���M�/�bk�kBV �U�b�2�2 �G�2�K�K�� �k�X�R�R �#�V�V ���M�/k�k2
2 �U�7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �i�`�B���M�;�H�2

�B�M�2�[�m���H�B�i�v�V�- ���M�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �+���H�+�m�H���i�B�Q�M�,
�"�2u0 ���M�/u00�i�r�Q �K�B�M�B�K�B�b�2�` �Q�7 �U�_�P�6�V�- �B�X�2�XEf;� (u0) = Ef;� (u00) = �B�M�7u Ef;� (u)�X �h�?�2�M�,

�B�M�7
u

Ef;� (u) � E f;�

�
u0+ u00

2

�

k�k BV �+�Q�M�p�2�t
�
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+ �
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kf � u0k2

2 + kf � u00k2
2

�
!

=
1
2

�
Ef;� (u0) + Ef;� (u00)
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kf k2
2 � h f; u 0+ u00i +

1
4

ku0k2
2 +

1
2

hu0; u00i +
1
4

ku00k2
2

�
1
2

�
kf k2

2 � 2hf; u 0i + ku0k2
2 + kf k2

2 � 2hf; u 00i + ku00k2
2

�
!

=
1
2

�
Ef;� (u0) + Ef;� (u00)

�
+ �

�
�

1
4

ku0k2
2 +

1
2

hu0; u00i �
1
4

ku00k2
2

�

=
1
2

�
Ef;� (u0) + Ef;� (u00)

�
�

�
4

ku0 � u00k2
2

= �B�M�7
u

Ef;� (u) �
�
4

ku0 � u00k2
2

�r�?�B�+�? �r�Q�m�H�/ �#�2 �b�i�`�B�+�i�H�v �H�2�b�b �i�?���M �B�M�7u Ef;� (u)�- �m�M�H�2�b�bu0 = u00���H�K�Q�b�i �2�p�2�`�v�r�?�2�`�2�X �A�M �+�Q�M�+�H�m�b�B�Q�M�,
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�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�h�?�2�Q�`�2�K �j�X�R�X�(�+�7�X �9�- �a�2�+�i�B�Q�M �R�X�k�X�j�) �h�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���HEf;� �Q�7 �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�#�H�2�K �U�_�P�6�V �B�b
�H�Q�r�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b���M�/�b�i�`�B�+�i�H�v �+�Q�M�p�2�t�X �>�2�M�+�2�- �B�i �?���b �� �K�B�M�B�K�B�b�2�` ���M�/ �i�?�B�b �K�B�M�B�K�B�b�2�` �B�b �m�M�B�[�m�2�X

�h�?�2 �+�Q�M�p�2�t�B�i�v �Q�7Ef;� �B�b �M�Q�i �Q�M�H�v �B�K�T�Q�`�i���M�i �7�Q�` �i�?�2 �m�M�B�[�m�2�M�2�b�b �Q�7 �� �K�B�M�B�K�B�b�2�`�X �A�i ���H�b�Q ���b�b�m�`�2�b �i�?���i ��
���i �H�2���b�i �B�M �� �+�Q�M�i�B�M�m�Q�m�b �b�2�i�i�B�M�; �� �i�?�2�`�2 ���`�2 �M�Q �H�Q�+���H �K�B�M�B�K�� �r�?�B�+�? �+���M �B�M�i�2�`�`�m�T�i �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �T�`�Q�+�2�b�b
�B�M�2�p�B�i���#�H�v�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�B�b �2�M���#�H�2�b �Q�M�2 �i�Q �m�b�2 �K���M�v �i�Q�Q�H�b �7�`�Q�K �+�Q�M�p�2�t �Q�T�i�B�K�B�b���i�B�Q�M �(�+�7�X �9�- �T���;�2 �k�e�3�)�X

���7�i�2�` �F�M�Q�r�B�M�; �i�?���i �� �m�M�B�[�m�2 �K�B�M�B�K�B�b�2�`u� �Q�7 �U�_�P�6�V �2�t�B�b�i�b�- �i�?�2 �[�m�2�b�i�B�Q�M �7�Q�` �B�i�b �T�`�Q�T�2�`�i�B�2�b ���`�B�b�2�b�X �P�7
�T���`�i�B�+�m�H���` �B�M�i�2�`�2�b�i �?�2�`�2 ���`�2 �b�i���i�2�K�2�M�i�b �Q�M �B�i�b �+�?���`���+�i�2�` �`�2�;���`�/�B�M�; �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �B�M�7�Q�`�K���i�B�Q�M �i�?���i
�i�?�2 �b�B�;�M���Hf �+�Q�M�i���B�M�2�/�X �A�M �*�?���T�i�2�` �k�- �A ���H�`�2���/�v �/�B�b�+�m�b�b�2�/ �b�Q�K�2 ���b�T�2�+�i�b �Q�M �i�?���i �r�?�2�M �/�2�b�+�`�B�#�B�M�; �7�m�M�+�i�B�Q�M�b
�Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M ���M�/ �i�?�2 �B�K�T���+�i �Q�7 �� �T�Q�b�b�B�#�H�v �b�K���H�H �i�Q�i���H �p���`�B���i�B�Q�M �B�M �/�2�i���B�H�X

�"�m�i �i�?�2�`�2 �B�b ���M�Q�i�?�2�` �� �+�H�2���`�H�v �/�2�b�B�`���#�H�2 �� �`�2�b�m�H�i �/�B�`�2�+�i�H�v �`�2�;���`�/�B�M�; �i�?�2�_�P�6 �K�Q�/�2�H�i�?���i �A �r�Q�m�H�/ �H�B�F�2
�i�Q �K�2�M�i�B�Q�M�, �A�M �(�9�- �h�?�2�Q�`�2�K �k�X�d�)�- �i�?�2 ���m�i�?�Q�`�b �+�H���`�B�7�v �i�?���i ���i �H�2���b�i �7�Q�` ���M �B�M�T�m�i �b�B�;�M���Hf 2 BV (
) \ L 1 (
) �-
�i�?�2�_�P�6 �K�Q�/�2�H�/�Q�2�b �M�Q�i �T�`�Q�/�m�+�2 �M�2�r �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �B�M �i�?�2 �b�2�M�b�2 �i�?���i �i�?�2 �ó�D�m�K�T �b�2�i�ô �Q�7 �i�?�2 �`�2�b�m�H�i���M�i
u� �B�b �+�Q�M�i���B�M�2�/ �B�M �i�?�2 �Q�M�2 �Q�7f �X �G���i�2�` �B�M �(�9�- �T���;�2 �k�N�8�)�- �B�i �B�b �7�m�`�i�?�2�` �b�i���i�2�/ �i�?���i �7�Q�` ���H�K�Q�b�i ���H�H �T�Q�B�M�i�b �B�M
�i�?�2 �D�m�K�T �b�2�i �Q�7u� �- �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �D�m�K�T�b �`�2�K���B�M�b �i�?�2 �b���K�2 ���b �B�Mf �X

�L�Q�r�- �r�?���i �+���M �#�2 �b���B�/ ���#�Q�m�i �i�?�2 �M���i�m�`�2 �Q�7 �i�?�2 �K�B�M�B�K�B�b�2�`u� ���M�/ �B�i�b �`�2�H���i�B�Q�M �i�Q �i�?�2 �`�2�b�B�/�m���Hv� �\
�"�2�7�Q�`�2 �+�Q�K�B�M�; �i�Q �i�?�2 �K���B�M �i�?�2�Q�`�2�K �7�`�Q�K �J�2�v�2�` �r�?�B�+�? �i�`�B�2�b �i�Q �;�B�p�2 ���M ���M�b�r�2�` �Q�M �i�?���i�- �A �r�B�H�H �b�i���i�2 �i�r�Q ��
�B�M �K�v �Q�T�B�M�B�Q�M �B�M�i�m�B�i�B�p�2�H�v �+�H�2���` �� �`�2�b�m�H�i�b �`�2�;���`�/�B�M�; �+�Q�M�b�i���M�i �/�B�b�T�H���+�2�K�2�M�i�b �Q�7 �i�?�2 �b�B�;�M���Hf �X �6�`�Q�K �?�2�`�2 �Q�M�-
�A �r�B�H�H �+�Q�M�b�B�/�2�` �i�?�2 �/�Q�K���B�M
 �Q�M �r�?�B�+�?f �B�b �/�2�}�M�2�/�- �i�Q �#�2 �#�Q�m�M�/�2�/�X �h�?�B�b �B�b �B�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �T�`�2�p�B�Q�m�b
���b�b�m�K�T�i�B�Q�M �Q�7
 �#�2�B�M�; ���M �Q�T�2�M �b�2�i�- ���M�/ ���T�T�2���`�b �`�2���b�Q�M���#�H�2 �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �T�`���+�i�B�+���H�H�v �/�2���H�B�M�; �r�B�i�? �`�2���H
�B�K���;�2�b�X �L�Q�r �i�?�2 �B�/�2�� �`�2�;���`�/�B�M�; �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�b �B�b ���b �7�Q�H�H�Q�r�b�,

�h�?�2 ���/�/�B�i�B�Q�M �Q�7 �� �+�Q�M�b�i���M�i �b�B�;�M���H �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �M�Q �+�?���M�;�2 �B�M �i�Q�i���H �p���`�B���i�B�Q�M�- �b�B�M�+�2 �i�?�2 �H���i�i�2�`
�#�2�+�Q�K�2�b �y �T�`�2�+�B�b�2�H�v �7�Q�` ���X�2�X�@�+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M�b ���b �/�B�b�+�m�b�b�2�/ �B�M �G�2�K�K�� �k�X�d�- �r�?�2�`�2���b �B�i �K���v �+�2�`�i���B�M�H�v �?���p�2
���M �B�K�T���+�i �Q�M �i�?�2L 2�@�M�Q�`�K�X �h�?�m�b�- �B�M �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- ���M�v �/�B�z�2�`�2�M�+�2 �B�M �K�2���M �7�`�Q�K �y �r�B�H�H �#�2 �7�m�H�H�v
�B�M�+�H�m�/�2�/ �B�Mu� �- ���M�/ ���+�+�Q�`�/�B�M�;�H�v �i�?�2 �`�2�b�B�/�m���Hv� �r�B�H�H ���H�r���v�b �?���p�2 �� �K�2���M �Q�7 �y�X ���H�i�?�Q�m�;�? �i�?�B�b �b�i���i�2�K�2�M�i
�K�B�;�?�i �b�2�2�K �Q�#�p�B�Q�m�b�- �A �r�B�H�H �;�B�p�2 �� �b�?�Q�`�i �T�`�Q�Q�7�,

�G�2�K�K�� �j�X�k�X�G�2�in 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M ���M�/ �#�Q�m�M�/�2�/ �b�2�i�-f 2 L 2(
) ���M�/f = u� + v� �i�?�2 �Q�T�i�B�K���H
�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �h�?�2�M �i�?�2 �K�2���M �Q�7v� �B�M
 �B�b �y�,

Z



v� (x)�/x = 0 :

�S� �̀Q�Q�7�X�a�m�T�T�Q�b�2�-[u� ; v� ] = ���`�; �K�B�M
u+ v= f

J (f; � ) �B�b �i�?�2 �Q�T�i�B�K���H�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�Q�7f �r�?�2�`�2 �i�?�2 �K�2���M �Q�7v�

�B�b �M�Q�M�@�x�2�`�Q�- �B�X�2�X�v := 1
j 
 j

R

 v� (x)�/x 6= 0 �X �G�2�i�R: 
 ! R �r�B�i�?�R(x) = 1 �7�Q�`x 2 
 �#�2 �i�?�2 �ó�Q�M�2�@�7�m�M�+�i�B�Q�M�ô

���M�/ �M�Q�i�2 �i�?���ihv� ; �Ri = �vj
 j ���M�/k�v�Rk2
2 = �v2j
 j�X �h�?�2�M �B�i �+���M �#�2 �b�?�Q�r�M �i�?���i[u0; v0] �r�B�i�?u0 := u� + �v�R

���M�/v0 := u� � �v�R�B�b �� �ó�#�2�i�i�2�`�ô �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M �i�?�2 �b�2�M�b�2 �i�?���iEf;� (u0) < Ef;� (u� )�- �B�M �+�Q�M�i�`���/�B�+�i�B�Q�M �i�Q
�i�?�2 �Q�T�i�B�K���H�B�i�v �Q�7[u� ; v� ]�X �h�?�B�b �7�Q�H�H�Q�r�b �7�`�Q�K�,

Ef;� (u� + �v�R) = ku� kBV + k�v�RkBV| {z }
=0

+ kv� � �v�Rk2
2

= ku� kBV + kv� k2
2 + k�v�Rk2

2 � 2hv� ; �v�Ri

= ku� kBV + kv� k2
2 + �v2j
 j � 2�vhv� ; �Ri

= ku� kBV + kv� k2
2 � �v2j
 j

< ku� kBV + kv� k2
2 = Ef;� (u� ):

�h�?�m�b�-u� �r�Q�m�H�/ �M�Q�i �K�B�M�B�K�B�b�2 �U�_�P�6�V�- �b�Q �i�?�2 ���b�b�m�K�T�i�B�Q�M �B�b �r�`�Q�M�; ���M�/ �B�i �7�Q�H�H�Q�r�b�v = 0 �X

�*�Q�`�Q�H�H���`�v�X���b �/�B� �̀2�+�i �+�Q�M�+�H�m�b�B�Q�M �7� �̀Q�K �G�2�K�K�� �j�X�k �B�i �7�Q�H�H�Q�r�b �i�?���i
R


 u� (x)�/x =
R


 f (x)�/x�X �h�?�m�b�- �i�?�2
�K�2���M �Q�7u� �+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �Q�M�2 �Q�7f �X

�� �R�j ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�h�?�B�b �;�B�p�2�b �`�B�b�2 �i�Q ���M�Q�i�?�2�` �`�2�b�m�H�i�, �G�2�i�f �/�2�M�Q�i�2 �i�?�2 �K�2���M �p���H�m�2 �Q�7 �� �b�B�;�M���Hf �X �A�M�b�i�2���/ �Q�7 �b�Q�H�p�B�M�; �U�_�P�6�V
�/�B�`�2�+�i�H�v �7�Q�`f �- �Q�M�2 �+�Q�m�H�/ �7�Q�`�K���H�H�v ���H�b�Q �b�Q�H�p�2 �B�i �7�Q�` �B�i�b �K�2���M �p���H�m�2 ���/�D�m�b�i�2�/ �+�Q�m�M�i�2�`�T���`�i~f := f � �f ���M�/
�Q�#�i���B�M �i�?�2 �Q�T�i�B�K���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7f �#�v ���/�/�B�M�; �i�?�2 �K�2���M �p���H�m�2 �i�Q �i�?�2 �`�2�b�m�H�i���M�i �K�B�M�B�K�B�b�2�`~u� �- �b�Q �B�M �i�?�2
�2�M�/f = (~u� + �f ) + v� �X �h�?�B�b �7���+�i �B�b �b�?�Q�r�M �B�M �i�?�2 �M�2�t�i �H�2�K�K�� ���M�/ �r�B�H�H �#�2 �B�K�T�Q�`�i���M�i �B�M �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7
�J�2�v�2�`�ö�b �i�?�2�Q�`�2�K �i�Q �#�Q�m�M�/�2�/ �/�Q�K���B�M�b�X

�G�2�K�K�� �j�X�j�X�G�2�in 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M ���M�/ �#�Q�m�M�/�2�/ �b�2�i�-f 2 L 2(
) ���M�/f = u� + v� �i�?�2 �Q�T�i�B�K���H
�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- �B�X�2�X[u� ; v� ] = ���`�; �K�B�M

u+ v= f
J (f; � )�X

�h�?�2�M �i�?�2 �Q�T�i�B�K���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �7�Q�` �i�?�2 �K�2���M �p���H�m�2 ���/�D�m�b�i�2�/ �b�B�;�M���H~f := f � �f �R�r�B�i�?�f := 1
j 
 j

R

 f (x)�/x

�B�b �;�B�p�2�M �#�v~f = ~u� + v� �r�?�2� �̀2~u� = u� � �f �R�- �K�2���M�B�M�;[~u� ; v� ] = ���`�; �K�B�M
u+ v= ~f

J ( ~f ; � )�X

�6�m�`�i�?�2�`�K�Q� �̀2�- �7�Q�` �i�?�2�B�` �2�M�2� �̀;�v �B�i �?�Q�H�/�bE~f ;� (~u� ) = Ef;� (u� )�X

�S� �̀Q�Q�7�X���i �}�`�b�i�- �A �r�B�H�H �b�?�Q�r �i�?�2 �2�[�m���H�B�i�v �Q�7 �2�M�2�`�;�v�X �h�?�2�`�2�7�Q�` �H�2�i[u� ; v� ] := ���`�; �K�B�M
u+ v= f

J (f; � )�- �B�X�2�Xu� �K�B�M�B�K�B�b�2�b

Ef;� �X �6�m�`�i�?�2�` �#�2~u� := u� � �f �R�X �q�?�2�M �H�Q�Q�F�B�M�; ���i �i�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���HE~f ;� �Q�7 �i�?�2 �K�2���M �p���H�m�2 ���/�D�m�b�i�2�/

�b�B�;�M���H~f �B�M~u� �- �B�i �+���M �#�2 �Q�#�i���B�M�2�/ �i�?���i

E~f ;� (~u� ) = ku� kBV +



 �f �R






BV| {z }
=0

+





 ~f � u� + �f �R








2

2
= kukBV + kf � u� k2

2 = Ef;� (u� ):

�L�Q�r�- �i�Q �Q�#�i���B�M �i�?���i~u� �B�b �i�?�2 ���+�i�m���H �U�_�P�6�V �K�B�M�B�K�B�b�2�` �Q�7~f �- �B�i �b�m�{�+�2�b �i�Q �b�2�2 �i�?���i �7�Q�` ���M�v �U�M�Q�M�@���X�2�X�@�x�2�`�Q�V
h 2 BV (
) �B�i �?�Q�H�/�b

E~f ;� (~u� + h) = ku� + hkBV + kf � u� � hk2
2 = Ef;� (u� + h) > Ef;� (u� ) = E~f ;� (~u� )

�#�2�+���m�b�2u� �K�B�M�B�K�B�b�2�bEf;� �X �>�2�M�+�2�-~u� �B�b �i�?�2 �U�m�M�B�[�m�2�V �K�B�M�B�K�B�b�2�` �Q�7E~f ;� ���M�/ �i�?�2 �H�2�K�K�� �B�b �T�`�Q�p�2�M�X

�q�B�i�? �i�?�2�b�2 �T�`�2�H�B�K�B�M���`�B�2�b�- �A �r�B�H�H �M�Q�r �+�Q�K�2 �i�Q �i�?�2 �i�?�2�Q�`�2�K �Q�7 �J�2�v�2�`�X �A�i �m�b�2�b ���/�m���H �M�Q�`�K�Q�7k�kBV �-
�/�2�M�Q�i�2�/ �#�vk�k� �X �A �/�Q �M�Q�i �r���M�i �i�Q �;�Q �B�M�i�Q �/�2�i���B�H �Q�M �/�m���H�B�i�v �B�M �;�2�M�2�`���H �Q�` �i�?�2 �/�m���H �i�Q �i�?�2BV space �B�M
�T���`�i�B�+�m�H���` ���b �i�?���i �B�b �M�Q�i �B�M �i�?�2 �7�Q�+�m�b �Q�7 �i�?�B�b �i�?�2�b�B�b�X �A�M�b�i�2���/�- �A �r�B�H�H �/�B�`�2�+�i�H�v �[�m�Q�i�2 �i�?�2 �b�i���i�2�K�2�M�i�b �`�2�;���`�/�B�M�;
�i�?�B�b �K���i�i�2�`�, �6�Q�H�H�Q�r�B�M�; �(�R�e�- �a�2�+�i�B�Q�M�b �R�X�R�k ���M�/ �R�X�R�9�)�- �7�Q�` ���M�v �7�m�M�+�i�B�Q�Mv : 
 ! R �r�B�i�?

R

 v(x) �/x = 0 ���M�/

�� �`�2�T�`�2�b�2�M�i���i�B�Q�Mv = �/�B�pg �r�?�2�`�2g 2 C1
c (
 ; Rn )�- �i�?�2 �/�m���H �M�Q�`�Kkvk� �i���F�2�b �i�?�2 �7�Q�`�K

kvk� = �B�M�7
g2 C 1

c (
 ;Rn )
�/�B�pg= v

kgkL 1 (
) = �b�m�T
u2 BV (
)
kukBV 6=0

hu; vi
kukBV

: �U�j�X�9�V

�6�m�`�i�?�2�`�K�Q�`�2�- �#�v �(�R�e�- �G�2�K�K�� �j�) �B�i �?�Q�H�/�b �7�Q�` ���`�#�B�i�`���`�vv 2 L 2(
) �r�B�i�?
R


 v(x)�/x = 0 �i�?���i

jhu; vij =

�
�
�
�

Z



u(x)v(x)�/x

�
�
�
� � k ukBV kvk� 8u 2 BV (
) : �U�j�X�8�V

�L�Q�r�- �i�?�2 �7�Q�H�H�Q�r�B�M�; ���M�/ ���7�Q�`�2�b���B�/ �h�?�2�Q�`�2�K �j�X�9 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �(�R�e�- �h�?�2�Q�`�2�K �j ���M�/ �G�2�K�K�� �9�) ���M�/
�T�`�Q�p�B�/�2�b �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �[�m���M�i�B�i���i�B�p�2 �+�?���`���+�i�2�` �Q�7 �i�?�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u� + v� �X �A�i �+�Q�M�b�B�b�i�b �Q�7
�i�r�Q �T���`�i�b�, �h�?�2 �}�`�b�i �v�B�2�H�/�b �i�?���i �B�7 �i�?�2 �T���`���K�2�i�2�`� �B�b �+�?�Q�b�2�M �i�Q�Q �b�K���H�H �U�Q�` �i�?�2 �B�K���;�2f �B�b �ó�i�Q�Q �b�K�Q�Q�i�?�ô �7�Q�`
�i�?���i �T���`���K�2�i�2�`�V�- �i�?�2�M �B�M �i�?�2 �Q�T�i�B�K���H�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�-u� = 0 ���M�/f �`�2�K���B�M�b �2�M�i�B�`�2�H�v �B�M �i�?�2 �`�2�b�B�/�m���H
v� �X �A�M�i�m�B�i�B�p�2�H�v�- �i�?�B�b �7�Q�H�H�Q�r�b �7�`�Q�Kkf k2

2 �#�2�B�M�; �� �}�t�2�/ �M�m�K�#�2�`�- �b�Q �B�7 �B�i �B�b �r�2�B�;�?�i�2�/ �M�2�;�H�B�;�B�#�H�v �b�K���H�H �B�MEf;� �-
���M�v �+�?���M�;�2 �B�Mu �B�b �T�2�M���H�B�b�2�/ �b�i�`�Q�M�;�2�` �#�vkukBV �i�?���M �i�?�2 �B�K�T�`�Q�p�2�K�2�M�i �B�Mkf � uk2

2 �+�Q�m�H�/ �#�2�X
�h�?�2 �b�2�+�Q�M�/ �T���`�i �B�M �K�v �B�M�i�2�`�T�`�2�i���i�B�Q�M �B�b �� �b�i���i�2�K�2�M�i �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �B�M�7�Q�`�K���i�B�Q�M �B�M �i�?�2�_�P�6

�/�2�+�Q�K�T�Q�b�B�i�B�Q�M�, �A�7k�k� �B�b �+�Q�M�b�B�/�2�`�2�/ �i�Q �#�2 �� �K�2���b�m�`�2 �7�Q�` �i�2�t�i�m�`�2 �b�B�x�2 �(�R�e�) �(�k�j�)�- ���M�/ �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �Q�7
�U�_�P�6�V �B�b �b�2�2�M ���b �i�?�2 �b�2�T���`���i�B�Q�M �Q�7 �i�?�2 �ó�2�b�b�2�M�i�B���H �7�2���i�m�`�2�b�ô �Q�7 ���M �B�K���;�2f �7�`�Q�K �B�i�b �i�2�t�i�m�`�2�- �i�?�2�M �i�?�2
�i�?�2�Q�`�2�K �b�i���i�2�b �i�?���i �i�?�2�_�P�6 �K�Q�/�2�H�`�2�b�Q�H�p�2�b ���H�H �B�M�7�Q�`�K���i�B�Q�M �ó�/�Q�r�M �i�Q �b�+���H�21/2 � �ô�X �h�?���i �ó�`�2�b�Q�H�p�2�/ �T���`�i�ô

�� �R�9 ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�2�M�/�b �m�T �B�Mu� �- �r�?�2�`�2���b �i�?�2 �ó�i�2�t�i�m�`�2 �#�2�H�Q�r �i�?�B�b �b�+���H�2�ô �`�2�K���B�M�b �B�M �i�?�2 �`�2�b�B�/�m���Hv� �X �h�?�m�b�- �i�?�2 �i�?�2�Q�`�2�K �B�b
���H�b�Q �� �`�2�b�m�H�i �i�?���i �[�m���M�i�B�}�2�b �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �i�?�2 �T���`���K�2�i�2�`� �Q�M �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X

�L�Q�i�2 �i�?���i �i�?�2 �Q�`�B�;�B�M���H �p�2�`�b�B�Q�M �7�`�Q�K �J�2�v�2�` �B�b �b�i���i�2�/ �r�B�i�?�Q�m�i �`�2�[�m�B�`�B�M�; �i�?���i �i�?�2 �K�2���M �Q�7f �B�b �y �#�2�+���m�b�2
�i�?�2 �2�M�i�B�`�2Rn �B�b �i���F�2�M ���b �/�Q�K���B�M
 �X �"�m�i �B�M �T�`�2�T���`���i�B�Q�M �Q�7 �i�?�2 �M�m�K�2�`�B�+�b �B�M �*�?���T�i�2�` �8�- �A �r���M�i �i�Q �;�B�p�2 ���M�/
�T�`�Q�Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�B�}�+���i�B�Q�M �Q�7 �J�2�v�2�`�ö�b �i�?�2�Q�`�2�K �7�Q�` �#�Q�m�M�/�2�/ �/�Q�K���B�M�b
 �,

�h�?�2�Q�`�2�K �j�X�9�X�G�2�in 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M ���M�/ �#�Q�m�M�/�2�/ �b�2�i�-f 2 L 2(
) �r�B�i�?
R


 f (x)�/x = 0 ���M�/
f = u� + v� �i�?�2 �Q�T�i�B�K���H �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �7�Q�`� > 0�- �B�X�2�X[u� ; v� ] = ���`�; �K�B�M

u+ v= f
J (f; � )�X �h�?�2�M �B�i �?�Q�H�/�b�,

���V�A�7kf k� � 1
2� �- �i�?�2�M[u� ; v� ] = [0 ; f ] �U���H�K�Q�b�i �2�p�2�`�v�r�?�2� �̀2�V�X �_�Q�m�;�?�H�v �b�T�2���F�B�M�;�- �i�?�B�b �K�2���M�b �i�?���i �i�?�2 �2�M�i�B� �̀2

�B�K���;�2f �B�b �i� �̀2���i�2�/ �#�v �i�?�2 �_�P�6 �K�Q�/�2�H ���b �i�2�t�i�m� �̀2�X
�#�V�P�i�?�2�`�r�B�b�2 �B�7kf k� > 1

2� �- �i�?�2�M �i�?�2 �Q�T�i�B�K���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u� + v� �B�b �+�?��� �̀��+�i�2�`�B�b�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;
�i�r�Q �+�Q�M�/�B�i�B�Q�M�b�,

kv� k� =
1

2�
���M�/ hu� ; v� i =

Z



u� (x)v� (x)�/x =

1
2�

ku� kBV :

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �7�Q�` �i�?�B�b �i�?�2�Q�`�2�K �B�b ���M �2�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �T�`�Q�Q�7 �;�B�p�2�M �B�M �(�R�e�- �T���;�2�b �j�k�@�j�9�)�X

���V �6�Q�`u� �- �M�Q �U���H�K�Q�b�i �2�p�2�`�v�r�?�2�`�2�V �+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M �Q�i�?�2�` �i�?���M �y �M�2�2�/�b �i�Q �#�2 �+�Q�M�b�B�/�2�`�2�/ �#�2�+���m�b�2 �#�v
�G�2�K�K�� �j�X�k �B�i �B�b

R

 u� (x)�/x =

R

 f (x)�/x = 0 �c ���M�/ �� �M�Q�M�@�x�2�`�Q �+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M �?���b �M�Q�M�@�x�2�`�Q �K�2���M�-

�+�Q�M�i�`���`�v �i�Q �i�?�2 �b�2�i�i�B�M�; �Q�7 �i�?�2 �i�?�2�Q�`�2�K�X
�a�B�M�+�2u� = ���`�; �K�B�M

u2 BV (
)
Ef;� (u)�- �i�?�2 �T�`�Q�#�H�2�K �U�_�P�6�V �v�B�2�H�/�bu� = 0 �B�7 ���M�/ �Q�M�H�v �B�7 �7�Q�` ���M�v �7�m�M�+�i�B�Q�M

h 2 BV (
) �r�B�i�?khkBV 6= 0 �B�i �?�Q�H�/�b

Ef;� (0) � E f;� (h)

, � kf k2
2 � k hkBV + � kf � hk2

2

, � kf k2
2 � k hkBV + � kf k2

2 + � khk2
2 � 2� hh; f i

, h h; f i �
1

2�
khkBV +

1
2

khk2
2

,
hh; f i
khkBV

�
1

2�
+

1
2

khk2
2

khkBV
:

�L�Q�r �`�2�T�H���+�B�M�;h �#�v"h �7�Q�`" > 0 ���M�/ �H�2�i�i�B�M�;" ! 0 �v�B�2�H�/�b�,

h"h; f i
k"hkBV

�
1

2�
+

1
2

k"hk2
2

k"hkBV

,
j" jhh; f i

j" j khkBV
�

1
2�

+
1
2

j" j2 khk2
2

j" j khkBV

,
hh; f i
khkBV

�
1

2�
+

j" j
2

khk2
2

khkBV

" ! 0���!
1

2�
:

�"�m�i �r�B�i�? �U�j�X�9�V�- �B�i �B�b

kf k� = �b�m�T
h2 BV (
)
khkBV 6=0

hh; f i
kukBV

�
1

2�
:

�>�2�M�+�2�- �B�7kf k� � 1
2� �- �i�?�2�Mu� = 0 ���H�K�Q�b�i �2�p�2�`�v�r�?�2�`�2 ���M�/ �b�i���i�2�K�2�M�i ���V �7�Q�H�H�Q�r�b�X

�� �R�8 ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�#�V �L�Q�r �#�2kf k� > 1
2� �X �a�B�M�+�2[u� ; v� ] = ���`�; �K�B�M

u+ v= f
J (f; � ) �K�B�M�B�K�B�b�2�b �U�_�P�6�V ���M�/k�kBV �B�b �+�Q�M�p�2�t�- �B�i �?�Q�H�/�b

�7�Q�` ���M�vh 2 BV (
) ���M�/" 2 R �i�?���i

ku� kBV + � kv� k2
2 � k u� + "hkBV + � kv� � "hk2

2 �U�j�X�e�V

� k u� kBV + k"hkBV + � kv� � "hk2
2 :

) � kv� k2
2 � k "hkBV + � kv� � "hk2

2 :

�q�?�2�M ���b�b�m�K�B�M�;" > 0 ���M�/khkBV 6= 0 �- �i�?�2 �b���K�2 �+���H�+�m�H���i�B�Q�M�b ���b �B�M �i�?�2 �T�`�Q�p�2 �Q�7 ���V �v�B�2�H�/�,

� kv� k2
2 � k "hkBV + � kv� � "hk2

2

,
hh; v� i
khkBV

�
1

2�
+

"
2

khk2
2

khkBV

" ! 0���!
1

2�
:

���M�/ ���;���B�M �r�B�i�? �U�j�X�9�V�- �B�i �B�b

kv� k� = �b�m�T
h2 BV (
)
khkBV 6=0

hh; v� i
khkBV

�
1

2�
: �U�j�X�d�V

�L�2�t�i�- �i���F�B�M�;h = u� �B�M �2�[�X �U�j�X�e�V ���M�/ �H�B�K�B�i�B�M�;" 2 (� 1; 1) �;�B�p�2�b�,

ku� kBV + � kv� k2
2 � (1 + ") ku� kBV + � kv� � "u � k2

2

= ku� kBV + " ku� kBV + � kv� k2
2 + "2 ku� k2

2 � 2� " hu� ; v� i

, 2� " hu� ; v� i � " ku� kBV + "2 ku� k2
2

�h�?�B�b �B�M�2�[�m���H�B�i�v �?�Q�H�/�b �7�Q�` ���`�#�B�i�`���`�v" 2 (� 1; 1)�c �i�?�m�b �7�Q�`" & 0 �U�B�X�2�X" > 0�V �B�i �v�B�2�H�/�b
2� hu� ; v� i � k u� kBV �- ���M�/ �7�Q�`" % 0 �U�B�X�2�X" < 0�V �B�i �v�B�2�H�/�b2� hu� ; v� i � k u� kBV �X �h�Q�;�2�i�?�2�`�,

hu� ; v� i =
1

2�
ku� kBV :

�a�Q �i�?�2 �b�2�+�Q�M�/ �b�i���i�2�K�2�M�i �Q�7 �U�#�V �B�b �T�`�Q�p�2�M�X ���i �H���b�i�- �#�v �U�j�X�8�V �B�i �?�Q�H�/�b

1
2�

ku� kBV = hu� ; v� i � k u� kBV kv� k� �U�j�X�3�V

�r�?�B�+�? �v�B�2�H�/�bkv� k� � 1
2� �b�B�M�+�2ku� kBV 6= 0 �X �h�?�2 �H���i�i�2�` �K�m�b�i �?�Q�H�/ �#�2�+���m�b�2u� = 0 �r�Q�m�H�/ �`�2�b�m�H�i �B�M

�+���b�2 ���V ���M�/ �Q�i�?�2�` �+�Q�M�b�i���M�i �7�m�M�+�i�B�Q�M�b ���`�2 �2�t�+�H�m�/�2�/ �#�v �G�2�K�K�� �j�X�k�X �L�Q�r�- �U�j�X�3�V �i�Q�;�2�i�?�2�` �r�B�i�? �U�j�X�d�V
�}�M���H�H�v �;�B�p�2�bkv� k� = 1

2� �r�?�B�+�? �+�Q�K�T�H�2�i�2�b �i�?�2 �T�`�Q�Q�7�X

�_�2�K���`�F�X�6�Q�` ���`�#�B�i�`���`�vf 2 L 2(
) �U�r�B�i�? �T�Q�b�b�B�#�H�v �M�Q�M�@�x�2�`�Q �K�2���M�V�- �G�2�K�K�� �j�X�j �;�B�p�2�b �� �7�Q�`�K���H �r���v �i�Q ���T�T�H�v
�i�?�B�b �i�?�2�Q�`�2�K�X �h�?�2�M�-




 f � �f �R






� �B�b �2�p���H�m���i�2�/�-[u� ; v� ] = [ �f �R; f � �f �R] �B�b �Q�#�i���B�M�2�/ �B�M �+���b�2 ���V�- ���M�/ �B�M �+���b�2 �#�V
�i�?�2 �H���b�i �2�[�m���H�B�i�v �?�Q�H�/�b �7�Q�`u� � �f �R�B�M�b�i�2���/ �Q�7u� �X

�L�Q�i�2 �i�?���i �h�?�2�Q�`�2�K �j�X�9 �B�K�T�H�B�2�b �i�?���i �i�?�2 �B�M�2�[�m���H�B�i�v �U�j�X�8�V �#�2�+�Q�K�2�b ���M �2�[�m���H�B�i�v �r�?�2�M �i�?�2 �T���B�`[u; v] �B�b
�i�?�2 �K�B�M�B�K�B�b�B�M�;�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u + v�X �h�?�B�b �;���p�2 �`�B�b�2 �i�Q �J�2�v�2�`�ö�b �T�`�Q�T�Q�b���H �Q�7 �� �K�Q�/�B�}�+���i�B�Q�M �Q�7
�i�?�2�_�P�6 �K�Q�/�2�H�B�M �r�?�B�+�? �i�?�2 �`�2�b�B�/�m���Hv� �B�b �2�p���H�m���i�2�/ �#�vkv� k� �B�M�b�i�2���/ �Q�7kv� k2

2 �(�+�7�X �R�e�)�X �h�Q �i�?�B�b ���T�T�`�Q���+�?
���H�b�Q �/�B�b�+�`�2�i�2 ���H�;�Q�`�B�i�?�K�b �r�2�`�2 �/�2�p�2�H�Q�T�2�/�- �2�X�;�X �B�M �(�k�j�)�X

�� �R�e ��



�j �h�?�2 �_�m�/�B�M�@�P�b�?�2�`�@�6���i�2�K�B �K�Q�/�2�H

�j�X�j �h�?�2 �1�m�H�2�`�@�G���;�`���M�;�2 �2�[�m���i�B�Q�M �Q�7 �i�?�2 �_�P�6 �7�m�M�+�i�B�Q�M���H

�h�Q �Q�#�i���B�M �i�?�2 �b�Q�H�m�i�B�Q�Mu� �Q�7 �U�_�P�6�V�- �i�?�2 �+�Q�M�p�2�t �7�m�M�+�i�B�Q�M���HEf;� �M�2�2�/�b �i�Q �#�2 �K�B�M�B�K�B�b�2�/�X �6�`�Q�K�+���H�+�m�H�m�b
�Q�7 �p���`�B���i�B�Q�M�B�i �B�b �F�M�Q�r�M �i�?���i �� �m�M�/�2�` �b�Q�K�2 ���b�b�m�K�T�i�B�Q�M�b �� �i�?�2 ���b�b�Q�+�B���i�2�/�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�B�b ��
�M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �� �7�m�M�+�i�B�Q�Mu �i�Q �#�2 �� �K�B�M�B�K�B�b�2�` �Q�7 �i�?���i �7�m�M�+�i�B�Q�M���H�X �6�Q�` �+�Q�M�p�2�t �7�m�M�+�i�B�Q�M���H�b �r�B�i�? ��
�m�M�B�[�m�2 �K�B�M�B�K�B�b�2�` �b�m�+�? ���bEf;� �- �b���i�B�b�7�v�B�M�; �i�?���i �2�[�m���i�B�Q�M �B�b �7�m�`�i�?�2�`�K�Q�`�2 �b�m�{�+�B�2�M�i �(�+�7�X �R�N�- �T���;�2 �9�d�)�X �h�?�m�b�-
�� �T�Q�b�b�B�#�H�2 ���T�T�`�Q���+�? �i�Q �+�Q�K�T�m�i�2 �i�?�2 �U�_�P�6�V �K�B�M�B�K�B�b�2�` ���`�B�b�2�b �7�`�Q�K �i�`�v�B�M�; �i�Q �}�M�/ �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2�1�m�H�2�`�@
�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�X �h�?�B�b �B�/�2�� �B�b �r�B�/�2�H�v �m�b�2�/ �i�Q �i���+�F�H�2 �U�_�P�6�V �� ���K�Q�M�;�b�i �Q�i�?�2�`�b �B�M �i�?�2 �Q�`�B�;�B�M���H �T���T�2�` �(�k�y�)
���M�/ �i�?�2 �Q�M�2 �T�`�Q�T�Q�b�B�M�; �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �(�k�k�) �� ���M�/ �r�B�H�H ���H�b�Q �#�2 �i�?�2 �#���b�B�b �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K�b
�m�b�2�/ ���M�/ �/�B�b�+�m�b�b�2�/ �H���i�2�` �B�M �*�?���T�i�2�` �8�X

�6�Q�H�H�Q�r�B�M�; �(�R�N�- �T���;�2�b �9�3�@�8�y�)�- �i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�7�Q�` �� �7�m�M�+�i�B�Q�M���HF : W 1;p (
) ! R �Q�7 �i�?�2
�7�Q�`�KF (u) =

R

 L (x; u(x); Du(x)) �/x �B�b �;�2�M�2�`���H�H�v �;�B�p�2�M �#�v

0 !=
@L
@u

� �/�B�p
��

@L
@ux 1

; :::;
@L

@ux n

��
=

@L
@u

�
�

@
@x1

@L
@ux 1

+ ::: +
@

@xn

@L
@ux n

�
���X�2�X �B�M
 ; �U�j�X�N�V

���m�;�K�2�M�i�2�/ �#�v �� �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �Q�M@
 �X �h�?�2 �`�2�[�m�B�`�2�K�2�M�iu 2 W 1;p (
) �/�2�K���M�/�b �i�?���i �B�i�b �r�2���F
�;�`���/�B�2�M�iDu = ( ux 1 ; :::; ux n ) �2�t�B�b�i�b ���M�/ �B�bL p�@�B�M�i�2�;�`���#�H�2�X �h�?�B�b �B�b �+�H�2���`�H�v �� �H�B�K�B�i���i�B�Q�M ���M�/ �r�B�H�H �M�Q�i �#�2
�K�2�i �B�M �;�2�M�2�`���H�X �>�Q�r�2�p�2�`�- �G�2�K�K�� �k�X�R�k ���V���i �H�2���b�i �2�M�b�m�`�2�b �i�?���iu� 2 BV (
) �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v ���M
L p�@�+�Q�M�p�2�`�;�2�M�i �b�2�[�m�2�M�+�2 �Q�7 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�b�- ���M�/ �?�2�M�+�2 �r�?�2�M �+�Q�K�T�m�i�B�M�; ���M ���T�T�`�Q�t�B�K���i�B�Q�M �i�Qu� �B�M ��
�/�B�b�+�`�2�i�2 �b�2�i�i�B�M�;�- �B�i ���T�T�2���`�b �`�2���b�Q�M���#�H�2 �i�Q �K���F�2 �m�b�2 �Q�7 �i�?�2 �2�[�m���i�B�Q�M �M�2�p�2�`�i�?�2�H�2�b�b�X

�A�7u 2 BV (
) �B�b �r�2���F�H�v �/�B�z�2�`�2�M�i�B���#�H�2�- �G�2�K�K�� �k�X�e �b�i���i�2�b �i�?���i �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7u �B�b �;�B�p�2�M �#�v
kukBV =

R

 jDu(x)j�/x�X �h�?�m�b�- �i�?�2 �7�m�M�+�i�B�Q�M���HEf;� �i���F�2�b �i�?�2 �7�Q�`�K

Ef;� (u) = kukBV + � kf � uk2
2 =

Z




� p
ux 1 (x)2 + ::: + ux n (x)2 + � (f (x) � u(x))2

�
�/x: �U�j�X�R�y�V

�S�H�m�;�;�B�M�; �U�j�X�R�y�V �B�M�i�Q �2�[�X �U�j�X�N�V ���M�/ �`�2���`�`���M�;�B�M�; �i�?�2 �i�2�`�K�b�- �}�M���H�H�v �;�B�p�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�;�1�m�H�2�`�@�G���;� �̀��M�;�2
�2�[�m���i�B�Q�M�7�Q�Èf;� (u) �U�b�2�2 ���H�b�Q �(�9�- �T���;�2 �k�3�9�) �Q�` �(�k�k�- �T���;�2 �8�e�8�)�V�,

0 != u(x) � f (x) �
1

2�
�/�B�p

�
Du(x)
jDu(x)j

�
8x 2 
 : �U�j�X�R�R�V

�r�B�i�? �i�?�2�L�2�m�K���M�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M

Du � n = 0 �Q�M@
 : �U�j�X�R�k�V

�h�?�2 �H���i�i�2�` �B�K�T�Q�b�2�b �i�?���i �i�?�2 �r�2���F �/�B�`�2�+�i�B�Q�M���H �/�2�`�B�p���i�B�p�2 �Q�7u ���H�Q�M�; �i�?�2 �M�Q�`�K���Hn �Q�7 �i�?�2 �#�Q�m�M�/���`�v@

�B�b �x�2�`�Q�- �K�2���M�B�M�; �i�?���i �i�?�2�`�2 �B�b �M�Q �~�m�t �B�M�r���`�/�b �Q�` �Q�m�i�r���`�/�b �i�?�2 �/�Q�K���B�M
 �X �6�Q�` �b�B�;�M���H�b �b�m�+�? ���b �B�K���;�2�b�- �i�?�B�b
�+�Q�M�/�B�i�B�Q�M �+�2�`�i���B�M�H�v �K���F�2�b �b�2�M�b�2�X ���M ���H�i�2�`�M���i�B�p�2 �M�Q�i���i�B�Q�M �B�b@u

@n

�
�
@
 = 0 �X

�"�2�b�B�/�2�b �i�?�B�b �`�2�[�m�B�`�2�K�2�M�i �Q�7u� 2 W 1;p (
) �- �i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�7�Q�` �i�?�2�_�P�6 �K�Q�/�2�H�v�B�2�H�/�b
���M�Q�i�?�2�`�- �T�Q�b�b�B�#�H�v �2�p�2�M �;�`�2���i�2�` �B�b�b�m�2�,Du �B�b �Q�M�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �r�?�2�`�2Du(x) 6= 0 �X �h�?�2�_�P�6 �K�Q�/�2�H�-
�?�Q�r�2�p�2�`�- �i�2�M�/�b �i�Q �`�2�b�m�H�i �B�M �ó�b�i���B�`�+���b�B�M�;�ô�- �B�X�2�X �� �7�m�M�+�i�B�Q�Mu� �r�B�i�? �H���`�;�2 ���`�2���b �r�?�2�`�2Du � = 0 �(�+�7�X �9�- �T���;�2
�k�3�9�)�X �L�m�K�2�`�B�+���H�H�v�- �i�?�B�b �/�B�{�+�m�H�i�v �+���M �7�Q�` �B�M�b�i���M�+�2 �#�2 �K�2�i �#�v �2�K�T�H�Q�v�B�M�; �i�?�2 �`�2�;�m�H���`�B�b���i�B�Q�M

p
"2 + jDu j2

�B�M�b�i�2���/ �Q�7jDu j �B�M �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �(�k�k�)�X �A �r�B�H�H �;�B�p�2 �b�Q�K�2 �K�Q�`�2 �Q�M �i�?���i �M�Q�i�B�Q�M �B�M �a�2�+�i�B�Q�M �8�X�k�X

�� �R�d ��



�9
�1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H
(BV; L2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�9�X�R �.�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�a�Q �7���`�- �Q�M�H�v �i�?�2 �b�B�M�;�H�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�r���b �/�B�b�+�m�b�b�2�/�X �A�M �i�?���i�- �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 ���M �B�K���;�2 �r�?�B�+�?
�+���M �T�`�Q�T�2�`�H�v �#�2 �/�2�b�+�`�B�#�2�/ ���M�/ �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2BV �b�T���+�2 �� �T���`�i�B�+�m�H���`�H�v �2�/�;�2�b ���M�/ �H���`�;�2 �?�Q�K�Q�;�2�M�2�Q�m�b
�`�2�;�B�Q�M�b �� ���`�2 �#�2�B�M�; �b�2�T���`���i�2�/ �7�`�Q�K �i�?�2 �`�2�b�i�- �7�Q�` �B�M�b�i���M�+�2 �7�`�Q�K �M�Q�B�b�2 ���M�/ �i�2�t�i�m�`�2�X �"�m�i ���+�+�Q�`�/�B�M�; �i�Q �i�?�2
���m�i�?�Q�`�b �Q�7 �(�k�k�)�- �K���M�v �B�M�7�Q�`�K���i�B�Q�M ���M�/ �?�2�M�+�2 �B�K���;�2�b �i�?�2�K�b�2�H�p�2�b �H�B�2 �b�Q�K�2�r�?�2�`�2 �ó�#�2�i�r�2�2�M�ô �i�?�2 �H���`�;�2�`L 2

�b�T���+�2 ���M�/ �B�i�b �U�b�K���H�H�2�`�V �b�m�#�b�T���+�2BV �c �i�?�2�v ���`�2 �2�H�2�K�2�M�i�b �Q�7 �b�Q�@�+���H�H�2�/�B�M�i�2�`�K�2�/�B���i�2 �b�T���+�2�b�X
�6�`�Q�K �i�?���i �7���+�i ���`�Q�b�2 �i�?�2 �B�/�2�� �i�Q �M�Q�i �m�H�i�B�K���i�2�H�v �/�2�+�Q�K�T�Q�b�2 ���M �B�K���;�2 �B�M�i�Q �i�r�Q �}�t�2�/ �T���`�i�b�- �#�m�i �`���i�?�2�`

�b�2�2�F �� �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�M �r�?�B�+�? �i�?�2 �p���`�B�Q�m�b �2�H�2�K�2�M�i�b ���`�2 �+�Q�M�i���B�M�2�/ �B�M �K�m�H�i�B�T�H�2 �/�B�z�2�`�2�M�i �B�M�b�i���M�+�2�b�X �A�M �p�B�2�r
�Q�7 �i�?�B�b�- �h���/�K�Q�`�- �L�2�x�x���` ���M�/ �o�2�b�2 �T�`�Q�T�Q�b�2�/ �� �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�M �k�y�y�9 �(�k�k�)�X �A�M �i�?�B�b�- �� �;�B�p�2�M
�B�K���;�2 �B�b �?�B�2�`���`�+�?�B�+���H�H�v �/�2�+�Q�K�T�Q�b�2�/ �#�v �B�i�2�`���i�B�p�2�H�v �b�Q�H�p�B�M�; �U�_�P�6�V�X �Z�m�Q�i�B�M�; �(�k�k�- �T���;�2 �8�8�e�)�- �#�v �/�Q�B�M�; �b�Q�-
�i�?�2 �ó�B�M�i�2�`�K�2�/�B���i�2 �`�2�;�m�H���`�B�i�v �#�2�i�r�2�2�ML 2 ���M�/BV �ô �+���M �#�2 �+���T�i�m�`�2�/ ���M�/ �i�?�2 �ó�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 ���M �G�k
�B�K���;�2 �B�b �M�Q�i �T�`�2�/�2�i�2�`�K�B�M�2�/ �#�m�i �B�b �`�2�b�Q�H�p�2�/ �B�M �i�2�`�K�b �Q�7 �H���v�2�`�b �Q�7 �B�M�i�2�`�K�2�/�B���i�2 �b�+���H�2�b�ô�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �A �r�B�H�H �B�M�i�`�Q�/�m�+�2 �i�?���i �B�K���;�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�M �i�?�2 �#���b�B�b �Q�7 �(�k�k�)�, �h�?�2 �B�/�2�� �#�2�?�B�M�/
�i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�b �i�?���i �B�M�7�Q�`�K���i�B�Q�M �r�?�B�+�? ���i �� �;�B�p�2�M �b�+���H�2� ���`�2 �B�M�i�2�`�T�`�2�i�2�/ �#�v �i�?�2�_�P�6
�K�Q�/�2�H���b �ó�i�2�t�i�m�`�2�b�ô�- �K�2���M�B�M�; �r�?�B�+�? �`�2�K���B�M�2�/ �B�M �i�?�2 �`�2�b�B�/�m���Hv� �- �K�B�;�?�i �#�2 �b�2�2�M ���b �ó�b�B�;�M�B�}�+���M�i �2�/�;�2�b�ô
�r�?�2�M �p�B�2�r�2�/ �m�M�/�2�` �� �H���`�;�2�` �b�+���H�2�- �7�Q�` �B�M�b�i���M�+�22� �X �>�2�M�+�2�- �2�p�2�`�v �`�2�b�B�/�m���H �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �/�2�+�Q�K�T�Q�b�B�i�B�Q�M
f = u� + v� �K�B�;�?�i �T���`�i�H�v �+�Q�M�b�B�b�i �Q�7 �b�+���H�2�@�/�2�T�2�M�/�2�M�iBV �7�2���i�m�`�2�b �i�?���i �+���M �#�2 �2�t�i�`���+�i�2�/ ���i �� �`�2�}�M�2�/ �M�2�t�i
�b�i�2�T

v� = u2� + v2� ; [u2� ; v2� ] = ���`�; �K�B�M
u+ v= v �

J (v� ; 2� ): �U�9�X�R�V

�L�Q�r�- �� �i�r�Q�@�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�Mf = u� + u2� + v2� �B�b �Q�#�i���B�M�2�/ �r�?�2�`�2u� ���M�/u2� �`�2�T�`�2�b�2�M�iBV �@
�7�2���i�m�`�2�b ���i �/�B�z�2�`�2�M�i �b�+���H�2�b�- ���M�/ �i�2�t�i�m�`�2�b �#�2�H�Q�r �i�?�2 �b�+���H�21/2 � �`�2�K���B�M �m�M�`�2�b�Q�H�p�2�/ �B�Mv� �X �h�?�B�b �+�Q�M�+�2�T�i �Q�7
�+�Q�m�`�b�2 �+���M �#�2 �2�t�i�2�M�/�2�/ �i�Q ���M �B�i�2�`���i�B�p�2 �T�`�Q�+�2�/�m�`�2�,

�A�M �� �}�`�b�i �b�i�2�T�- �7�Q�` �� �;�B�p�2�M �B�K���;�2f 2 L 2(
) �� �p�2�`�v �+�Q���`�b�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

f = u0 + v0; [u0; v0] = ���`�; �K�B�M
u+ v= f

J (f; � 0) �U�9�X�k�V

�B�b �+�Q�K�T�m�i�2�/ �B�M �r�?�B�+�? �i�?�2 �`�2�b�m�H�i���M�i �K�B�M�B�K�B�b�2�`u0 �+�Q�p�2�`�b �Q�M�H�v �i�?�2 �ó�K�Q�b�i �#���b�B�+�ô �7�2���i�m�`�2�b �Q�7f �- �r�?�B�H�2 �;�`�2���i
�T���`�i�b �Q�7 �i�?�2 �B�K���;�2 �r�B�H�H �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�2�t�i�m�`�2 ���M�/ �i�?�m�b �2�M�/ �m�T �B�M �i�?�2 �`�2�b�B�/�m���Hv0�X �h�?�B�b �B�b ���+�?�B�2�p�2�/ �#�v
�+�?�Q�Q�b�B�M�; �� �ó�`�2�H���i�B�p�2�H�v �b�K���H�H�ô �T���`���K�2�i�2�`� 0 > 0�X �L�2�t�i�- �r�B�i�? �i�?�2 �`�2�}�M�2�/ �b�+���H�2� 1 := 2 � 0 �i�?���i �`�2�b�B�/�m���H �B�b
���;���B�M �/�2�+�Q�K�T�Q�b�2�/ �i�Q

v0 = u1 + v1; [u1; v1] = ���`�; �K�B�M
u+ v= v0

J (v0; � 1):

�h�?�B�b ���T�T�`�Q���+�? �B�b �+�Q�M�i�B�M�m�2�/ �r�B�i�? �i�?�2 �b�m�+�+�2�b�b�B�p�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �`�2�}�M�2�K�2�M�i �b�i�2�T �U�9�X�R�V�, �A�M �2�p�2�`�v
�B�i�2�`���i�B�Q�M�- �i�?�2 �+�m�`�`�2�M�i �`�2�b�B�/�m���H �B�b �/�2�+�Q�K�T�Q�b�2�/ ���i �� �b�+���H�2 �i�r�B�+�2 �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �Q�M�2 �� �m�T �i�Q �� �}�M���H

�� �R�3 ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�H�2�p�2�Hm 2 N�X �A�M �+�Q�M�+�H�m�b�B�Q�M�- �i�?�2 �2�M�i�B�`�2 �T�`�Q�+�2�/�m�`�2 �+���M �#�2 �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �B�M�B�i�B���H�B�b���i�B�Q�M �U�9�X�k�V �7�Q�H�H�Q�r�2�/ �#�v

v` � 1 = u` + v` ; [u` ; v` ] = ���`�; �K�B�M
u+ v= v ` � 1

J (v` � 1; 2` � 0) �U�9�X�j�V

�7�Q�`` = 1 ; :::; m�X ���7�i�2�`m �b�i�2�T�b�- �i�?�B�b �`�2�b�m�H�i�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�,

f = u0 + v0

= u0 + u1 + v1

:::

= u0 + u1 + ::: + um + vm :

�h�?�m�b�- �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f �B�b �m�T �i�Q �b�+���H�21/2 � m �r�B�i�?� m := 2 m � 0 ���T�T�`�Q�t�B�K���i�2�/ �#�v �i�?�2 �K�m�H�i�B�b�+���H�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M

f �
mX

` =0

u` �U�9�X�9�V

�r�B�i�? �`�2�b�B�/�m���Hvm �- �B�M �r�?�B�+�? �2���+�?u` �+���T�i�m�`�2�b �+�2�`�i���B�M �B�M�7�Q�`�K���i�B�Q�M �Q�7f ���i �i�?�2 �}�t�2�/ �b�+���H�2� ` := 2 ` � 0�X �>�2�`�2�- �A
�m�b�2 �i�?�2 �ó� �M�Q�i���i�B�Q�M�ô �Q�7 �(�k�k�) ���M�/ ���b�b�m�K�2 �i�?���i �i�?�2 ���m�i�?�Q�`�b �B�M�i�2�M�/ �i�Q �/�2�b�+�`�B�#�2 �T�`�2�+�B�b�2�H�v �i�?�B�b �ó���T�T�`�Q�t�B�K���i�B�Q�M
�m�T �i�Q �b�Q�K�2 �b�+���H�2�ô �`�2�H���i�B�Q�M �#�v �B�i�X

���b m �B�M�+�`�2���b�2�b�- �K�Q�`�2 ���M�/ �K�Q�`�2 �2�/�;�2�b ���`�2 �`�2�b�Q�H�p�2�/ �#�vum ���M�/ �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7f �;�2�i�b �K�Q�`�2
���+�+�m�`���i�2�,kvm k2

2 �/�2�+�`�2���b�2�b �K�Q�M�Q�i�Q�M�Q�m�b�H�v �r�B�i�?kvm k2
2 � k vm +1 k2

2 = 1
� m +1

kum +1 kBV + kum +1 k2
2 � 0 �U�b�2�2

�i�?�2 �T�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K �9�X�R�V�X �P�7 �+�Q�m�`�b�2�- �i�?�2 �`�2�}�M�2�K�2�M�i �b�+���H�2 �M�2�2�/�b �M�Q�i �#�2 �}�t�2�/ �i�Q �7���+�i�Q�` �k �#�m�i �K���v �#�2
�+�?�Q�b�2�M �/�B�z�2�`�2�M�i�H�v �#�v �m�b�B�M�;� ` = s` � 0 �7�Q�` ���M�vs > 1 �� �i�?�2 �;�`�2���i�2�`s�- �i�?�2 �+�Q���`�b�2�` �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7f �X

�h�?�2 ���m�i�?�Q�`�b �Q�7 �(�k�k�) �b�i���i�2 �i�?���i �i�?�2 �b�m�Kf �
P m

` =0 u` �ó�T�`�Q�p�B�/�2�b �� �K�m�H�i�B�H���v�2�`�2�/ �/�2�b�+�`�B�T�i�B�Q�M �Q�7f �ô �r�?�B�+�?
�H�B�2�b �T�`�2�+�B�b�2�H�v �B�M �i�?�2 �ó�B�M�i�2�`�K�2�/�B���i�2 �b�+���H�2 �Q�7 �b�T���+�2�b�- �B�M �#�2�i�r�2�2�MBV ���M�/L 2�ô�- ���M�/ �i�?���i �i�?�B�b �K�m�H�i�B�b�+���H�2
(BV; L 2) �2�t�T���M�b�B�Q�M �ó�B�b �T���`�i�B�+�m�H���`�H�v �b�m�B�i���#�H�2 �7�Q�` �B�K���;�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�ô �(�k�k�- �T���;�2 �8�8�d�) �r�?�B�+�? ���7�i�2�` ���H�H
�+�Q�M�b�B�/�2�`���i�B�Q�M�b �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�b�- ���T�T�2���`�b �p�2�`�v �`�2���b�Q�M���#�H�2 �i�Q �K�2�X

�A�M �a�2�+�i�B�Q�M �j�X�R�- �A �K�2�M�i�B�Q�M�2�/ �i�?���i �i�?�2 �+�?�Q�B�+�2 �Q�7� �B�M �i�?�2 �b�i���M�/���`�/�_�P�6 �K�Q�/�2�H�M�2�2�/�b �i�Q �#�2 �K���/�2 �r�B�b�2�H�v
�B�M �Q�`�/�2�` �i�Q �Q�#�i���B�M �� �T�`�Q�T�2�` �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u + v�X �A�M �+���b�2 �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�-
�i�?�B�b �T�`�Q�#�H�2�K �B�b �M�Q�r �K�Q�b�i�H�v �2�p���/�2�/ ���b �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7f ���`�2 �+�Q�M�i���B�M�2�/ �B�M �K�m�H�i�B�T�H�2 �H���v�2�`�b �Q�7 �/�B�z�2�`�2�M�i
�b�+���H�2�b�X �h�?�2 �Q�M�H�v �;�`�2���i�2�` �+�Q�M�+�2�`�M �`�2�;���`�/�B�M�; �i�?�B�b �K���i�i�2�` �B�b �i�?�2 �[�m�2�b�i�B�Q�M �?�Q�r �i�Q �+�?�Q�Q�b�2� 0 �T�`�Q�T�2�`�H�v�- �2�p�2�M
�i�?�Q�m�;�? �� �2�t�+�2�T�i �7�Q�` �� �b�?�B�7�i �B�M �i�?�2 �B�M�/�2�t` �� �i�?�B�b �+�?�Q�B�+�2 �B�M�~�m�2�M�+�2�b �i�?�2 �`�2�b�m�H�i���M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7f �Q�M�H�v
�b�H�B�;�?�i�H�v�X �h�?���i �[�m�2�b�i�B�Q�M �Q�7 �B�M�B�i�B���H�B�b���i�B�Q�M �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M �9�X�j �r�?�2�`�2 �A �T�`�Q�T�Q�b�2 �� �M�2�r �K�2�i�?�Q�/
�B�M�b�T�B�`�2�/ �#�v �(�k�k�)�X

�9�X�k �*�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�L���i�m�`���H�H�v�- �M�Q�r �i�?�2 �[�m�2�b�i�B�Q�M ���`�B�b�2�b �?�Q�r �r�2�H�H �U�9�X�9�V ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �b�B�;�M���Hf �- �B�M �T���`�i�B�+�m�H���` �r�?�2�i�?�2�` �i�?�2
�b�m�K �+�Q�M�p�2�`�;�2�b �i�Qf ���M�/ �B�7 �b�Q�- �#�v �r�?���i �`���i�2 �i�?�B�b �+�Q�M�p�2�`�;�2�M�+�2 �+���M �#�2 �[�m���M�i�B�}�2�/�X �A�M �(�k�k�)�- �h���/�K�Q�`�- �L�2�x�x���`
���M�/ �o�2�b�2 �T�`�Q�p�B�/�2 �K���B�M�H�v �i�r�Q �`�2�b�m�H�i�b �i�Q �i�?�2�b�2 �[�m�2�b�i�B�Q�M�b �r�?�B�+�? �A �r���M�i �i�Q �[�m�Q�i�2 �M�2�t�i �B�M�+�H�m�/�B�M�; �i�?�2�B�` �T�`�Q�Q�7�b�X

�"�m�i �#�2�7�Q�`�2 �i�?���i�- �B�M �K�v �Q�T�B�M�B�Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�Q�m�;�?�i �(�+�7�X �k�k�- �T���;�2 �8�8�3�) ���H�`�2���/�v �;�B�p�2�b ���M �B�/�2�� �Q�7 �r�?���i
�Q�M�2 �K�B�;�?�i �2�t�T�2�+�i�, �q�?�2�M �+�Q�K�T���`�B�M�; �i�?�2 �2�M�2�`�;�vEv ` ;� ` +1 �Q�7 �i�?�2 �Q�T�i�B�K���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mv` = u` +1 + v` +1

�Q�7 �b�i�2�T` �� �i�?���i �B�b[u` +1 ; v` +1 ] = ���`�; �K�B�M
u+ v= v `

J (v` ; � ` +1 ) �� �r�B�i�? �i�?�2 �Q�M�2 �Q�7 �i�?�2 �i�`�B�p�B���H �T���B�`[0; v` ]�- �Q�M�2 �}�M�/�b

Ev ` ;� ` +1 (u` ) � E v ` ;� ` +1 (0) , k u` +1 kBV + � ` +1 kv` +1 k2
2 � � ` +1 kv` k

2
2

,
1

� ` +1
ku` +1 kBV � k v` k

2
2 � k v` +1 k2

2 ;

�� �R�N ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�b�Q �r�?�2�M �b�m�K�K�B�M�; �Q�p�2�` ���H�H �B�i�2�`���i�B�Q�M�b ���M�/ �m�b�B�M�;f = u0 + v0�- �B�i �?�Q�H�/�b

mX

` =0

1
� `

ku` kBV =
1
� 0

ku0kBV +
m � 1X

` =0

1
� ` +1

ku` +1 kBV

� k f k2
2 � k v0k2

2 +
m � 1X

` =0

�
kv` k

2
2 � k vl +1 k2

2

�

= kf k2
2 � k vm k2

2

� k f k2
2 :

�h�?�m�b�- �r�?�2�M �r�2�B�;�?�i�B�M�; �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7 �2���+�? �B�M�b�i���M�+�2u` �r�B�i�? �B�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�+���H�21/ � ` ���M�/
�b�m�K�K�B�M�; �i�?�2�K ���H�H �m�T�- �i�?�B�b �b�m�K �B�b �#�Q�m�M�/�2�/ �#�v �i�?�2 �óL 2�@�2�M�2�`�;�v�ô �Q�7f �7�Q�` ���M�vm�X �h�?�2 �M�2�t�i �i�?�2�Q�`�2�K �;�B�p�2�b ��
�K�Q�`�2 �T�`�2�+�B�b�2 �ó�2�M�2�`�;�v �2�b�i�B�K���i�2�ô �(�k�k�- �T���;�2 �8�8�3�) ���b �r�2�H�H ���b �� �b�i���i�2�K�2�M�i �Q�M �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H
�/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf �

P
` u` �,

�h�?�2�Q�`�2�K �9�X�R�X�(�+�7�X �k�k�- �h�?�2�Q�`�2�K �k�X�R�)�G�2�in 2 N�-
 � Rn �#�2 ���M �Q�T�2�M �b�2�i ���M�/f 2 L 2(
) �X �h�?�2�Mf ���/�K�B�i�b
�i�?�2 �?�B�2� �̀�� �̀+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

f =
1X

` =0

u` �r�B�i�? �i�?�2 �ó�U�r�2���F�V �+�Q�M�p�2� �̀;�2�M�+�2 � �̀��i�2�ô











f �

mX

` =0

u`












�

�
1

2m +1 � 0
: �U�9�X�8�V

�6�m�`�i�?�2�`�K�Q� �̀2�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �ó�2�M�2� �̀;�v�ô �2�b�i�B�K���i�2 �?�Q�H�/�b�,

1X

` =0

�
1
� `

ku` kBV + ku` k
2
2

�
� k f k2

2 ; � ` := 2 ` � 0: �U�9�X�e�V

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �7�Q�H�H�Q�r�b �(�k�k�) ���M�/ �B�b �K���B�M�H�v �#���b�2�/ �Q�M �h�?�2�Q�`�2�K �j�X�9�- �;�B�p�2�M �#�v �J�2�v�2�` �B�M �k�y�y�R�X �a�B�M�+�2 �B�M �K�v
�p�2�`�b�B�Q�M �B�i �`�2�[�m�B�`�2�b

R

 f (x)�/x = 0 �- �A �r�B�H�H �}�`�b�i �T�`�Q�Q�7 �i�?�2 �b�i���i�2�K�2�M�i �m�M�/�2�` �i�?�B�b ���b�b�m�K�T�i�B�Q�M�, ���+�+�Q�`�/�B�M�; �i�Q

�i�?���i �i�?�2�Q�`�2�K�- �7�Q�` �i�?�2 �U�_�P�6�V �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u� + v� �B�i �?�Q�H�/�b�, �A�7kf k� � 1
2� �- �i�?�2�M[u� ; v� ] = [0 ; f ]�c

�Q�i�?�2�`�r�B�b�2�-

kv� k� =
1

2�
���M�/ hu� ; v� i =

1
2�

ku� kBV : �U�9�X�d�V

�6�Q�m̀ 2 N�-[um ; vm ] �B�b �;�B�p�2�M �#�v[um ; vm ] = ���`�; �K�B�M
u+ v= vm � 1

J (vm � 1; � m )�- ���M�/ �G�2�K�K�� �j�X�k ���b�b�m�`�2�b �i�?���ivm � 1 �?���b

�K�2���M �y�- �b�Q �i�?�2 �i�?�2�Q�`�2�K �b�i�B�H�H �?�Q�H�/�b�X �L�Q�r �2�B�i�?�2�`�,

� k vm � 1k� � 1
2� m

�- �b�Q[um ; vm ] = [0 ; vm � 1] ���M�/ �?�2�M�+�2kvm k� = kvm � 1k� � 1
2� m

�-
� �Q�` �B�7kvm � 1k� > 1

2� m
�- �i�?�2�M �#�v �U�9�X�d�V �B�i �?�Q�H�/�bkvm k� = 1

2� m
�X

�h�Q�;�2�i�?�2�`�, 









f �

mX

` =0

u`












�

= kvm k� �
1

2� m
=

1
2m +1 � 0

;

�b�Q �U�9�X�8�V �B�b �b�?�Q�r�M�X �6�Q�` �i�?�2 �b�2�+�Q�M�/ �b�i���i�2�K�2�M�i�- �b�[�m���`�B�M�; �i�?�2 �#���b�B�+ �`�2�}�M�2�K�2�M�i �b�i�2�Tv` = u` +1 + v` +1 ���M�/
�m�b�B�M�; �U�9�X�d�V �;�B�p�2�b�,

kv` k
2
2 = ku` +1 + v` +1 k2

2

= ku` +1 k2
2 + kv` +1 k2

2 + 2hu` +1 ; v` +1 i

= ku` +1 k2
2 + kv` +1 k2

2 +
1

� ` +1
ku` +1 kBV

�r�?�B�+�? �B�b �2�[�m�B�p���H�2�M�i �i�Q1
� ` +1

ku` +1 kBV + ku` +1 k2
2 = kv` k

2
2 � k v` +1 k2

2 �7�Q�`` = 0 ; :::; m� 1�X �A�M �i�?�2 �}�`�b�i �B�i�2�`���i�B�Q�M

�B�i ���M���H�Q�;�Q�m�b�H�v �?�Q�H�/�b1
� 0

ku0kBV + ku0k2
2 = kf k2

2 � k v0k2
2�X

�� �k�y ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�a�m�K�K�B�M�; �i�?�B�b �m�T �}�M���H�H�v �v�B�2�H�/�b �7�Q�` ���H�Hm 2 N�,

mX

` =0

�
1
� `

ku` kBV + ku` k
2
2

�
= kf k2

2 � k v0k2
2 +

mX

` =1

�
kv` � 1k2

2 � k v` k
2
2

�
= kf k2

2 � k vm k2
2 � k f k2

2 �U�9�X�3�V

�h�?�m�b�- ���H�b�Q �i�?�2 �2�M�2�`�;�v �2�b�i�B�K���i�2 �U�9�X�e�V �B�b �b�?�Q�r�M�X
�L�Q�r �i�Q �i�?�2 �+���b�2 �i�?���i
 �B�b �#�Q�m�M�/�2�/ ���M�/�f := 1

j 
 j

R

 f (x)�/x 6= 0 �, �G�2�K�K�� �j�X�j ���H�H�Q�r�b �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7

�h�?�2�Q�`�2�K �j�X�9 ���M�/ �i�?�m�b �i�?�2 ���#�Q�p�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b �7�Q�`~f := f � �f �R�X �a�B�M�+�2 �i�?�2�Mu0 = ~u0 + �f �R�- �i�?�2 �b�i���i�2�K�2�M�i
�U�9�X�8�V �b�i�B�H�H �?�Q�H�/�b �7�Q�`f �X

�h�Q �+�?�2�+�F �i�?�2 �p���H�B�/�B�i�v �Q�7 �U�9�X�e�V�- �7�m�`�i�?�2�` �M�Q�i�2 �i�?���i~f ���M�/~u0 �?���p�2 �K�2���M �y�- �b�Qh~u0; �Ri = h~f ; �Ri = 0 �X �h�?�m�b�-

kf k2
2 =






 ~f + �f �R








2

2
=






 ~f








2

2
+




 �f �R




 2

2 + 2 �f h~f ; �Ri
| {z }

=0

ku0k2
2 =




 ~u0 + �f �R




 2

2 = k~u0k2
2 +




 �f �R




 2

2 + 2 �f h~u0; �Ri
| {z }

=0

�a�B�M�+�2 ���H�b�Qku0kBV = k~u0kBV +



 �f �R






BV = k~u0kBV �- �U�9�X�e�V �?�Q�H�/�b �7�Q�` ���`�#�B�i�`���`�vf 2 BV (
) ���b �r�2�H�H ���M�/
�i�?�2 �T�`�Q�p�2 �B�b �+�Q�K�T�H�2�i�2�X

�L�Q�i�2 �i�?���i �i�?�2 �Q�`�B�;�B�M���H �b�i���i�2�K�2�M�i �Q�7 �(�k�k�) �m�b�2�b

kf kW � 1 ; 1 := �b�m�T
g2 W 1; 1 (
)

k jr gj k L 1 6=0

R

 f (x)g(x)�/x
k jr gj kL 1

�B�M�b�i�2���/ �Q�7kf k� = �b�m�T
g2 BV (
)
kgkBV 6=0

R

 f (x)g(x)�/x

kgkBV

�r�?�B�+�? �� �B�M �� �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �b�2�i�i�B�M�; �� �B�b �B�/�2�M�i�B�+���H �#�v �h�?�2�Q�`�2�K �k�X�9�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �ó�+�Q�M�@
�p�2�`�;�2�M�+�2 �`���i�2�ô �B�M �U�9�X�8�V �i�?���i �A �r�`�Q�i�2 ���b ���M �B�M�2�[�m���H�B�i�v�- �B�b �;�B�p�2�M ���b ���M �2�[�m���H�B�i�v �i�?�2�`�2�- �r�?�B�+�? �A �/�Q �M�Q�i ���;�`�2�2
�r�B�i�? �B�M �;�2�M�2�`���H�, ���b �+���M �#�2 �b�2�2�M �7�`�Q�K �i�?�2 �T�`�Q�Q�7�- �i�?�B�b �r�Q�m�H�/ �`�2�[�m�B�`�2vm 6= 0 �7�Q�` ���H�Hm 2 N �r�?�B�+�? �/�Q�2�b �M�Q�i
�M�2�+�2�b�b���`�B�H�v �?�Q�H�/ �U�2�X�;�X �B�7f �B�b �+�Q�M�b�i���M�i�- �i�?�2�M �i�?�2 �`�2�b�B�/�m���H �r�B�H�H ���H�r���v�b �#�2 �y�V�X

�.�m�2 �i�Q �i�?�2 ���m�i�?�Q�`�b �Q�7 �(�k�k�)�- �U�9�X�8�V �B�b �H�B�K�B�i�2�/ �i�Q�r�2���F �+�Q�M�p�2� �̀;�2�M�+�2�X �>�Q�r�2�p�2�`�- �i�?�2�v �;�B�p�2 �� �b�2�+�Q�M�/ �`�2�b�m�H�i
�v�B�2�H�/�B�M�;�b�i� �̀Q�M�; �+�Q�M�p�2� �̀;�2�M�+�2�B�7f 2 BV (
) �X ���i �i�?�2 �b���K�2 �i�B�K�2�- ���H�b�Q �i�?�2 �2�M�2�`�;�v �B�M�2�[�m���H�B�i�v �U�9�X�e�V �#�2�+�Q�K�2�b
���M �2�[�m���H�B�i�v �#�2�+���m�b�2 �#�v �2�[�X �U�9�X�3�V�- �i�?�B�b �B�b �i�?�2 �+���b�2 �T�`�2�+�B�b�2�H�v �r�?�2�Mkvm k2

2 = kf �
P m

` =0 u` k
2
2 ! 0 ���bm �;�Q�2�b

�i�Q �B�M�}�M�B�i�v �� �b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2 �B�ML 2 �B�b ���i�i���B�M�2�/�,

�h�?�2�Q�`�2�K �9�X�k�X�(�+�7�X �k�k�- �h�?�2�Q�`�2�K �k�X�k�)�G�2�in 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M �b�2�i ���M�/f 2 BV (
) �X �h�?�2�M �i�?�2
�?�B�2� �̀�� �̀+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf =

P 1
` =0 u` �+�Q�M�p�2� �̀;�2�b �b�i� �̀Q�M�;�H�v �B�ML 2�- ���M�/ �i�?�2 �2�M�2� �̀;�v �Q�7f �B�b �;�B�p�2�M

�#�v
1X

` =0

�
1
� `

ku` kBV + ku` k
2
2

�
= kf k2

2 ; � ` := 2 ` � 0: �U�9�X�N�V

�S� �̀Q�Q�7�X�h�Q �T�`�Q�Q�7 �i�?�2 �i�?�2�Q�`�2�K�- �B�i �K�m�b�i �#�2 �b�?�Q�r�M �i�?���ikvm k2
2 ! 0 �Q�` �2�[�m�B�p���H�2�M�i�H�vkv2m k2

2 ! 0 ���bm ! 1 �X
�h�?�B�b �`�2�b�B�/�m���Hv2m �+���M �#�2 �r�`�B�i�i�2�M ���bv2m = vm �

P 2m
` = m +1 u` �- ���M�/ �K�m�H�i�B�T�H�v�B�M�; �B�i ���;���B�M�b�iv2m �v�B�2�H�/�b�,

kv2m k2
2 = hv2m ; v2m i = �

*

v2m ;
2mX

` = m +1

u`

+

| {z }
= :I

+ hv2m ; vm i
| {z }

= :II

� j I j+ jII j:

�>�2�M�+�2�- �r�?�2�M �b�?�Q�r�B�M�; �i�?���ijI j ���M�/jII j �i�2�M�/ �i�Q �x�2�`�Q ���bm ! 1 �- �i�?�2 �T�`�Q�Q�7 �B�b �+�Q�K�T�H�2�i�2�X �6�`�Q�K �i�?�2
�T�`�2�p�B�Q�m�b �T�`�Q�Q�7 �B�i �B�b �F�M�Q�r�M �i�?���ikv2m k� � 1/2 � 2m �- �b�Q �7�Q�` ���`�#�B�i�`���`�vh 2 BV (
) �B�i �?�Q�H�/�b �#�v �U�j�X�8�V �i�?���i
jhv2m ; hij � k v2m k� khkBV � 1

2� 2m
khkBV �X �L�Q�r�- �7�Q�`I �7�Q�H�H�Q�r�b�,

jI j �
1

2� 2m












2mX

` = m +1

u`












BV

�
1

2� 2m

2mX

` = m +1

ku` kBV �
2mX

` = m +1

1
2� `

ku` kBV
m !1����! 0

�� �k�R ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

���b �� �*���m�+�?�v �b�m�#�b�2�[�m�2�M�+�2 �Q�7 �i�?�2 �#�Q�m�M�/�2�/ �b�2�`�B�2�b
P 1

` =0

�
1

� `
ku` kBV + ku` k

2
2

�
� k f k2

2�- �;�B�p�2�M �B�M �U�9�X�e�V�X

�6�Q�ÌI �- �i�?�2 �`�2�[�m�B�`�2�K�2�M�if 2 BV (
) �B�b �M�Q�r �M�2�2�/�2�/�, �a�B�M�+�2f ���M�/ ���H�Hu` �?���p�2 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�- �i�?�B�b
�B�b ���H�b�Q �i�`�m�2 �7�Q�` �i�?�2 �`�2�b�B�/�m���Hvm �X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �;�`�Q�r�i�? �Q�7kvm kBV �B�b �H�B�K�B�i�2�/ �#�v2m �c �B�M �T���`�i�B�+�m�H���`�,

kvm kBV =











f �

mX

` =0

u`












BV

� k f kBV +
mX

` =0

ku` kBV � k f kBV + � m

mX

` =0

1
� `

ku` kBV � k f kBV + � m kf k2
2

�6�B�M���H�H�v�- �r�B�i�?jhv2m ; vm ij � 1
2� 2m

kvm kBV �U�#�v �i�?�2 �b���K�2 ���`�;�m�K�2�M�i ���b ���#�Q�p�2�V�-kf kBV < 1 ���M�/

kf k2
2 < 1 �- �B�i �+���M �#�2 �+�Q�M�+�H�m�/�2�/ �i�?���ijII j �p���M�B�b�?�2�b�,

jII j �
1

2� 2m
kvm kBV �

1
2� 2m

�
kf kBV + � m kf k2

2

�
=

1
22m +1 � 0

kf kBV +
1

2m +1 kf k2
2

m !1����! 0:

�h�?�2 ���m�i�?�Q�`�b �Q�7 �(�k�k�) �2�p�2�M �2�t�i�2�M�/ �i�?�2 �b�i���i�2�K�2�M�i �Q�7 �b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2 ���M�/ �2�[�m���H�B�i�v �B�M �i�?�2 �2�M�2�`�;�v
�2�b�i�B�K���i�2 �i�Q �7�m�M�+�i�B�Q�M�b �7�`�Q�K �i�?�2 �B�M�i�2�`�K�2�/�B���i�2 �b�T���+�2 �Q�7L 2 ���M�/BV �- ���M�/ �+�Q�M�+�H�m�/�2 �i�?���i �Q�i�?�2�` �2�t�i�2�M�b�B�Q�M�b �B�M
�i�?�2 �b���K�2 �K���M�M�2�` �r�2�`�2 �T�Q�b�b�B�#�H�2�, �ó�� �K�B�M�B�K���H ���K�Q�m�M�i �Q�7 �b�K�Q�Q�i�?�M�2�b�b �#�2�v�Q�M�/ �i�?�2L 2 �#�Q�m�M�/ �r�B�H�H �;�m���`���M�i�2�2
�b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2�ô �(�k�k�- �T���;�2 �8�8�N�)�X �h�?�B�b �;�m���`���M�i�2�2�b �i�?���i �m�M�/�2�` �p�2�`�v �H�B�i�i�H�2 ���b�b�m�K�T�i�B�Q�M�b �Q�M �� �;�B�p�2�M �B�K���;�2
f �- ���M�v �B�M�7�Q�`�K���i�B�Q�M �Q�7 �B�i �r�B�H�H ���i �Q�M�2 �T�Q�B�M�i �#�2 �`�2�b�Q�H�p�2�/ �#�v �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���M�/ �i�?�m�b �+�Q�M�i���B�M�2�/
�B�M �i�?�2 �`�2�b�m�H�i���M�i �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�Mf �

P
` u` �X

�6�B�M���H�H�v�- �B�M �(�k�k�) �B�b �b�i���i�2�/ �i�?���i �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �2�M�2�`�;�v �b�i���i�2�/ �B�M �U�9�X�N�V �H�B�2�b �2�M�i�B�`�2�H�v �r�B�i�?�B�M �i�?�2BV
�b�+���H�2�b �(�+�7�X �k�k�- �T���;�2 �8�e�y�)�X �h�?�B�b �H�B�K�B�i�b �i�?�2 �p���`�B���i�B�Q�M �Q�7 �i�?�2 �H���i�2�b�i �`�2�b�Q�H�p�2�/BV �7�2���i�m�`�2�bu` �B�M �2���+�? �b�i�2�T`
���M�/ �b�i�`�2�b�b�2�b �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �2�M�2�`�;�v �Q�7f ���M�/ �i�?�2 �+�?���`���+�i�2�` �Q�7 �B�i�b �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �h�?�2
�b�i���i�2�K�2�M�i �`�2�[�m�B�`�2�b �b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- �7�Q�` �B�M�b�i���M�+�2 �#�vf 2 BV (
) �- ���M�/
�i�?���i

R

 f (x)�/x = 0 �� �Q�i�?�2�`�r�B�b�2�- �Q�7 �+�Q�m�`�b�2 �B�i �r�Q�m�H�/ ���T�T�H�v �i�Q �i�?�2 �K�2���M �p���H�m�2 ���/�D�m�b�i�2�/ �b�B�;�M���H�,

�G�2�K�K�� �9�X�j�X�G�2�im 2 N�- 
 � Rn �#�2 ���M �Q�T�2�M �b�2�i�-f 2 L 2(
) ���M�/
R


 f (x)�/x = 0 �X �A�7 �i�?�2 �2�M�2� �̀;�v �Q�7f

�B�b �;�B�p�2�M �#�vkf k2
2 =

1P

` =0

�
1

� `
ku` kBV + ku` k

2
2

�
���b �B�M�U�9�X�N�V�- �i�?�2�M �B�i �H�B�2�b �2�M�i�B� �̀2�H�v �B�M �i�?�2BV �b�+���H�2�b �r�B�i�? �i�?�2

�7�Q�H�H�Q�r�B�M�; �#�Q�m�M�/���`�B�2�b�,
1X

` =0

1
� `

ku` kBV � k f k2
2 �

5
2

1X

` =0

1
� `

ku` kBV :

�S� �̀Q�Q�7�X�h�?�2 �}�`�b�i �B�M�2�[�m���H�B�i�v �?�Q�H�/�b �#�v �/�2�}�M�B�i�B�Q�M�- �b�Q �A �r�B�H�H �Q�M�H�v ���/�/�`�2�b�b �i�?�2 �b�2�+�Q�M�/�, �a�B�M�+�2u` = v` � 1 � v` �- �B�i
�7�Q�H�H�Q�r�b

ku` k� � k v` � 1k� + kv` k� �
1

2� ` � 1
+

1
2� `

=
3

2� `
:

�6�m�`�i�?�2�`�K�Q�`�2�- ���;���B�M �#�v �U�j�X�8�V �B�i �B�bku` k
2
2 = jhu` ; u` ij � k u` kBV ku` k� ���M�/ �?�2�M�+�2ku` k

2
2 � 3

2� `
ku` kBV �X

�h�Q�;�2�i�?�2�`�- �i�?�2 �}�M���H �`�2�b�m�H�i �B�b �Q�#�i���B�M�2�/�,

1X

` =0

1
� `

ku` kBV �
1X

` =0

�
1
� `

ku` kBV + ku` k
2
2

�

| {z }
= kf k2

2

�
5
2

1X

` =0

1
� `

ku` kBV :

�L�Q�i�2�, �A�M �i�?�2 �Q�`�B�;�B�M���H �p�2�`�b�B�Q�M �Q�7 �(�k�k�)�- �i�?�2 �m�T�T�2�` �#�Q�m�M�/ �B�b �;�B�p�2�M �#�v3
2

P 1
` =0

1
� `

ku` kBV �X �A �/�Q �M�Q�i �7�Q�H�H�Q�r
�Q�M �i�?���i �`�2�b�m�H�i�- �#�m�i �i�?�2 �Q�p�2�`���H�H �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �?�Q�r�2�p�2�`�- �`�2�K���B�M�b �i�?�2 �b���K�2 �B�M �#�Q�i�? �+���b�2�b�X

�� �k�k ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�9�X�j �A�M�B�i�B���H�B�b���i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

���i �H���b�i�- �A �r�B�H�H ���/�/�`�2�b�b �i�?�2 �[�m�2�b�i�B�Q�M �?�Q�r �i�Q �+�?�Q�Q�b�2 �i�?�2 �b�+���H�2 �7�Q�` �i�?�2 �}�`�b�i �b�i�2�T�- �M���K�2�H�v� 0�X ���b �/�B�b�+�m�b�b�2�/ �B�M
�*�?���T�i�2�` �j�- �� �ó�b�K���H�H�ô �r�2�B�;�?�i�B�M�; �T���`���K�2�i�2�`� > 0 �B�M �U�_�P�6�V �v�B�2�H�/�b �� �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M �r�?�B�+�? �`�2�H���i�B�p�2�H�v �7�2�r
�2�H�2�K�2�M�i�b ���`�2 �2�t�i�`���+�i�2�/ �B�Mu� �X ���M�/ �#�v �h�?�2�Q�`�2�K �j�X�9 ���V�B�i �B�b �F�M�Q�r�M �i�?���i �� �#�2�b�B�/�2�b �� �K�2���M �/�B�b�T�H���+�2�K�2�M�i ��
u� �B�b �2�K�T�i�v �B�7kf k� � 1/2 � �- �i�?���i �B�b� � 1/2 kf k� �X

�h�?�2 �T�`�Q�+�2�/�m�`�2 �U�9�X�j�V �K���B�M�H�v ���B�K�b ���i �/�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �b�B�;�M���Hf �B�M �� �r���v �i�?���i �B�i�b �K���D�Q�` �T���`�i�b ���`�2
�/�B�b�i�`�B�#�m�i�2�/ �i�Q �b�2�p�2�`���H �/�B�z�2�`�2�M�i �B�M�b�i���M�+�2�b �U�r�B�i�? �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�+���H�2�V�X �h�?�m�b�-� 0 �b�?�Q�m�H�/ �#�2 �+�?�Q�b�2�M �b�m�+�? �i�?���i
�B�M �i�?�2 �}�`�b�i �`�2�b�m�H�iu0 �M�Q�i �K���M�v �U�Q�` �`���i�?�2�` �i�?�2 �H�2���b�i �T�Q�b�b�B�#�H�2 ���K�Q�m�M�i �Q�7�V �B�M�7�Q�`�K���i�B�Q�M ���`�2 �#�2�B�M�; �+���T�i�m�`�2�/
���M�/ �2�p�2�`�v �7�Q�H�H�Q�r�B�M�;u` �b�B�;�M�B�}�+���M�i�H�v �`�2�b�Q�H�p�2�b �M�2�r �2�/�;�2�b�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�7� 0 �B�b �+�?�Q�b�2�M �i�Q�Q �b�K���H�H �U�r���v
�#�2�H�Q�r1/2 kf k� �V�- �i�?�2�M �i�?�2 �T�`�Q�+�2�/�m�`�2 �r�B�H�H �v�B�2�H�/u` = 0 �m�M�i�B�H �i�?�2 �T���`���K�2�i�2�`� ` = 2 ` � 0 �2�t�+�2�2�/�b1/2 kf k� �X

�a�Q�- �r�B�i�? �b�+���H�B�M�; �7���+�i�Q�`2�- �i�?�2 �B�M�B�i�B���H �b�+���H�2� 0 �B�b �b�Q�m�;�?�i �b�m�+�? �i�?���i

1
2� 0

� k f k� �
1
� 0

:

�A�M �T�`���+�i�B�+�2�- �B�i �K�B�;�?�i �#�2 �B�K�T�Q�b�b�B�#�H�2 �i�Q �+�Q�K�T�m�i�2 �U�Q�` �2�p�2�M �T�`�Q�T�2�`�H�v �2�b�i�B�K���i�2�Vkf k� �X �h�?�2�`�2�7�Q�`�2�- �i�?�2
���m�i�?�Q�`�b �Q�7 �(�k�k�) �T�`�Q�T�Q�b�2 �� �`�2�p�2�`�b�2 �`�2�}�M�2�K�2�M�i �T�`�Q�+�2�/�m�`�2 �r�?�B�+�? �ó���B�K�b �i�Q �+���T�i�m�`�2 �� �?�B�2�`���`�+�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M
�Q�7 �i�?�2 �K�B�b�b�B�M�; �H���`�;�2�` �b�+���H�2�b�X�ô �>�Q�r�2�p�2�`�- �A ���K �+�Q�M�p�B�M�+�2�/ �i�?���i �i�?�2�B�` �K�2�i�?�Q�/ �Q�7 �/�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �`�2�b�B�/�m���Hv0

�/�Q�r�M�r���`�/�b�- �+���M�M�Q�i �r�Q�`�F �#�2�+���m�b�2kv0k� = 1
2� 0

< 1
� 0

= 1
2� � 1

�v�B�2�H�/�b[0; v0] �#�v �h�?�2�Q�`�2�K �j�X�9 ���V�U�7�Q�` �/�2�i���B�H�b
�Q�M �i�?�2�B�` �T�`�Q�+�2�/�m�`�2�- �b�2�2 �(�k�k�- �T���;�2 �8�e�R�)�V�X �h�?�m�b�- �B�M�b�T�B�`�2�/ �#�v �i�?�2�B�` �+�Q�M�+�2�T�i�- �A �T�`�Q�T�Q�b�2 �� �/�B�z�2�`�2�M�i ���T�T�`�Q���+�?�X

�h�?�2 �B�/�2�� �B�b �b�B�K�T�H�2�, �A�7� 0 �r���b �+�?�Q�b�2�M �i�Q�Q �H���`�;�2�- �i�?�2�Mu0 �+�Q�M�i���B�M�b �i�Q�Q �K���M�v �B�M�7�Q�`�K���i�B�Q�M ���M�/ �b�?�Q�m�H�/
�#�2 �/�2�+�Q�K�T�Q�b�2�/ �/�Q�r�M�r���`�/�b �U�B�X�2�X �r�B�i�? �� �b�K���H�H�2�` �b�+���H�2� � 1 := 2 � 1� 0�V�X �h�Q �b�i�B�H�H �Q�#�i���B�M �� �`�2�T�`�2�b�2�M�i���i�B�Q�M
f �

P
` u` �B�M �i�?�2 �2�M�/�- �A �r�B�H�H �M�Q�r �+�?���M�;�2 �i�?�2 �M�Q�i���i�B�Q�M�, �G�2�i �i�?�2 �}�`�b�i �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �#�2f = û0 + v0�X

�L�2�t�i�- �i�?�B�b �ó�i�Q�Q �H���`�;�2�ôû0 �B�b �/�2�+�Q�K�T�Q�b�2�/ �/�Q�r�M�r���`�/�b �i�Qû0 = û� 1 + u0 �r�?�2�`�2̂u� 1 �`�2�T�`�2�b�2�M�i�b �i�?�2 �b�K���H�H�2�`
�U�#�m�i �T�Q�b�b�B�#�H�v �b�i�B�H�H �i�Q�Q �H���`�;�2�VBV �T���`�i ���M�/ �i�?�2 �`�2�b�B�/�m���Hu0 �Q�M�H�v �+�Q�M�i���B�M�b �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �#�2�i�r�2�2�M �b�+���H�2
1/2 � 0 ���M�/1/ � 0�X �*�Q�M�i�B�M�m�B�M�; �i�?�B�b �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�i�2�`���i�B�p�2�H�v�- �i�?�2 �2�M�i�B�`�2 �`�2�p�2�`�b�2�/ �B�M�B�i�B���H�B�b���i�B�Q�M �T�`�Q�+�2�/�m�`�2 �B�b
�/�2�b�+�`�B�#�2�/ �#�v

û` = û` � 1 + u` ; [û` � 1; u` ] = ���`�; �K�B�M
û+ u= û `

J (û` ; 2` � 1� 0) �U�9�X�R�y�V

�7�Q�`` = 0 ; � 1; :::; � m0�X �6�Q�` �+�Q�K�T���`�B�b�Q�M�, �A�M �i�?�2 �ó�7�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2�ôJ (v` � 1; 2` � 0) �r���b �m�b�2�/�- �b�Q �i�?�2
�+�Q�K�T�Q�M�2�M�i ���i �b�i�2�T` �B�b �M�Q�r �2�p���H�m���i�2�/ �r�B�i�? �?���H�7 �i�?�2 �b�+���H�B�M�; �7���+�i�Q�`�X ���H�b�Q�- �M�Q�r �i�?�2 �i�2�t�i�m�`�2 �+�Q�M�i���B�M�B�M�;
�`�2�b�B�/�m���H �U�K�2���b�m�`�2�/ �#�vk�k2

2�V ���M�/ �M�Q�i �i�?�2BV �T���`�i �B�b �F�2�T�i�- �#�m�i �b�B�M�+�2û0 2 BV (
) �- �i�?�2 �ó�#���+�F�r���`�/ �`�2�b�B�/�m���H�b�ô
u` ���`�2 �b�i�B�H�H �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�X

���b` �/�2�+�`�2���b�2�b ���M�/ �i�?�2 �b�+���H�2� ` = 2 ` � 0 �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �`�2�/�m�+�2�/�- �i�?�2 �T�`�Q�+�2�/�m�`�2 ���H�r���v�b �/�2�+�Q�K�T�Q�b�2�b �i�?�2
�H���b�i �U���M�/ �i�?�2�`�2�#�v �b�K���H�H�2�b�i�VBV �7�m�M�+�i�B�Q�Mû` �i�Q ���M �2�p�2�M �ó�b�K�Q�Q�i�?�2�`�ô �p�2�`�b�B�Q�Mû` � 1 ���M�/ �i�?�2 �b�Q�m�;�?�i �`�2�b�B�/�m���H
u` �c �m�M�i�B�H ���7�i�2�`m0 2 N �b�i�2�T�b�- ���H�b�Q �i�?�2 �H�2���b�i �Q�b�+�B�H�H���i�B�M�; �T���`�i �Q�7f �B�b �2�t�?���m�b�i�2�/ �#�v �b���i�B�b�7�v�B�M�;kf k� � 1/ � � m 0 �X
�h�?�2�M�-û� m 0 � 1 ���M�/ �2�p�2�`�v�i�?�B�M�; �i�?�2�`�2���7�i�2�` �r�Q�m�H�/ �2�[�m���H �x�2�`�Q�- �b�Q �i�?�2 �#���+�F�r���`�/ �T�`�Q�+�2�/�m�`�2 �B�b �+�Q�K�T�H�2�i�2�X

�L�Q�r�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�m�H�i�B�b�+���H�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�b �Q�#�i���B�M�2�/�,

f = û0 + v0

= û� 1 + u0 + v0

:::

= u� m 0 + u� m 0 +1 + ::: + u0 + v0;

���7�i�2�` �i�?�B�b�- �i�?�2 �ó�7�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2�ô �U�9�X�j�V �+���M �#�2 ���T�T�H�B�2�/�- �b�i���`�i�B�M�; �r�B�i�?v0 = u1 + v1 ���b �m�b�m���H�X �A�M �i�?�2 �2�M�/�-
�i�?�2 �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�Mf �

P m
` = � m 0

u` �r�B�i�? �`�2�b�B�/�m���Hvm �B�b �Q�#�i���B�M�2�/�X
�� �+�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �+�Q�M�+�2�T�i �Q�7 �7�Q�`�r���`�/ ���M�/ �#���+�F�r���`�/ �T�`�Q�+�2�/�m�`�2 �B�b �b�F�2�i�+�?�2�/ �B�M �6�B�;�m�`�2 �9�X�R�- ���b �r�2�H�H ���b

�i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �B�M�7�Q�`�K���i�B�Q�M �B�M �i�?�2 �}�M���H �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �h�?�2�`�2�- �i�?�2 �p���`�B�Q�m�b �2�H�2�K�2�M�i�b �Q�7f
���`�2 �B�H�H�m�b�i�`���i�2�/ ���b �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �/�B�z�2�`�2�M�i �7�`�2�[�m�2�M�+�B�2�b�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2�_�P�6

�� �k�j ��



�9 �1�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H �i�Q �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�6�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2 �b�i�2�T�,

f
v0

v1 � � �
+

u1
+

u0 � � �

�"���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M �b�i�2�T�,

f
û0

û� 1 � � �
+

u0
+

v0 � � �

�6�B�M���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M �+�Q�K�#�B�M�2�/ �T�`�Q�+�2�/�m�`�2�,

f

v0

vm � 1

vm

+
um

:::: :
:

u1

+

û0

û1� m 0
u� m 0

+
u1� m 0

:::
: : :

u0

�6�B�;�m�`�2 �9�X�R�, �h�Q�T�, �a�+�?�2�K���i�B�+ �p�B�b�m���H�B�b���i�B�Q�M �Q�7 �i�?�2 �B�K���;�2 �+�Q�K�T�Q�M�2�M�i�b �+�Q�M�i���B�M�2�/ �B�M �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���7�i�2�`
�i�r�Q �b�i�2�T�b �B�M �i�?�2 �7�Q�`�r���`�/ �p�b�X �#���+�F�r���`�/ ���T�T�`�Q���+�?�X �"�Q�i�i�Q�K�, �.�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �+�Q�K�T�Q�M�2�M�i�b �B�M �i�?�2 �}�M���H
�?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �h�?�2 �/�B�z�2�`�2�M�i�H�v �Q�b�+�B�H�H���i�B�M�; �H�B�M�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �/�B�z�2�`�2�M�i �2�H�2�K�2�M�i�b �Q�7 ���M �B�K���;�2�,
�L�Q�B�b�2 ���M�/ �i�2�t�i�m�`�2 �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �?�B�;�? �Q�b�+�B�H�H���i�B�Q�M�b�- ���M�/ �i�?�2 �ó�K�Q�b�i �2�b�b�2�M�i�B���H �7�2���i�m�`�2�b�ô �2�t�i�`���+�i�2�/ ���i ��
�H�Q�r �b�+���H�2 �r�B�i�? �`���i�?�2�` �H�B�i�i�H�2 �Q�b�+�B�H�H���i�B�Q�M�X

�K�Q�/�2�H���b �b�2�T���`���i�B�Q�M �#�2�i�r�2�2�M �?�B�;�?�H�v �Q�b�+�B�H�H���i�B�M�; �+�Q�K�T�Q�M�2�M�i�b �b�m�+�? ���b �M�Q�B�b�2 ���M�/ �i�2�t�i�m�`�2�- ���M�/ �i�?�2 �ó�2�b�b�2�M�i�B���H
�7�2���i�m�`�2�b�ô �+�?���`���+�i�2�`�B�b�2�/ �#�v �b�K���H�H �Q�b�+�B�H�H���i�B�Q�M�b�X

�A �}�M���H�H�v �r���M�i �i�Q �M�Q�i�2 �i�r�Q ���b�T�2�+�i�b �`�2�;���`�/�B�M�; �i�?�B�b �B�M�B�i�B���H�B�b���i�B�Q�M �K�2�i�?�Q�/�, �A�7 �i�?�2 �K�2���M �Q�7f �B�M
 �B�b �M�Q�i
�x�2�`�Q�- �i�?�2�M �B�i �r�Q�m�H�/ �#�2 �+�Q�M�i���B�M�2�/ �B�M �i�?�2 �H���b�i �U�Q�` �`���i�?�2�` �}�`�b�i�V �B�M�b�i���M�+�2 �Q�7u�- �M���K�2�H�vu� m 0 �X �h�?�2 �B�M�B�i�B���H�B�b�B�M�;
�ó�#���+�F�r���`�/ �T�`�Q�+�2�/�m�`�2�ô �b�?�Q�m�H�/ �#�2 �2�M�/�2�/ �Q�M�+�2u� m 0 �/�Q�2�b �M�Q�i �b�B�;�M�B�}�+���M�i�H�v �+�Q�M�b�B�b�i �Q�7 �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M �i�?���M
�i�?�2 �K�2���M �Q�7f �- �i�?���i �B�bku� m 0 kBV � 0�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �`�2�b�m�H�i�b �7�`�Q�K �h�?�2�Q�`�2�K �9�X�R�- �h�?�2�Q�`�2�K �9�X�k ���M�/
�G�2�K�K�� �9�X�j ���`�2 �Q�M�H�v �p���H�B�/ �7�Q�` �i�?�2 �ó�7�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2�ô�X �A�7 �i�?�2�#���+�F�r��� �̀/ �B�M�B�i�B���H�B�b���i�B�Q�M�B�b �m�b�2�/�- �i�?�2�b�2 �`�2�b�m�H�i�b
�?�Q�H�/ �b�i���`�i�B�M�; ���i` = 0 ���M�/ �r�B�i�?̂u0 �B�M�b�i�2���/ �Q�7u0�X �L�2�p�2�`�i�?�2�H�2�b�b�- �i�?�B�b �?���b �M�Q �B�K�T���+�i �Q�M �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2
�#�2�?���p�B�Q�m�` �B�i�b�2�H�7�X

�o�B�b�m���H �`�2�b�m�H�i�b �Q�M �i�?�2 �B�M�B�i�B���H�B�b���i�B�Q�M �T�`�Q�+�2�/�m�`�2 ���`�2 �#�`�B�2�~�v �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M �e�X�k�- �b�2�2 �2�b�T�2�+�B���H�H�v �6�B�;�@
�m�`�2 �e�X�N�X

�� �k�9 ��



�8
�.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2
�K�Q�/�2�H�b

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�b�- �A �/�B�b�+�m�b�b�2�/ �K���B�M�H�v �i�?�2�Q�`�2�i�B�+���H ���b�T�2�+�i�b �Q�7 �i�?�2�_�P�6 �K�Q�/�2�H���M�/ �i�?�2 �K�m�H�i�B�b�+���H�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�#�i���B�M�2�/ �#�v �?�B�2�`���`�+�?�B�+���H�H�v �/�2�+�Q�K�T�Q�b�B�M�; �� �b�B�;�M���Hf �X �"�m�i �B�M �i�?�B�b �i�?�2�b�B�b�- �A ���H�b�Q �r���M�i �i�Q �i���F�2
�� �H�Q�Q�F ���i �i�?�2 ���T�T�H�B�+���i�B�Q�M �Q�7 �#�Q�i�? �T�`�Q�+�2�/�m�`�2�b �i�Q �`�2���H �B�K���;�2�b�- ���M�/ �A �r�B�H�H �T�`�2�b�2�M�i �b�Q�K�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b ���M�/
���M���H�v�b�2�b �H���i�2�` �B�M �*�?���T�i�2�` �e�X

�A�M �i�?�2 �M�2�t�i �T���`�i�- �A �r�B�H�H �}�`�b�i �;�B�p�2 �b�Q�K�2 �/�2�i���B�H�b �Q�M �i�?�2 �M�Q�i���i�B�Q�M �m�b�2�/ �7�Q�` �i�?�2 �7�m�`�i�?�2�` �/�B�b�+�`�2�i�2 �+�Q�M�b�B�/�@
�2�`���i�B�Q�M�b ���M�/ �T�`�Q�+�2�/�m�`�2�b�- ���M�/ �/�2�b�+�`�B�#�2 �i�?�2 �7�`���K�2�r�Q�`�F �U�T���`�i�B�+�m�H���`�H�v �i�?�2 �;�`�B�/�V �B�M �/�2�i���B�H �U�b�2�2 �a�2�+�i�B�Q�M �8�X�R�V�X
���7�i�2�`�r���`�/�b�- �A �r�B�H�H �T�`�2�b�2�M�i �i�?�2 �m�b�2�/ ���H�;�Q�`�B�i�?�K�b �7�Q�` �i�?�2 �Q�M�2�@�i�B�K�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�U�a�2�+�i�B�Q�M �8�X�k�V�- ���M�/
�+���`�`�v �Q�m�i �i�?�2�B�` �2�t�i�2�M�b�B�Q�M �i�Q �i�?�2 �?�B�2�`���`�+�?�B�+���H �+���b�2 �U�a�2�+�i�B�Q�M �8�X�j�V�X

�8�X�R �L�Q�i���i�B�Q�M ���M�/ �:�`�B�/�b

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �A �r�B�H�H �Q�M�H�v �+�Q�M�b�B�/�2�` �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �;�`�2�v�b�+���H�2 �B�K���;�2�b �Q�7 �`�2�+�i���M�;�m�H���` �b�B�x�2�- �i�?���i �B�b
f 2 L 2(
) �r�?�2�`�2
 = [ a; b] � [c; d] � R2 �� �m�b�m���H�H�v
 = [0 ; 1]2�X �h�?�2 �B�K���;�2f : 
 ! [0; 1] �B�b �� �`�2���H
�7�m�M�+�i�B�Q�M �Q�M
 �r�?�Q�b�2 �p���H�m�2�b �`���M�;�2 �7�`�Q�K0 �U�#�H���+�F�V �i�Q1 �U�r�?�B�i�2�V�X �P�7 �+�Q�m�`�b�2�- �B�M �T�`���+�i�B�+�2 �i�?�2 �B�K���;�2f �B�b �Q�M�H�v
�F�M�Q�r�M �#�v �� �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �B�M�7�Q�`�K���i�B�Q�M �B�M �� �/�B�b�+�`�2�i�2 �7�`���K�2�r�Q�`�F�X

�A�M �i�?�B�b �i�?�2�b�B�b�- �A �m�b�2 �i�?�2 �/�B�b�+�`�2�i�B�b���i�B�Q�M �K�Q�/�2�H �Q�m�i�H�B�M�2�/ �B�M �(�R�d�- �a�2�+�i�B�Q�M �j�X�R�)�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �A ���b�b�m�K�2
�i�?���i �i�?�2 �/���i�� �U�B�M�7�Q�`�K���i�B�Q�M �Q�Mf �V �B�b �;�B�p�2�M �Q�M �� �;�`�B�/ �Q�7 �T�B�t�2�H�b�X �A�7N1 ���M�/N2 �/�2�M�Q�i�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T�B�t�2�H�b
�r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �}�`�b�i ���M�/ �b�2�+�Q�M�/ �/�B�K�2�M�b�B�Q�M�- �i�?�2�M �i�?�2 �T�B�t�2�H �H�2�M�;�i�? ���M�/ �i�?�2�`�2�#�v �b�T���i�B���H �/�B�b�i���M�+�2 �#�2�i�r�2�2�M
�i�r�Q �M�2�B�;�?�#�Q�m�`�B�M�; �;�`�B�/ �T�Q�B�M�i�b �B�b �2�p�2�`�v�r�?�2�`�2 �;�B�p�2�M �#�vh1 = ( b� a)/ N1 ���M�/h2 = ( d � c)/ N2�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A �+�Q�M�b�B�/�2�` �i�?�2 �m�b�2�/ �;�`�B�/ �i�Q �#�2�+�2�H�H�@�+�2�M�i� �̀2�/�- �K�2���M�B�M�; �i�?�2 �B�M�i�2�M�b�B�i�v �;�B�p�2�M �7�Q�` �� �T�B�t�2�H ���+�i�m���H�H�v �`�2�T�`�2�b�2�M�i�b
�i�?�2 �Q�M�2 ���i �i�?�2 �+�2�M�i�`�2 �Q�7 �i�?���i �T�B�t�2�H�X �h�?�m�b�- ���H�H �;�`�B�/ �T�Q�B�M�i�b �H�B�2 �B�M �i�?�Q�b�2 �p�2�`�v �T�B�t�2�H �+�2�M�i�`�2�b�- �b�Q �i�?�2x�@�+�Q�Q�`�/�B�M���i�2�b
�Q�7 �i�?�2 �;�`�B�/ �T�Q�B�M�i�bx1; :::; xN 1 ���`�2 �;�B�p�2�M �#�vx i = a +

�
i � 1

2

�
h1 �7�Q�`i = 1 ; :::; N1 �- ���M�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v

yj = c +
�
j � 1

2

�
h2 �7�Q�`j = 1 ; :::; N2�X ���M �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �m�b�2�/ �;�`�B�/ �B�b �;�B�p�2�M �B�M �6�B�;�m�`�2 �8�X�R�X

�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �H�2�if i;j := f (x i ; yj ) ���M�/ui;j := u(x i ; yj ) �/�2�M�Q�i�2 �i�?�2 �/�B�b�+�`�2�i�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7f �`�2�b�T�Xu
�;�B�p�2�M ���i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �;�`�B�/ �T�Q�B�M�i�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �7�`�Q�K �M�Q�r �Q�M �i�?�2 �/�2�M�Q�K�B�M���i�Q�`�bf ���M�/u �r�B�H�H �`�2�T�`�2�b�2�M�i
�i�?�2 �Q�`�B�;�B�M���H �U���M�/ �+�Q�M�i�B�M�m�Q�m�b�V �b�B�;�M���H�b ���b �r�2�H�H ���b �i�?�2�B�` �/�B�b�+�`�2�i�2 �K�Q�/�2�H�b�X �P�7 �+�Q�m�`�b�2�- �K���i�?�2�K���i�B�+���H�H�v �#�Q�i�?
�Q�#�D�2�+�i�b ���`�2 �/�B�z�2�`�2�M�i�- �#�m�i �i�?�2�B�` �B�/�2�M�i�B�}�+���i�B�Q�M �b�?�Q�m�H�/ �M�Q�i �H�2���/ �i�Q �K�B�b�m�M�/�2�`�b�i���M�/�B�M�;�b �?�2�`�2 ���M�/ �B�b �m�b�2�7�m�H �B�M
�i�2�`�K�b �Q�7 �`�2���/���#�B�H�B�i�v ���M�/ �B�M�i�2�`�T�`�2�i���i�B�Q�M�X �A �r���M�i �i�Q �T�Q�B�M�i �Q�m�i �i�?���i �2�p�2�M �i�?�Q�m�;�? �B�M �K�v �T�`�Q�;�`���K�K�2�b�- �i�?�2
�B�K���;�2�b ���`�2 �b�i�Q�`�2�/ �B�M �k�.�@���`�`���v�b �U�H�B�F�2 �K���i�`�B�+�2�b�V�- �B�M �� �K���i�?�2�K���i�B�+���H �b�2�M�b�2�- �i�?�2 �/�B�b�+�`�2�i�2 �b�B�;�M���H�bf ���M�/u
�`�2�K���B�M �p�2�+�i�Q�`�b �Q�7 �}�M�B�i�2 �/�B�K�2�M�b�B�Q�MN1 � N2�X

���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�M �i�?�2 �B�M�i�2�;�`���H
R


 f (x)�/x �i�?���i �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2�+�2�H�H�@�+�2�M�i� �̀2�/ �;�`�B�/�- �B�b �;�B�p�2�M �#�v

Z



f (x)�/x � h1h2

X

i;j

f i;j ; �?�2�M�+�2 kf k2
2 � h1h2

X

i;j

f 2
i;j ���M�/ hf; g i � h1h2

X

i;j

f i;j gi;j :

�L�2�t�i�- �A �r�B�H�H ���/�/�`�2�b�b �i�?�2 �[�m�2�b�i�B�Q�M �Q�7 �/�B�z�2�`�2�M�i�B���i�B�Q�M�, �G�2�i �i�?�2 �m�b�m���H �/�B�b�+�`�2�i�2�7�Q�`�r��� �̀/�- �#���+�F�r��� �̀/���M�/
�+�2�M�i� �̀2�/ �/�B�z�2� �̀2�M�+�2 �Q�T�2� �̀��i�Q�`�b�#�2 �/�2�M�Q�i�2�/ �#�vD+ �-D � ���M�/D0�- �`�2�b�T�2�+�i�B�p�2�H�v�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �i�?�2 �/�B�z�2�`�2�M�+�2�b

�� �k�8 ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

(1; 1) (2; 1)

(1; 2)

(1; N2)

(N1 ; 1)

(N1 ; N2)

a a + h1 a + 2 h1 b� h1 b

x1 x2 xN 1

c

c + h2

c + 2 h2

d � h2

d

y1

y2

yN 2

�6�B�;�m�`�2 �8�X�R�, �A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �+�2�H�H�@�+�2�M�i�`�2�/ �;�`�B�/ �m�b�2�/ �B�M �i�?�B�b �i�?�2�b�B�b �7�Q�` �i�?�2 �/�Q�K���B�M
 = [ a; b] � [c; d]�- �(�+�7�X
�R�d�- �6�B�;�m�`�2 �j�X�k�)

�B�Mx�@ ���M�/y�@�/�B�`�2�+�i�B�Q�M ���`�2 �/�2�}�M�2�/ ���b �(�+�7�X �k�k�)

D x
+ ui;j :=

ui +1 ;j � ui;j

h1
D x

� ui;j :=
ui;j � ui � 1;j

h1
D x

0 ui;j :=
ui +1 ;j � ui � 1;j

2h1

D y
+ ui;j :=

ui;j +1 � ui;j

h2
D x

� ui;j :=
ui;j � ui;j � 1

h2
D x

0 ui;j :=
ui;j +1 � ui;j � 1

2h2
:

�A�M �;�2�M�2�`���H�- �i�?�2 �+�2�M�i�`���H �/�B�z�2�`�2�M�+�2D0 �B�b �Q�7�i�2�M �+�Q�M�b�B�/�2�`�2�/ �H�2�b�b �b�m�B�i���#�H�2 �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 ���+�i�m���H �}�`�b�i
�/�2�`�B�p���i�B�p�2 �#�2�+���m�b�2 �� �2�p�2�M �i�?�Q�m�;�? �B�i �m�b�2�b �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �#�Q�i�? �b�B�/�2�b �� �B�i �K�B�b�b�2�b �i�?�B�M �b�i�`�m�+�i�m�`�2�b ���M�/ �/�Q�2�b
�M�Q�i ���H�H�Q�r �7�Q�` �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �?�B�;�? �7�`�2�[�m�2�M�+�B�2�b �(�+�7�X �R�k�- �T���;�2 �d�d�) ���b �B�i �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�Mui;j �X

�q�?�2�M �B�i �+�Q�K�2�b �i�Q ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7 �� �b�B�;�M���Hu�- �Q�M�2 �+���M �}�M�/ �b�2�p�2�`���H ���T�T�`�Q���+�?�2�b �7�Q�`
�B�K�T�H�2�K�2�M�i�B�M�; �i�?�B�b �B�M �i�?�2 �H�B�i�2�`���i�m�`�2�- �b�2�2 �2�X�;�X �(�R�k�) ���M�/ �(�3�)�X �A�M �i�?�B�b �i�?�2�b�B�b�- �A �r�B�H�H �m�b�2 �i�?�2 �b�Q�@�+���H�H�2�/�B�b�Q�i� �̀Q�T�B�+
�h�o �r�B�i�? �i�?�2�Q�M�2�@�b�B�/�2�/ �7�Q�`�r��� �̀/ �/�B�z�2� �̀2�M�+�2D x

+ ���M�/D y
+ �7�Q�H�H�Q�r�B�M�; �(�9�- �a�2�+�i�B�Q�M �j�X�R�)�,

kukBV � h1h2

X

i;j

q
(D x

+ ui;j )2 + ( D y
+ ui;j )2: �U�8�X�R�V

�h�?�B�b �B�b �B�M ���+�+�Q�`�/���M�+�2 �r�B�i�? �G�2�K�K�� �k�X�e�- �#�v �r�?�B�+�? �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7 �� �r�2���F�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M
u �B�b �;�B�p�2�M �#�vkukBV =

R

 jDu(x)j�/x�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �h�o �/�B�b�+�`�2�i�B�b���i�B�Q�M �U�8�X�R�V �B�b �+�Q�M�b�B�b�i�2�M�i�- �K�2���M�B�M�; �B�i

�+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �h�o ���b �i�?�2 �`�2�b�Q�H�m�i�B�Q�M �#�2�+�Q�K�2�b �B�M�}�M�B�i�2�H�v �}�M�2 �U�B�X�2�Xh1; h2 ! 0�V ���b �b�i���i�2�/ �B�M �(�9�-
�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�R�)�X �>�2�M�+�2�- �A �r�B�H�H ���T�T�`�Q�t�B�K���i�2 �i�?�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���HEf;� �#�v�,

Ef;� (u) = kukBV + � kf � uk2
2 � h1h2

X

i;j

q
(D x

+ ui;j )2 + ( D y
+ ui;j )2 + �h 1h2

X

i;j

(f i;j � ui;j )2: �U�8�X�k�V

�8�X�k �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �_�P�6 �K�Q�/�2�H

�Z�m�Q�i�B�M�; �(�e�- �T���;�2 �R�9�)�- �M�m�K�2�`�Q�m�b �M�m�K�2�`�B�+���H ���H�;�Q�`�B�i�?�K�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �K�B�M�B�K�B�b�2�`u�

�Q�7 �U�_�P�6�V�- �K�Q�b�i �Q�7 �i�?�2�K �7���H�H �B�M�i�Q �i�?�2 �i�?�`�2�2 �K���B�M ���T�T�`�Q���+�?�2�b �ó�/�B�`�2�+�i �Q�T�i�B�K�B�b���i�B�Q�M�ô�- �ó�b�Q�H�p�B�M�; �i�?�2 ���b�b�Q�+�B���i�2�/

�� �k�e ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

�1�m�H�2�`�@�G���;�`���M�;�2 �2�[�m���i�B�Q�M�ô ���M�/ �ó�m�b�B�M�; �i�?�2 �/�m���H �p���`�B���#�H�2�ô�X �"�2�b�B�/�2�b �i�?�Q�b�2�- ���H�b�Q �K���M�v �Q�i�?�2�` ���H�;�Q�`�B�i�?�K�b �r�2�`�2
�/�2�p�2�H�Q�T�2�/ �(�+�7�X �R�k�- �T���;�2 �d�3�)�X �A�M �i�?�B�b �i�?�2�b�B�b�- �?�Q�r�2�p�2�`�- �A �r�B�H�H �H�B�K�B�i �i�?�2 �/�B�b�+�m�b�b�B�Q�M �i�Q �i�?�2 �+�Q�M�+�2�T�i �Q�7 �b�Q�H�p�B�M�;
�i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M���b�b�Q�+�B���i�2�/ �r�B�i�? �U�_�P�6�V�- ���b ���H�`�2���/�v �i�?�2 �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K �Q�7 �_�m�/�B�M�- �P�b�?�2�`
���M�/ �6���i�2�K�B �(�k�y�) ���M�/ �i�?�2 �Q�M�2 �m�b�2�/ �#�v �h���/�K�Q�`�- �L�2�x�x���` ���M�/ �o�2�b�2 �(�k�k�) ���B�K�2�/ �7�Q�`�X

�.�B�b�+�`�2�i�2 �`�2���H�B�b���i�B�Q�M �Q�7 �i�?�2 �1�m�H�2�`�@�G���;�`���M�;�2 �2�[�m���i�B�Q�M

�h�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �b�Q�H�m�i�B�Q�Mu� �Q�7 �U�_�P�6�V �B�b �i���+�F�H�2�/ �#�v �b�2�2�F�B�M�; �� �7�m�M�+�i�B�Q�Mu 2 BV (
) �i�?���i �b���i�B�b�}�2�b
�i�?�2 ���b�b�Q�+�B���i�2�/�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�U�j�X�R�R�V �U�b�2�2 �a�2�+�i�B�Q�M �j�X�j�V�X �� �M�m�K�2�`�B�+���H �B�b�b�m�2 �B�M �i�?�B�b �2�[�m���i�B�Q�M �B�b
�7���+�2�/ �r�?�2�M�2�p�2�`Du = 0 �- ���M�/ �2�b�T�2�+�B���H�H�v �b�B�M�+�2 �i�?�2 �Q�+�+�m�`�`�2�M�+�2 �Q�7 �b�m�+�? �ó�~���i �`�2�;�B�Q�M�b�ô �B�b �p�2�`�v �H�B�F�2�H�v �(�+�7�X �9�- �T���;�2
�k�3�9�)�- ���i �}�`�b�i �i�?�2 �b�B�M�;�m�H���`�B�i�v ���`�B�b�B�M�; �7�`�Q�K �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �B�M �2�[�X �U�j�X�R�R�V �b�?�Q�m�H�/ �#�2 �`�2�K�Q�p�2�/�X �h�?�2�`�2�7�Q�`�2�-
�B�M�b�i�2���/ �Q�7 �K�B�M�B�K�B�b�B�M�; �i�?�2 �7�m�M�+�i�B�Q�M���HEf;� (u) =

R



�
jDu(x)j + � (f (x) � u(x))2

�
�/x �U�b�2�2 �2�[�X �U�j�X�R�y�V�V�- �i�?�2

�`�2�;�m�H���`�B�b�2�/ �2�M�2�`�;�v �7�m�M�+�i�B�Q�M���H

E( " )
f;� (u) :=

Z




� p
"2 + jDu(x)j2 + � (f (x) � u(x))2

�
�/x �U�8�X�j�V

�r�B�i�?"2 > 0 �B�b �#�2�B�M�; �K�B�M�B�K�B�b�2�/ �(�+�7�X �k�k�- �a�2�+�i�B�Q�M �9�X�k�)�X �*�H�2���`�H�v�-E( " )
f;� ���T�T�`�Q���+�?�2�bEf;� ���b" ! 0 ���M�/ �/�B�b�b�Q�H�p�2�b

�i�?�2 �b�B�M�;�m�H���`�B�i�v�- �#�m�i �A �b�?�Q�m�H�/ �K�2�M�i�B�Q�M �i�?���i �B�M �(�e�) �B�i �B�b �b�i���i�2�/ �i�?���i �i�?�2 �m�b�2 �Q�7 ���M" �r�?�B�+�? �B�b �H���`�;�2 �2�M�Q�m�;�?
�7�Q�` �2�z�2�+�i�B�p�2 �`�2�;�m�H���`�B�b���i�B�Q�M �r�B�H�H �`�2�/�m�+�2 �i�?�2 ���#�B�H�B�i�v �Q�7 �i�?�2�_�P�6 �K�Q�/�2�H�i�Q �T�`�2�b�2�`�p�2 �2�/�;�2�b �(�+�7�X �e�- �T���;�2 �R�8�)�X
�L�2�p�2�`�i�?�2�H�2�b�b�- �i�?�B�b �+�Q�M�+�2�T�i �r�B�H�H �#�2 �m�b�2�/ �?�2�`�2 ���M�/ �i�?�2 �b���K�2 �+�Q�K�T�m�i���i�B�Q�M�b ���b �B�M �a�2�+�i�B�Q�M �j�X�j �M�Q�r �v�B�2�H�/ �i�?�2
�`�2�;�m�H���`�B�b�2�/�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M

0 != u � f �
1

2�
�/�B�p

 
Du

p
"2 + jDu j2

!

: �U�8�X�9�V

�L�Q�r�- �� �/�B�b�+�`�2�i�2 �+�Q�m�M�i�2�`�T���`�i �i�Q �i�?�B�b �B�b �M�2�2�/�2�/�- �B�X�2�X ���M �2�[�m���i�B�Q�M �r�?�B�+�? �i�?�2 �/�B�b�+�`�2�i�2 �b�B�;�M���H�bf ���M�/u �K�m�b�i
�b���i�B�b�7�v �B�M �+�Q�M�7�Q�`�K���M�+�2 �r�B�i�? �U�8�X�9�V�X �A�M �a�2�+�i�B�Q�M �8�X�R�- �A �B�M�i�`�Q�/�m�+�2�/ �M�Q�i���i�B�Q�M�b �7�Q�` �/�B�b�+�`�2�i�2�H�v ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2
�b�T���i�B���H �/�B�z�2�`�2�M�+�2�bD x ���M�/D y �X �"���b�2�/ �Q�M �i�?���i�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�K�K�2�i�`�B�+���H�H�v �#���H���M�+�2�/ �k�. �/�B�b�+�`�2�i�B�b���i�B�Q�M

�Q�7 �/�B�p
�

Dup
" 2 + jDu j2

�
= @

@x

�
u xp

" 2 +( u x )2 +( u y )2

�
+ @

@y

�
u yp

" 2 +( u x )2 +( u y )2

�
�B�b �/�2�b�+�`�B�#�2�/ �B�M �(�k�k�) �U���M�/ �b�B�K�B�H���`�H�v �B�M

�(�k�y�) ���M�/ �(�R�k�)�V�,

@
@x

 
uxp

"2 + ( ux )2 + ( uy )2

! �
�
�
�
(x i ;y j )

� D x
�

0

@ D x
+ ui;jq

"2 + ( D x
+ ui;j )2 + ( D y

0 ui;j )2

1

A �U�8�X�8�V

=
1
h1

D x
�

0

@ ui +1 ;j � ui;jq
"2 + ( D x

+ ui;j )2 + ( D y
0 ui;j )2

1

A

=
1
h2

1

0

@ ui +1 ;j � ui;jq
"2 + ( D x

+ ui;j )2 + ( D y
0 ui;j )2

�
ui;j � ui � 1;jq

"2 + ( D x
� ui;j )2 + ( D y

0 ui � 1;j )2

1

A ;

���M�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v �7�Q�`y�,

@
@y

 
uyp

"2 + ( ux )2 + ( uy )2

! �
�
�
�
(x i ;y j )

� D y
�

0

@ D y
+ ui;jq

"2 + ( D x
0 ui;j )2 + ( D y

+ ui;j )2

1

A

=
1
h2

2

0

@ ui;j +1 � ui;jq
"2 + ( D x

0 ui;j )2 + ( D y
+ ui;j )2

�
ui;j � ui;j � 1q

"2 + ( D x
0 ui;j � 1)2 + ( D y

� ui;j )2

1

A :

�� �k�d ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

�"�v �B�M�i�`�Q�/�m�+�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�i���i�B�Q�M �7�Q�` �i�?�2 �/�2�M�Q�K�B�M���i�Q�`�b

cE
i;j :=

1
q

"2 + ( D x
+ ui;j )2 + ( D y

0 ui;j )2
cW

i;j :=
1

q
"2 + ( D x

� ui;j )2 + ( D y
0 ui � 1;j )2

cN
i;j :=

1
q

"2 + ( D x
0 ui;j )2 + ( D y

+ ui;j )2
cS

i;j :=
1

q
"2 + ( D x

0 ui;j � 1)2 + ( D y
� ui;j )2

;
�U�8�X�e�V

�� �/�B�b�+�`�2�i�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �2�[�X �U�8�X�9�V �B�M(x i ; yj ) �B�b �;�B�p�2�M �#�v

0 != ui;j � f i;j �
1

2�h 2
1

�
cE

i;j (ui +1 ;j � ui;j ) � cW
i;j (ui;j � ui � 1;j )

�
�

1
2�h 2

2

�
cN

i;j (ui;j +1 � ui;j ) � cS
i;j (ui;j � ui;j � 1)

�
:

�_�2���`�`���M�;�B�M�; �i�?�B�b �2�[�m���i�B�Q�M�- �K�m�H�i�B�T�H�v�B�M�; �#�v2�h 2
1h2

2 ���M�/ �b�Q�H�p�B�M�; �7�Q�`ui;j �- �}�M���H�H�v �v�B�2�H�/�b�,

0 != ui;j

 

1 +
cE

i;j + cW
i;j

2�h 2
1

+
cN

i;j + cS
i;j

2�h 2
2

!

� f i;j �
cE

i;j ui +1 ;j + cW
i;j ui � 1;j

2�h 2
1

�
cN

i;j ui;j +1 + cS
i;j ui;j � 1

2�h 2
2

, ui;j
!=

2�h 2
1h2

2f i;j + h2
2(cE

i;j ui +1 ;j + cW
i;j ui � 1;j ) + h2

1(cN
i;j ui;j +1 + cS

i;j ui;j � 1)

2�h 2
1h2

2 + h2
2(cE

i;j + cW
i;j ) + h2

1(cN
i;j + cS

i;j )
: �U�8�X�d�V

�L�Q�i�2 �i�?���i �i�?�2 �b�m�T�2�`�b�+�`�B�T�i �Q�7 �i�?�2 �+�Q�M�b�i���M�i�b �b�i���M�/�b �7�Q�` �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+���`�/�B�M���H �/�B�`�2�+�i�B�Q�M ���M�/ �B�M�@
�/�B�+���i�2�b �i�?�2�B�` �T�Q�b�B�i�B�Q�M �B�M �i�?�2 �;�`�B�/ �`�2�H���i�B�p�2 �i�Q(x i ; yj )�X �h�?�B�b�- �i�Q�;�2�i�?�2�` �r�B�i�? �� �/�2�T�B�+�i�B�Q�M �Q�7 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M
�m�b�2�/ �7�Q�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �2���+�? �+�Q�M�b�i���M�i�- �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2 �8�X�k�X

(i; j ) (i + 1 ; j )

(i + 1 ; j + 1)

(i + 1 ; j � 1)

(i � 1; j )

(i � 1; j + 1)

(i � 1; j � 1)

(i; j + 1)

(i; j � 1)

cE
i;jcW

i;j

cN
i;j

cS
i;j

�6�B�;�m�`�2 �8�X�k�, �a�+�?�2�K���i�B�+ �H�Q�+���i�B�Q�M �Q�7 �+�Q�M�b�i���M�i�bcE
i;j �-cW

i;j �-cN
i;j ���M�/cS

i;j �B�M �i�?�2 �;�`�B�/ �`�2�H���i�B�p�2 �i�Q �i�?�2 �#�Q�H�/ �T�B�t�2�H
(x i ; yj )�X �h�?�2 �#�H�m�2 ���M�/ �`�2�/ �H�B�M�2�b �B�H�H�m�b�i�`���i�2 �r�?�B�+�? �M�2�B�;�?�#�Q�m�`�B�M�; �;�`�B�/ �T�Q�B�M�i�b ���`�2 �m�b�2�/ �7�Q�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7
�2���+�? �+�Q�M�b�i���M�i �B�Mx ���M�/y �/�B�`�2�+�i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�X

���b �b�i���i�2�/ �B�M �U�j�X�R�k�V�- �i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�B�b ���m�;�K�2�M�i�2�/ �#�v�L�2�m�K���M�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �b�Q
�i�?���i �i�?�2�`�2 �B�b �M�Q �~�m�t ���i �i�?�2 �#�Q�m�M�/���`�v �;�Q�B�M�; �B�M�@ �Q�` �Q�m�i�r���`�/�b �i�?�2 �b�v�b�i�2�K�X �L�m�K�2�`�B�+���H�H�v�- �i�?�B�b �B�b �K�2�i �#�v �2�K�@
�T�H�Q�v�B�M�;� �̀2�~�2�+�i�B�Q�M �#�Q�m�M�/���`�v �i� �̀2���i�K�2�M�i�i�Qu �(�k�k�- �T���;�2 �8�e�e�)�- �K�2���M�B�M�;�, �P�M �2���+�? �b�B�/�2 �Q�7 �i�?�2 �;�`�B�/�- ���M ���/�/�B�i�B�Q�M���H
�#�Q�`�/�2�` �H�B�M�2 �B�b ���/�/�2�/ �i�Q �i�?���i �;�`�B�/ �+�Q�M�i���B�M�B�M�; �i�?�2 �b���K�2 �p���H�m�2�b ���b �i�?�2 �M�2�B�;�?�#�Q�m�`�B�M�; �H�B�M�2�- ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�@
�m�`�2 �8�X�j�X �a�T�2�+�B�}�+���H�H�v�- �i�?�2 �;�`�B�/f x1; :::; xN 1 g � f y1; :::; yN 2 g �B�b �2�t�i�2�M�/�2�/ �i�Qf x0; :::; xN 1 +1 g � f y0; :::; yN 2 +1 g
�r�?�2�`�2 �7�Q�`i = 1 ; :::; N1 ���M�/j = 1 ; :::; N2�,

u0;N 2 +1 = u1;N 2 ui;N 2 +1 = ui;N 2 uN 1 +1 ;N 2 +2 = uN 1 ;N 2

u0;j = u1;j uN 1 +1 ;j = uN 1 ;j �U�8�X�3�V

u0;0 = u1;1 ui; 0 = ui; 1 uN 1 +1 ;0 = uN 1 ;1

�� �k�3 ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

a b

x0 x1 xN 1 xN 1 +1

c

d

y0

y1

yN 2

yN 2 +1

�6�B�;�m�`�2 �8�X�j�, �A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �`�2�~�2�+�i�B�Q�M �#�Q�m�M�/���`�v �i�`�2���i�K�2�M�i �B�M �i�?�2 �;�`�B�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �6�B�;�m�`�2 �8�X�R�X

���H�i�2�`�M���i�B�p�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �/�B�b�+�`�2�i�2 �1�m�H�2�`�@�G���;�`���M�;�2 �2�[�m���i�B�Q�M

�h�?�2 ���#�Q�p�2 ���T�T�`�Q���+�? �i�Q �/�2�`�B�p�2 �2�[�X �U�8�X�d�V �#�v �/�B�b�+�`�2�i�B�b�B�M�; �i�?�2 �+�Q�M�i�B�M�m�Q�m�b�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�U�8�X�9�V �?���b
�� �K���D�Q�` �/�B�b���/�p���M�i���;�2�, �h�?�2 �H���i�i�2�` �`�2�[�m�B�`�2�b �i�?���iu� �B�b �r�2���F�H�v �/�B�z�2�`�2�M�i�B���#�H�2 ���M�/ �2�p�2�M �i�?�2 �/�B�p�2�`�;�2�M�+�2 �Q�7 �B�i�b
�U�r�2���F�V �;�`���/�B�2�M�i �T�`�Q�T�2�`�H�v �/�2�}�M�2�/ �U�+�7�X �a�2�+�i�B�Q�M �j�X�j�V�X �"�m�i �B�M �7���+�i�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q ���`�`�B�p�2 ���i �2�[�X �U�8�X�d�V �r�B�i�?�Q�m�i
�i�?�B�b �`�2�[�m�B�`�2�K�2�M�i �Q�` ���M�v �H�B�K�B�i���i�B�Q�M�b �i�Q �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �b�2�i�i�B�M�;�- ���b �A �r�B�H�H �b�?�Q�r �M�2�t�i�X

�h�?�2 �B�/�2�� �B�b ���b �7�Q�H�H�Q�r�b�, �A�M�b�i�2���/ �Q�7 �}�`�b�i �/�2�`�B�p�B�M�; �i�?�2�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2
�+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M���HE( " )

f;� ���M�/ ���7�i�2�`�r���`�/�b �/�B�b�+�`�2�i�B�b�B�M�; �i�?�B�b �2�[�m���i�B�Q�M�- �i�?�2 �7�m�M�+�i�B�Q�M���H �B�i�b�2�H�7 �B�b �/�B�b�+�`�2�i�B�b�2�/
�/�B�`�2�+�i�H�v�- �b�Q �B�i�b �K�B�M�B�K�B�b���i�B�Q�M �i�?�2�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H �Q�T�i�B�K�B�b���i�B�Q�M �T�`�Q�+�2�b�b�X �A�M �i�?�2 �+�Q�K�@
�B�M�; �+�Q�M�b�B�/�2�`���i�B�Q�M�b�- �A �r�B�H�H ���b�b�m�K�2 �i�?�2 �7�m�M�+�i�B�Q�M���HE( " )

f;� �Q�7 �i�?�2 �`�2�;�m�H���`�B�b�2�/�_�P�6 �T� �̀Q�#�H�2�K�i�Q �#�2 �/�B�b�+�`�2�i�B�b�2�/
���M���H�Q�;�Q�m�b�H�v �i�Q �2�[�X �U�8�X�k�V�- �i�?���i �B�b

E( " )
f;� (u) � h1h2

X

i;j

q
"2 + ( D x

+ ui;j )2 + ( D y
+ ui;j )2 + �h 1h2

X

i;j

(f i;j � ui;j )2: �U�8�X�N�V

�h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���M�B�T�m�H���i�B�Q�M�b �K�Q�`�2 �+�H�2���`�H�v �B�M �ó�K���i�`�B�t�@�p�2�+�i�Q�` �7�Q�`�K�ô�- �i�?�2 �p�2�+�i�Q�`u = ( ui;j )

�r�B�H�H �#�2 �`�2�b�?���T�2�/ �i�Q�m=
�

u1;1; ::: ; uN 1 ;1| {z }
u i; 1

; u1;2; ::: ; uN 1 ;2| {z }
u i; 2

; � � � ; u1;N 2 ; ::: ; uN 1 ;N 2| {z }
u i;N 2

� T
2 RN 1 N 2 ���M�/ �i�?�2 �b���K�2

�r���v f �i�Q�72 RN 1 N 2 �X �h�?�m�b�- �;�`�B�/ �T�Q�B�M�i�b �M�2�B�;�?�#�Q�m�`�B�M�; �B�Mx�@�/�B�K�2�M�b�B�Q�M ���`�2 �/�2�M�Q�i�2�/ �/�B�`�2�+�i�H�v �#�2�H�Q�r �2���+�?
�Q�i�?�2�`�- �r�?�2�`�2���b �M�2�B�;�?�#�Q�m�`�b �B�My�@�/�B�K�2�M�b�B�Q�M ���`�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �/�B�b�i���M�+�2N1�X ���i �}�`�b�i�- �A �M�Q�i�2 �i�?���i �M�Q�rP

i;j (f i;j � ui;j )2 = ( �7� �m)T I (�7� �m)�X
�6�`�Q�K �M�Q�r �Q�M�- �i�?�2 �}�`�b�i �M�Q�M�@�x�2�`�Q �`�Q�r ���M�/ �+�Q�H�m�K�M �r�B�H�H ���H�r���v�b �/�2�M�Q�i�2 �i�?�2 �2�H�2�K�2�M�i �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q

�i�?�2(i; j )�@�+�Q�K�T�Q�M�2�M�i�X �h�Q �/�2�b�+�`�B�#�2D x
+ ui;j ���b �� �K���i�`�B�t�@�p�2�+�i�Q�` �T�`�Q�/�m�+�i �B�M �i�2�`�K�b �Q�7�m�- �A �/�2�}�M�2 �i�?�2 �Q�T�2�`���i�Q�`

D x
i;j :=

1
h1

�
0; ::: ; 0; � 1|{z}

( i;j ) �i�?

; 1; 0; ::: ; 0
�

; �b�Q �i�?���i D x
i;j �m= D x

+ ui;j =
ui +1 ;j � ui;j

h1
:

�� �k�N ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

�h�?�m�b�- �B�i �7�Q�H�H�Q�r�b�,

�mT
�
D x

i;j

� T
D x

i;j �m= �mT
1
h2

1

0

B
B
B
@

0
: : :

1 � 1
� 1 1

0
: : :

0

1

C
C
C
A

| {z }
= :D 2x

i;j

�m=
1
h2

1
�mT

0

B
B
B
B
B
@

0
:::
0

� u i +1 ;j + u i;j
u i +1 ;j � u i;j

0
:::
0

1

C
C
C
C
C
A

=
u2

i +1 ;j � 2ui +1 ;j ui;j + u2
i;j

h2
1

���M�/ �?�2�M�+�2
�
D x

+ ui;j
� 2

=
�
D x

i;j �m
� 2

= �mT D 2x
i;j �m�X

�a�B�K�B�H���`�H�v�-D y
i;j �B�b �/�2�}�M�2�/ �r�?�2�`�2D y

i;j �m= D y
+ ui;j = u i;j +1 � u i;j

h2
���M�/

�
D y

+ ui;j
� 2

=
�
D y

i;j �m
� 2

= �mT D 2y
i;j �m�X

�q�B�i�? �i�?�B�b �M�Q�i���i�B�Q�M�- �U�8�X�N�V �i���F�2�b �i�?�2 �7�Q�`�K

E( " )
�7;� (�m) � h1h2

X

i;j

q
"2 + �mT D 2x

i;j �m+ �mT D 2y
i;j �m+ �h 1h2(�7� �m)T I (�7� �m): �U�8�X�R�y�V

�a�B�M�+�2E( " )
�7;� �B�b �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �B�M�m�- �i�?�2 �M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �Q�T�i�B�K���H�B�i�v �U�b�2�2 �2�X�; �(�R�3�-

�h�?�2�Q�`�2�K �k�X�k�)�V�- �i�?���i �B�b �7�Q�`�m�i�Q �T�Q�b�b�B�#�H�v �#�2 �� �K�B�M�B�K�B�b�2�`�- �B�b �;�B�p�2�M �#�vrE ( " )
�7;� (�m) != 0 �X �h�?�m�b�- �i�?�2 �/�B�z�2�`�2�M�i�B���i�B�Q�M

�Q�7 �2���+�? �+�Q�K�T�Q�M�2�M�i �Q�7 �U�8�X�R�y�V �r�B�i�? �`�2�b�T�2�+�i �i�Q�m�B�b �b�Q�m�;�?�i�,
�h�?�2�`�2�7�Q�`�2�- ���i �}�`�b�i �B�i �B�br (�7� �m)T I (�7� �m) = 2( �m� �7)�- ���M�/ �b�B�M�+�2D 2x

i;j ���M�/D 2y
i;j ���`�2 �#�Q�i�? �b�v�K�K�2�i�`�B�+�- ���H�b�Q

r �mT D 2x
i;j �m= 2D 2x

i;j �m �`�2�b�T�Xr �mT D 2y
i;j �m= 2D 2y

i;j �m�X �>�2�M�+�2�- �7�Q�` �Q�M�2 �2�M�i�B�`�2 �ó�b�[�m���`�2 �`�Q�Q�i �i�2�`�K�ô �B�i �?�Q�H�/�b�,

r
q

"2 + �mT D 2x
i;j �m+ �mT D 2y

i;j �m=
D 2x

i;j �m+ D 2y
i;j �m

q
"2 + �mT D 2x

i;j �m+ �mT D 2y
i;j �m

:

�"�m�i �i�?�B�b �v�B�2�H�/�b �U�7�Q�` �b�B�K�T�H�B�+�B�i�v �A �r�B�H�H �Q�M�H�v �/�B�b�+�m�b�b �i�?�2x�@�/�B�K�2�M�b�B�Q�M�V�,

X

i;j

D 2x
i;j �m

q
"2 + �mT D 2x

i;j �m+ �mT D 2y
i;j �m

=
X

i;j

1
h2

1

1
q

"2 + �mT D 2x
i;j �m+ �mT D 2y

i;j �m

0

B
B
B
B
B
@

0
:::
0

� u i +1 ;j + u i;j
u i +1 ;j � u i;j

0
:::
0

1

C
C
C
C
C
A

=
1
h2

1

0

B
B
B
@

:::
u i;j � u i � 1 ;jq

" 2 + �mT D 2x
i � 1 ;j �m+ �mT D 2y

i � 1 ;j �m
� u i +1 ;j � u i;jq

" 2 + �mT D 2x
i;j �m+ �mT D 2y

i;j �m

:::

1

C
C
C
A

= �
1
h1

0

B
B
B
@

:::
D x

�
u i +1 ;j � u i;jq

" 2 + �mT D 2x
i;j �m+ �mT D 2y

i;j �m

:::

1

C
C
C
A

= �

0

B
B
B
B
@

:::

D x
�

D x
+ u i;jq

" 2 +( D x
+ u i;j )2 +( D y

+ u i;j )2

:::

1

C
C
C
C
A

�1�t�+�2�T�i �7�Q�`D y
+ �B�M�b�i�2���/ �Q�7D y

0 �� �i�?�B�b �H���b�i �2�t�T�`�2�b�b�B�Q�M �+�Q�K�T�H�2�i�2�H�v �2�[�m���H�b �U�8�X�8�V �r�?�B�+�? �r���b �i�?�2 �/�B�b�+�`�2�i�B�b���i�B�Q�M
�Q�7 �i�?�2 �óx�@�/�B�K�2�M�b�B�Q�M���H �/�B�p�2�`�;�2�M�+�2 �T���`�i�ô �Q�7 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�X

�� �j�y ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b
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�A�M �i�?�B�b �i�?�2�b�B�b�- �A �m�b�2 ���:���m�b�b�@�a�2�B�/�2�H �}�t�2�/ �T�Q�B�M�i �B�i�2� �̀��i�B�p�2 �K�2�i�?�Q�/�i�Q ���T�T�`�Q�t�B�K���i�2 �� �b�Q�H�m�i�B�Q�M �Q�7 �2�[�X �U�8�X�9�V�-
���b ���H�b�Q �/�Q�M�2 �B�M �(�k�k�)�X �A�M �;�2�M�2�`���H�- �i�?�B�b�}�t�2�/ �T�Q�B�M�i �T� �̀Q�+�2�/�m� �̀2�B�b �F�M�Q�r�M �i�Q �T�`�Q�T�2�`�H�v �r�Q�`�F ���M�/ �+�Q�M�p�2�`�;�2
�i�Q �� �b�Q�H�m�i�B�Q�M �Q�M�H�v �7�Q�` �H�B�M�2���` �b�v�b�i�2�K�b �(�k�R�)�X �a�B�M�+�2 �2�[�X �U�8�X�9�V �B�b �M�Q�M�@�H�B�M�2���` �B�M �i�?�2 �}�`�b�i �T�H���+�2 �#�2�+���m�b�2 �Q�7 �B�i�b
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i;j � 1 ���b �r�2�H�H ���b �i�?�2�B�` �M�2�B�;�?�#�Q�m�`�B�M�; �T�Q�B�M�i�b �7�Q�` �i�?�2 �/�B�b�+�`�2�i�2 �/�B�z�2�`�2�M�+�2�b�X �h�?�2�M�- �2�[�X �U�8�X�d�V

�B�b �� �H�B�M�2���` �b�v�b�i�2�K �b�B�M�+�2 �U�/�2�b�T�B�i�2 �B�i�b �M�Q�i���i�B�Q�M ���b �k�.�@���`�`���v�Vu �B�b �� �p�2�+�i�Q�` �Q�7 �b�B�x�2N1 � N2�- ���M�/f i;j ���M�/ �i�?�2
ci;j �ö�b ���`�2 �;�B�p�2�M �M�m�K�#�2�`�b �7�Q�`i = 1 ; :::; N1 ���M�/j = 1 ; :::; N2�X
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�+�Q�K�T�Q�M�2�M�i�bD �- �i�?�2 �H�Q�r�2�` �i�`�B���M�;�m�H���` �T���`�iL ���M�/ �i�?�2 �m�T�T�2�` �i�`�B���M�;�m�H���` �T���`�iU�- �B�i �b�?�Q�m�H�/ �?�Q�H�/(D + L)u =
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�A�M�b�i�2���/ �Q�7 �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 ���+�i�m���H �+�?���M�;�2 �B�Mu(n ) �- �Q�M�2 �+�Q�m�H�/ ���H�b�Q �K�2���b�m�`�2 �i�?�2 �H���i�2�b�i �B�K�T�`�Q�p�2�K�2�M�i �B�M
�i�2�`�K�b �Q�7 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�MEf;� �- �b�Q �� �b�2�+�Q�M�/ �T�Q�b�b�B�#�H�2 �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�Q�M �r�Q�m�H�/ �#�2

Ef;�

�
u(n � 1)

�
� E f;�

�
u(n )

�
� � stop �U�8�X�R�j�V

���M ���H�i�2�`�M���i�B�p�2 ���T�T�`�Q���+�? ���`�B�b�2�b �7�`�Q�K �h�?�2�Q�`�2�K �j�X�9�, ���+�+�Q�`�/�B�M�; �i�Q �i�?���i�- �i�?�2 �K�B�M�B�K�B�b�B�M�; �T���B�`[u� ; v� ]
�b���i�B�b�}�2�bhu� ; v� i = ku� kBV /2 � �X �a�Q �i�Q �i�2�b�i �B�7 �� �`�2�b�m�H�i���M�iu(n ) �B�b �`���i�?�2�` �+�H�Q�b�2 �i�Q �i�?�2 �b�Q�H�m�i�B�Q�Mu� �- �B�i �+���M �#�2
�+�?�2�+�F�2�/ �r�?�2�i�?�2�` �i�?�B�b �2�[�m���i�B�Q�M �B�b ���T�T�`�Q�t�B�K���i�2�H�v �K�2�i�X �>�2�M�+�2�- �Q�M�+�2jhu� ; v� i � k u� kBV /2 � j � � stop �- �i�?�2
�B�i�2�`���i�B�Q�M �r�B�H�H �#�2 �i�2�`�K�B�M���i�2�/�X �A�M �i�?�2 �/�B�b�+�`�2�i�2 �b�2�i�i�B�M�;�- �i�?�B�b �+�Q�K�T�m�i���i�B�Q�M �+���M �#�2 �i���+�F�H�2�/ �#�v�,

�
�
�
�hu; f � ui �

1
2�

kukBV

�
�
�
� �

�
�
�
�
�
�
h1h2

X

i;j

ui;j (f i;j � ui;j ) �
1

2�
h1h2

X

i;j

q
(D x

+ u)2
i;j + ( D y

+ u)2
i;j

�
�
�
�
�
�

=

�
�
�
�
�
�
h1h2

X

i;j

�
ui;j (f i;j � ui;j ) �

1
2�

q
(D x

+ u)2
i;j + ( D y

+ u)2
i;j

�
�
�
�
�
�
�

?
� � stop �U�8�X�R�9�V

�A�M �a�2�+�i�B�Q�M �e�X�R�- �A �r�B�H�H �T�`�2�b�2�M�i �b�Q�K�2 �Q�#�b�2�`�p���i�B�Q�M�b �K���/�2 �r�B�i�? �i�?�2�b�2 �i�?�`�2�2 �[�m���M�i�B�i�B�2�b�- �b�2�2 �2�b�T�2�+�B���H�H�v
�6�B�;�m�`�2 �e�X�j�X �A�M �2�B�i�?�2�` �+���b�2�- �H�2�instop �/�2�M�Q�i�2 �i�?�2 �}�M���H �B�i�2�`���i�B�Q�M �b�i�2�T ���i �r�?�B�+�? �i�?�2 �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�Q�M �B�b �K�2�i�-
�b�Q �i�?�2 �B�i�2�`���i�B�Q�M �`�m�M�b �7�Q�`n = 0 ; :::; nstop �X �h�?�2�Mu(n stop ) �`�2�T�`�2�b�2�M�i�b ���M ���+�+�m�`���i�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �U�8�X�9�V�ö�b

�ó�}�t�2�/ �T�Q�B�M�i �b�i�2���/�v �b�Q�H�m�i�B�Q�M�ôu� �Q�M �i�?�2 �;�`�B�/�- �B�X�2�Xu(n stop )
i;j � u� (x i ; yj ) �(�+�7�X �k�k�- �T���;�2 �8�e�d�)�X

�6�B�M���H�H�v�- �A �#�`�B�2�~�v �r���M�i �i�Q ���/�/�`�2�b�b �i�?�2 �[�m�2�b�i�B�Q�M �?�Q�r �i�Q �B�M�B�i�B���H�B�b�2 �i�?�2 �T�`�Q�+�2�/�m�`�2�- �B�X�2�X �?�Q�ru(0) �B�b �+�?�Q�b�2�M�X
�G�2�K�K�� �j�X�k �v�B�2�H�/�b �i�?���i �7�Q�` �i�?�2 �K�B�M�B�K�B�b�2�`u� �B�i �K�m�b�i �?�Q�H�/

R

 u� =

R

 f �X �h�`���M�b�7�2�`�`�2�/ �i�Q �� �/�B�b�+�`�2�i�2 �b�+�2�M���`�B�Q

���M�/ �/�m�2 �i�Q �i�?�2� �̀2�~�2�+�i�B�Q�M �#�Q�m�M�/���`�v �i� �̀2���i�K�2�M�i�-u(0) �b�?�Q�m�H�/ �b���i�B�b�7�vh1h2
P

i;j
u(0)

i;j = h1h2
P

i;j
f i;j �X

�h�?�2 �m�b�m���H �b�i�`���i�2�;�v �i�?���i �r���b �2�X�;�X ���H�b�Q �m�b�2�/ �B�M �(�k�k�)�- �B�b �i�Q �b�2�iu(0)
i;j := f i;j �X �h�?�B�b �H�2���/�b �i�Q �� �`�2�@

�b�m�H�i���M�iu(n stop ) �i�?���i �B�b �M�Q�`�K���H�H�v �`���i�?�2�` �+�H�Q�b�2 �i�Q �i�?�2 �Q�`�B�;�B�M���H �b�B�;�M���H �U�2�b�T�2�+�B���H�H�v �B�M �+���b�2 �Q�7 �b�H�Q�r �+�Q�M�p�2�`�@
�;�2�M�+�2�V�X �>�Q�r�2�p�2�`�- �B�i �b�2�2�K�b �/�2�b�B�`���#�H�2 �i�Q �K�2 �i�Q �+�?�Q�Q�b�2 �i�?�2 �b�i���`�i�B�M�; �p���H�m�2�b �B�M �� �r���v �i�?���i �i�?�2 �B�M�B�i�B���H �/�2�@
�+�Q�K�T�Q�b�B�i�B�Q�M

�
u(0) ; f � u(0)

�
�B�b �� �T�`�B�Q�`�B ���i �H�2���b�i �M�Q�i �r�Q�`�b�2 �i�?���M �i�?�2 �i�`�B�p�B���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M[0; f ]�- �K�2���M�B�M�;

Ef;� (u(0) )) =



 u(0)






BV + �



 f � u(0)




 2

2 6> � kf k2
2 = Ef;� (0)�X �"�m�i �7�Q�` �`���i�?�2�` �ó�b�K���H�H�ô� �i�?�B�b �K���v �p�2�`�v �r�2�H�H

�?���T�T�2�M �r�?�2�M �+�?�Q�Q�b�B�M�;u(0) := f �X �h�?�B�b �#�`�Q�m�;�?�i �K�2 �i�Q �i�?�2 �B�/�2�� �Q�7 �m�b�B�M�; �i�?�2 �ó�Q�T�i�B�K���H �+�Q�K�#�B�M���i�B�Q�M�ô �Q�7f
���M�/�f := 1

N 1 N 2

P

i;j
f i;j �- �K�2���M�B�M�;�,� 2 [0; 1] �B�b �+�?�Q�b�2�M �b�m�+�? �i�?���i �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�MEf;� (u(0) ) �B�b �K�B�M�B�K���H

�7�Q�`u(0) = �f + (1 � � ) �f �X ���M���H�v�i�B�+���H�H�v�,

Ef;� (�f + (1 � � ) �f ) =



 �f + (1 � � ) �f






BV + �



 f � �f � (1 � � ) �f




 2

2 = � kf kBV + � (1 � � )2



 f � �f




 2

2

�r�?�B�+�? �B�b �� �+�Q�M�p�2�t �T���`���#�Q�H�� ���i�i���B�M�B�M�; �B�i�b �K�B�M�B�K�m�K �r�?�2�M

0 = kf kBV � 2� (1 � � )



 f � �f




 2

2 , � = 1 �
kf kBV

2�



 f � �f




 2

2

:

�h�?�m�b�- �B�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 �+�?�Q�B�+�2u(0) := f �- �A �T�`�Q�T�Q�b�2 �m�b�B�M�;u(0) := �f + (1 � � ) �f �r�?�2�`�2

� := �K���t

(

1 �
kf kBV

2�



 f � �f




 2

2

; 0

)

2 [0; 1]: �U�8�X�R�8�V

�� �j�k ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

���H�;�Q�`�B�i�?�K �R�:���m�b�b�@�a�2�B�/�2�H �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/ �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �U�_�P�6�V �K�B�M�B�K�B�b�2�`

�:�B�p�2�M�,
�
f i;j

�
�r�?�2�`�2i = 1 ; :::; N1; j = 1 ; :::; N2 ���M�/� > 0

�*�?�Q�Q�b�2�,
�
u(0)

i;j

�
; "2 > 0; � stop > 0 ���M�/nmax 2 N . �2�X�;�Xu(0)

i;j  f i;j 8i; j
nstop  nmax

�"�m�B�H�i ���/�/�B�i�B�Q�M���H �#�Q�`�/�2�` �H�B�M�2�b �B�Mu(0) �7�Q�` �`�2�~�2�+�i�B�Q�M �#�Q�m�M�/���`�v �i�`�2���i�K�2�M�i ���b �/�2�b�+�`�B�#�2�/ �B�M �U�8�X�3�V
�7�Q�ǹ  0 �i�Qnmax �/�Q

�7�Q�`i  1 �i�QN1 �/�Q
�7�Q�`j  1 �i�QN2 �/�Q

�*�Q�K�T�m�i�2 �+�Q�M�b�i���M�i�bcE
i;j ; cW

i;j ; cN
i;j ; cS

i;j �#���b�2�/ �Q�Mu(n ) ���b �/�2�b�+�`�B�#�2�/ �B�M �U�8�X�e�V

�*�Q�K�T�m�i�2u(n +1)
i;j ���b �/�2�b�+�`�B�#�2�/ �B�M �U�8�X�R�R�V

�2�M�/ �7�Q�`
�2�M�/ �7�Q�`
�l�T�/���i�2 ���/�/�B�i�B�Q�M���H �#�Q�`�/�2�` �H�B�M�2 �B�Mu(n +1) ���b �/�2�b�+�`�B�#�2�/ �B�M �U�8�X�3�V
�B�7




 u(n +1) � u(n )




 2

2 � � stop �i�?�2�M . ���H�i�2�`�M���i�B�p�2�H�v �m�b�2 �U�8�X�R�j�V �Q�` �U�8�X�R�9�V
nstop  n + 1
�#�`�2���F

�2�M�/ �B�7
�2�M�/ �7�Q�`

�_�2�i�m�`�M�,u(n stop )

�A�M �+���b�2 �Q�7 �b�K���H�H �p���H�m�2�b �7�Q�`� �- �Q�M�2 �K���v �2�M�/ �m�T �r�B�i�? �� �`���i�?�2�` �#�H�m�`�`�2�/�- �;�`�2�v ���T�T�2���`�B�M�; �`�2�b�m�H�i�X �h�?�2 �p���H�m�2 �Q�7
� ���H�b�Q �;�B�p�2�b ���M �B�/�2�� �Q�M �i�?�2 �M���i�m�`�2 �Q�7 �i�?�2 �T���`���K�2�i�2�`� �Q�` �B�M �T���`�i�B�+�m�H���` �?�Q�r �K�m�+�? �Q�7f �B�b �B�M�i�2�`�T�`�2�i�2�/ ���b
�i�2�t�i�m� �̀2���i �i�?���i �b�+���H�2�- ���b� ���H�`�2���/�v �;�B�p�2�b �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �r�?�2�i�?�2�`u �B�b �ó�#�2�i�i�2�`�ô �B�7 �B�i �B�b �p�2�`�v �b�K�Q�Q�i�? �Q�`
�`���i�?�2�` �b�B�K�B�H���` �i�Qf �X �A�M �T�`���+�i�B�+�2�- �?�Q�r�2�p�2�`�- �i�?�2 �+�?�Q�B�+�2u(0) := f ���T�T�2���`�2�/ �i�Q �M�Q�i �Q�M�H�v �v�B�2�H�/ �p�B�b�m���H�H�v �#�2�i�i�2�`
�`�2�b�m�H�i�b �#�m�i ���H�b�Q �� �7���b�i�2�` �K�B�M�B�K�B�b���i�B�Q�M �Q�7Ef;� �X �� �`�2���b�Q�M �7�Q�` �i�?�B�b �+�Q�m�H�/ �#�2 �i�?���i �H���`�;�2 ���`�2���b �r�B�i�? �Q�M�H�v �7�2�r
�p���`�B���i�B�Q�M �H�2���/ �i�Q �p�2�`�v �b�K���H�H �m�T�/���i�2�b �b�B�M�+�2 �i�?�2 �+�Q�M�b�i���M�i�b �B�M �U�8�X�R�R�V �#�2�+�Q�K�2 �/�Q�K�B�M���M�i �i�?�2�M�X �A �r�B�H�H �#�`�B�2�~�v
�/�B�b�+�m�b�b �`�2�b�m�H�i�b �Q�M �#�Q�i�? �K�2�i�?�Q�/�b �B�M �a�2�+�i�B�Q�M �e�X�R�- �b�2�2 �2�b�T�2�+�B���H�H�v �6�B�;�m�`�2 �e�X�k�X

�� �T�`�2�+�B�b�2 �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �2�M�i�B�`�2 �T�`�Q�+�2�/�m�`�2 �i�?���i �A �m�b�2�/ �7�Q�` �i�?�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �B�M �i�?�B�b
�i�?�2�b�B�b �B�b �;�B�p�2�M �B�M ���H�;�Q�`�B�i�?�K �R�X �"�m�i �r�?���i ���#�Q�m�i �B�i�b �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�B�b�}�t�2�/ �T�Q�B�M�i �B�i�2� �̀��i�B�p�2 �K�2�i�?�Q�/�7�Q�`
�i�?�2 �H�B�M�2���`�B�b�2�/�1�m�H�2�`�@�G���;� �̀��M�;�2 �2�[�m���i�B�Q�M�\ �h�?�2 �}�`�b�i �7�Q�H�H�Q�r�b �7�`�Q�K �U�8�X�R�R�V�, �h�?�2�`�2�- �2�p�2�`�v �b�m�K�K���M�/ �B�M �i�?�2
�M�m�K�2�`���i�Q�` �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �Q�M�2 �B�M �i�?�2 �/�2�M�Q�K�B�M���i�Q�`�- �r�B�i�? �i�?�2 �/�B�z�2�`�2�M�+�2 �i�?���i �B�i �+�Q�K�2�b �r�B�i�? ���H�r���v�b �2�t���+�i�H�v
�Q�M�2 �+�Q�K�T�Q�M�2�M�i �Q�7f �-u(n ) �Q�ù(n +1) �X �>�2�M�+�2�- �B�i �?�Q�H�/�b �2�p�2�`�v�r�?�2�`�2 ���M�/ �7�Q�`n 2 N �i�?���i

u(n )
i;j � �K���t

i;j
f f i;j ; u(0)

i;j g ���M�/ u(n )
i;j � �K�B�M

i;j
f f i;j ; u(0)

i;j g:

�q�B�i�? �i�?�2 ���#�Q�p�2 �/�B�b�+�m�b�b�2�/ �+�?�Q�B�+�2�b �7�Q�`u(0) �- �i�?�B�b �v�B�2�H�/�b �i�?���i �B�7f �B�b �#�Q�m�M�/�2�/ �#�v �i�?�2 �+�Q�M�b�i���M�i�bm0 ���M�/
M 0 �B�M �i�?�2 �b�2�M�b�2m0 � f i;j � M 0 �7�Q�` ���H�Hi; j �- �i�?�2�M ���H�b�Q �i�?�2 �2�b�i�B�K���i�2u �B�b �#�Q�m�M�/�2�/ �#�v �i�?�2�b�2 �+�Q�M�b�i���M�i�b �B�M �2�p�2�`�v
�B�i�2�`���i�B�Q�Mn�- �B�X�2�Xm0 � u(n )

i;j � M 0�X �>�2�M�+�2�- �i�?�2 �T�`�Q�+�2�/�m�`�2�b �H�2���/ ���i �K�Q�b�i �i�Q �� �ó�b�?�`�B�M�F�B�M�;�ô �Q�` �ó�b�K�Q�Q�i�?�2�M�B�M�;�ô
�Q�7 �i�?�2 �Q�`�B�;�B�M���H �b�B�;�M���H�X �h�?�B�b �T�`�Q�T�2�`�i�v �B�b ���H�b�Q �B�M ���;�`�2�2�K�2�M�i �r�B�i�? �i�?�2 �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2 �7�Q�` �i�?�2 �+�Q�M�i�B�M�m�Q�m�b
�+���b�2�- �#�v �r�?�B�+�? �7�Q�` �i�?�2 �K�B�M�B�K�B�b�2�`u� �Q�7 �U�_�P�6�V �B�i �?�Q�H�/�bm0 � u� (x) � M 0 �B�7m0 � f (x) � M 0 �7�Q�` ���H�Hx 2 

�(�+�7�X �R�e�- �T���;�2 �j�e�)�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�M �(�e�- �T���;�2 �R�8�) �B�i �B�b �K�2�M�i�B�Q�M�2�/ �i�?���i �i�?�2�b�2 �}�t�2�/ �T�Q�B�M�i �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/�b
�+�Q�M�p�2�`�;�2 �i�Q �i�?�2 ���+�i�m���H �U�_�P�6�V �K�B�M�B�K�B�b�2�`�- �2�p�2�M �i�?�Q�m�;�? �Q�M�H�v �r�B�i�? �H�B�M�2���` �`���i�2�c �#�m�i �2�K�T�B�`�B�+���H�H�v ���H�`�2���/�v ���7�i�2�`
�7�2�r �B�i�2�`���i�B�Q�M�b �� �`�2�b�m�H�i �Q�7 �ó�p�B�b�m���H ���+�+�m�`���+�v�ô �B�b �Q�#�i���B�M�2�/�X �� �K�Q�`�2 �T�`�2�+�B�b�2 �b�i���i�2�K�2�M�i �Q�M �i�?�2�B�` �+�Q�M�p�2�`�;�2�M�+�2
�r���b �}�`�b�i �/�2�p�2�H�Q�T�2�/ �#�v �*�?���M ���M�/ �J�m�H�2�i �B�M �R�N�N�N �(�d�)�X

���i �H���b�i�- �A �+�Q�M�b�B�/�2�` �B�i �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i �B�M �i�?�2 �2�t�T�2�+�i���#�H�2 �+���b�2 �Q�7 �[�m���/�`���i�B�+ �T�B�t�2�H�b�- �i�?���i �B�bh1 = h2 =: h�-
�i�?�2 ���#�Q�p�2 �+�Q�K�T�m�i���i�B�Q�M�b �b�B�K�T�H�B�7�v �[�m�B�i�2 �� �#�B�i�, �h�?�2�M�- �2�[�X �U�8�X�R�R�V �+���M �#�2 �`�2�/�m�+�2�/ �i�Q �i�?�2 �7�Q�`�K �(�+�7�X �k�k�- �T���;�2
�8�e�e�)

u(n +1)
i;j =

2�h 2f i;j + cE
i;j u(n )

i +1 ;j + cW
i;j u(n +1)

i � 1;j + cN
i;j u(n )

i;j +1 + cS
i;j u(n +1)

i;j � 1

2�h 2 + cE
i;j + cW

i;j + cN
i;j + cS

i;j
:

�� �j�j ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

�6�m�`�i�?�2�`�K�Q�`�2�- �r�?�2�M �`�2�T�H���+�B�M�;"2 �#�v"2h2 �B�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�i���M�i�b�- �i�?�2�M �i�?�2 �/�B�p�B�b�B�Q�M �#�vh �B�M
�2�p�2�`�v �/�B�b�+�`�2�i�2 �/�B�z�2�`�2�M�+�2 �+���M �#�2 �Q�K�B�i�i�2�/ ���M�/ �B�M�b�i�2���/ �i�?�2 �2�M�i�B�`�2 �7�`���+�i�B�Q�M �K�m�H�i�B�T�H�B�2�/ �#�vh�c �i�?�B�b �K���v �b�T�2�2�/
�m�T �i�?�2 �M�m�K�2�`�B�+�b �M�Q�i�B�+�2���#�H�v�X

�8�X�j �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

���7�i�2�` �?���p�B�M�; �� �T�`�Q�+�2�/�m�`�2 �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �Q�T�i�B�K���H�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M[u� ; v� ] = ���`�; �K�B�M
u+ v= f

J (f; � ) �7�Q�`

�� �;�B�p�2�M �b�B�;�M���Hf 2 BV (
) ���M�/ �}�t�2�/ �T���`���K�2�i�2�`� > 0�- �i�?�B�b �B�b �M�Q�r �m�b�2�/ �7�Q�` �+�Q�K�T�m�i�B�M�; �i�?�2�?�B�2� �̀�� �̀+�?�B�+���H
(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�Q�7 �*�?���T�i�2�` �9 �r�?�B�+�? �`�2�b�m�H�i�b �B�M ���K�m�H�i�B�b�+���H�2 �B�K���;�2 � �̀2�T� �̀2�b�2�M�i���i�B�Q�Mf =

P m
` =0 u` + vm �-

�Q�` �r�?�2�M �m�b�B�M�; �i�?�2 �ó�#���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M�ô �Q�7 �a�2�+�i�B�Q�M �9�X�j�- �B�Mf =
P m

` = � m 0
u` + vm �X

�a�i���`�i�B�M�; �r�B�i�? �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �� �}�`�b�i�- �+�Q���`�b�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u0 + v0 ���i �b�+���H�2� 0 > 0 �7�Q�H�@
�H�Q�r�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2u0 := u(n stop ) �- �i�?�2�?�B�2� �̀�� �̀+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�Q�7 �i�?�2 �ó�7�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2�ô
[u` ; v` ] = ���`�; �K�B�M

u+ v= v ` � 1

J (v` � 1; 2` � 0) �B�b �Q�#�i���B�M�2�/ �#�v �`�2�B�i�2�`���i�B�M�; �i�?�B�b �T�`�Q�+�2�b�b �7�Q�`` = 1 ; :::; m �B�M �i�?�2 �K���M�M�2�` �(�k�k�)

(
f new  f old � u(n stop )

� new  2� old :

�A�M �2�p�2�`�v �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �b�i�2�T`�- �� �M�2�r �B�M�B�i�B���H �;�m�2�b�bu(0)
` �M�2�2�/�b �i�Q �#�2 �+�?�Q�b�2�M�X �6�Q�` �i�?�B�b�- �i�?�2 ���#�Q�p�2 �b�i�`���i�2�;�B�2�b

�B�M�T�m�i �/���i�����M�/�Q�T�i�B�K���H �+�Q�K�#�B�M���i�B�Q�M�+���M �#�2 �m�b�2�/ �� �B�M �K�v �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�- �B�M�B�i�B���H�B�b�B�M�; �r�B�i�? �i�?�2
�B�M�T�m�i �/���i�� �;���p�2 �i�?�2 �#�2�b�i �`�2�b�m�H�i�b�X

�P�M �i�?�2 �[�m�2�b�i�B�Q�M �r�?�2�M �i�?�2 �2�M�i�B�`�2 �K�m�H�i�B�b�+���H�2 �T�`�Q�+�2�/�m�`�2 �b�?�Q�m�H�/ �#�2 �2�M�/�2�/�- �M���K�2�H�v �i�?�2 �/�2�i�2�`�K�B�M���i�B�Q�M
�Q�7m�- ���`�2 �i�?�`�2�2 �Q�T�i�B�Q�M�b �T�`�2�b�2�M�i�2�/ �B�M �(�k�k�)�, �h�?�2 �}�`�b�i �B�b �i�Q �/�B�`�2�+�i�H�v �T�`�2�@�b�T�2�+�B�7�v �i�?�2 �M�m�K�#�2�` �Q�7 �b�+���H�2�bm�X �A�M
�p�B�2�r �Q�7 �h�?�2�Q�`�2�K �9�X�R�- �i�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �K�2���b�m�`�B�M�; �i�?�2 ���K�Q�m�M�i �Q�7 �m�H�i�B�K���i�2�H�v �`�2�K���B�M�B�M�; �i�2�t�i�m�`�2 �b�B�M�+�2
kvm k� = 1/2 � m �X ���M ���H�i�2�`�M���i�B�p�2 �B�b �i�Q �K�2���b�m�`�2 �i�?�2 �2�M�2�`�;�vkum k2

2 �#�2�H�Q�r �� �+�2�`�i���B�M �i�Q�H�2�`���M�+�2 �i�Q �2�M�b�m�`�2 �i�?���i
�� �b�B�;�M�B�}�+���M�i �m�T�/���i�2 �B�b �Q�#�i���B�M�2�/ �B�M �2�p�2�`�v �b�i�2�T �U�L�Q�i�2�, �A�M �i�?�2 �Q�`�B�;�B�M���H �T���T�2�`kum � um � 1k2

2 �B�b �;�B�p�2�M �(�+�7�X �k�k�-
�T���;�2 �8�e�d�)�- �#�m�i �B�M �K�v �Q�T�B�M�B�Q�M �i�?���i �+�`�B�i�2�`�B�Q�M �K���F�2�b �H�B�i�i�H�2 �b�2�M�b�2 ���M�/ �b�?�Q�m�H�/ �b�m�T�T�Q�b�2�/�H�v �/�2�b�+�`�B�#�2 �Q�M�H�v �i�?�2
�m�T�/���i�2�V�X �h�?�2�B�` �H���b�i �T�`�Q�T�Q�b���H �`�2�;���`�/�b �i�?�2 �/�B�b�b�Q�H�p�B�M�; �Q�7 �i�2�t�i�m�`�2�, �P�M�+�2kvm � 1k2

2 �k vm k2
2 �#�2�+�Q�K�2�b �b�m�{�+�B�2�M�i�H�v

�b�K���H�H�- �i�?�2 �B�i�2�`���i�B�Q�M �B�b �2�M�/�2�/�X �h�?�2 �2�M�i�B�`�2 �ó�7�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2�ô �i�Q �Q�#�i���B�M �i�?�2 �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7
f �7�Q�` �;�B�p�2�Mm ���M�/� 0 �r�B�i�? �b�+���H�B�M�; �7���+�i�Q�` �k �B�b �/�2�b�+�`�B�#�2�/ �B�M ���H�;�Q�`�B�i�?�K �k�X

���H�;�Q�`�B�i�?�K �k�6�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2 �i�Q �+�Q�K�T�m�i�2 �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�:�B�p�2�M�,
�
f i;j

�
�r�?�2�`�2i = 1 ; :::; N1; j = 1 ; :::; N2 ; m 2 N ���M�/� 0 > 0

�*�?�Q�Q�b�2�,�A�M�B�i�B���H�B�b���i�B�Q�M ���M�/ �b�i�Q�T�T�B�M�; �b�i�`���i�2�;�v �7�Q�` �2���+�? �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M
���T�T�`�Q�t�B�K���i�2[u0; v0] = ���`�; �K�B�M

u+ v= f
J (f; � 0) �m�b�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2�,u0  u(n stop ) ���M�/v0  f � u0

�7�Q�``  1 �i�Qm �/�Q
���T�T�`�Q�t�B�K���i�2[u` ; v` ] = ���`�; �K�B�M

u+ v= v ` � 1

J (v` � 1; 2` � 0) �m�b�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2u`  u(n stop ) ���M�/

v`  v` � 1 � u`

. �P�T�i�B�Q�M���H�, �*�?�2�+�F �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B��
�2�M�/ �7�Q�`

�_�2�i�m�`�M�,(u0; :::; um )

�h�?�2 �H���b�i �[�m�2�b�i�B�Q�M �i�?���i �M�2�2�/�b �i�Q �#�2 ���/�/�`�2�b�b�2�/ �B�b �i�?�2 �B�M�B�i�B���H�B�b���i�B�Q�M �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X
�h�Q �/�B�b�i�`�B�#�m�i�2 �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7f �i�Q �b�2�p�2�`���H �/�B�z�2�`�2�M�i �B�M�b�i���M�+�2�b�- �+�H�2���`�H�v� 0 > 0 �b�?�Q�m�H�/ �#�2 �+�?�Q�b�2�M �ó�`���i�?�2�`
�b�K���H�H�ô�X �A�M �a�2�+�i�B�Q�M �9�X�j�- �?�Q�r�2�p�2�`�- �A �B�M�i�`�Q�/�m�+�2�/ ���M ���T�T�`�Q���+�? �i�Q �B�M�B�i�B���H�B�b�2 �i�?�2 �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�@
�T�Q�b�B�i�B�Q�M �b�m�+�? �i�?���i �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 �T�Q�b�b�B�#�H�v �K�B�b�b�B�M�; �b�+���H�2�b ���`�2 �+���T�i�m�`�2�/ �B�M �� �ó�#���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M
�T�`�Q�+�2�/�m�`�2�ô�, �A�M �i�?�B�b�- �i�?�2 �}�`�b�iBV �`�2�b�m�H�iû0 �B�b �B�i�2�`���i�B�p�2�H�v �/�2�+�Q�K�T�Q�b�2�/ �#�v[û` � 1; u` ] = ���`�; �K�B�M

û+ u= û `

J (û` ; 2` � 1� 0)

�� �j�9 ��



�8 �.�B�b�+�`�2�i�B�b���i�B�Q�M ���M�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�b

�m�M�i�B�Hkû� m 0 kBV � 0�X ���7�i�2�`�r���`�/�b�- �i�?�2 �ó�M�Q�`�K���H �7�Q�`�r���`�/ �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�ô �B�b �+�Q�M�i�B�M�m�2�/�X �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7
�i�?�B�b �2�M�?���M�+�2�/ �T�`�Q�+�2�/�m�`�2 �B�b �;�B�p�2�M �B�M ���H�;�Q�`�B�i�?�K �j�X �A�i �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �b�+�?�2�K���i�B�+ �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2
�?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �b�F�2�i�+�?�2�/ �B�M �6�B�;�m�`�2 �9�X�R�X �o�B�b�m���H �`�2�b�m�H�i�b �Q�M �i�?�B�b �T�`�Q�+�2�/�m�`�2 ���`�2 �#�`�B�2�~�v �/�B�b�+�m�b�b�2�/
�B�M �a�2�+�i�B�Q�M �e�X�k�- �b�2�2 �2�b�T�2�+�B���H�H�v �6�B�;�m�`�2 �e�X�N�X

���H�;�Q�`�B�i�?�K �j�6�Q�`�r���`�/ �T�`�Q�+�2�/�m�`�2 �r�B�i�? �#���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M �i�Q �+�Q�K�T�m�i�2 �� �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�@
�+�Q�K�T�Q�b�B�i�B�Q�M

�:�B�p�2�M�,
�
f i;j

�
�r�?�2�`�2i = 1 ; :::; N1; j = 1 ; :::; N2 ; m; m0 2 N ���M�/� 0 > 0

�*�?�Q�Q�b�2�,� init > 0�- �B�M�B�i�B���H�B�b���i�B�Q�M ���M�/ �b�i�Q�T�T�B�M�; �b�i�`���i�2�;�v �7�Q�` �2���+�? �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M
���T�T�`�Q�t�B�K���i�2[û0; v0] = ���`�; �K�B�M

û+ v= f
J (f; � 0) �m�b�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2û0  u(n stop ) ���M�/v0  f � û0

�7�Q�``  0 �i�Q� m0 + 1 �/�Q
���T�T�`�Q�t�B�K���i�2[û` � 1; u` ] = ���`�; �K�B�M

û+ u= û `

J (û` ; 2` � 1� 0) �m�b�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2û` � 1  u(n stop ) ���M�/

u`  û` � û` � 1

�B�7kû` � 1kBV � � init �i�?�2�M
m0  � ` + 1
�#�`�2���F

�2�M�/ �B�7
�2�M�/ �7�Q�`
u� m 0 = û� m 0 . �G���b�i �`�2�b�B�/�m���H �#�2�+�Q�K�2�bu� m 0

�7�Q�``  1 �i�Qm �/�Q
���T�T�`�Q�t�B�K���i�2[u` ; v` ] = ���`�; �K�B�M

u+ v= v ` � 1

J (v` � 1; 2` � 0) �m�b�B�M�; ���H�;�Q�`�B�i�?�K �R �r�?�2�`�2u`  u(n stop ) ���M�/

v`  v` � 1 � u`

. �P�T�i�B�Q�M���H�, �*�?�2�+�F �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B��
�2�M�/ �7�Q�`

�_�2�i�m�`�M�,(u� m 0 ; :::; u0; :::; um )

�� �j�8 ��



�e
�L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

�A�M �i�?�2 �H���b�i �+�?���T�i�2�` �Q�7 �i�?�B�b �i�?�2�b�B�b�- �A �T�`�2�b�2�M�i �b�Q�K�2 �`�2�b�m�H�i�b �7�`�Q�K �i�?�2 �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b �A �K���/�2�, �6�B�`�b�i
�B�M �a�2�+�i�B�Q�M �e�X�R�- �A �r�B�H�H �/�B�b�+�m�b�b �b�Q�K�2 �Q�#�b�2�`�p���i�B�Q�M�b �`�2�;���`�/�B�M�; �i�?�2 �Q�M�2�@�i�B�K�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�Q�7 ���M �B�K���;�2
���b �/�2�b�+�`�B�#�2�/ �B�M �*�?���T�i�2�` �j�X �h�?�B�b �B�M�+�H�m�/�2�b �i�?�2 �#�2�?���p�B�Q�m�` ���M�/ �B�i�2�`���i�B�p�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2�}�t�2�/ �T�Q�B�M�i
�B�i�2� �̀��i�B�p�2 �K�2�i�?�Q�/�7�`�Q�K �a�2�+�i�B�Q�M �8�X�k�- �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �i�?�2 �+�?�Q�B�+�2 �Q�7 �B�M�B�i�B���H �/���i��u(0) ���M�/ �r�2�B�;�?�i�B�M�; �T���`���K�2�i�2�`
� �- ���M�/ �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �b�Q�K�2 �2�t�2�K�T�H���`�v �B�K���;�2�b�X ���7�i�2�`�r���`�/�b �B�M �a�2�+�i�B�Q�M �e�X�k�- �A �r�B�H�H �/�B�b�+�m�b�b �`�2�b�m�H�i�b �Q�M
�i�?�2 �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �H�2���/�B�M�; �i�Q ���K�m�H�i�B�b�+���H�2 � �̀2�T� �̀2�b�2�M�i���i�B�Q�M�Q�7 �B�K���;�2�b ���b �/�2�b�+�`�B�#�2�/ �B�M
�*�?���T�i�2�` �9�X �h�?�2�`�2�- �A �7�Q�+�m�b �Q�M �i�?�2 �`�2�b�Q�H�p�B�M�; �Q�7 �i�2�t�i�m�`�2 �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �b�i�2�T�b�- ���M�/ �T�`�2�b�2�M�i ��
�p�B�b�m���H ���M���H�v�b�B�b �Q�7 �i�?�2�#���+�F�r��� �̀/ �B�M�B�i�B���H�B�b���i�B�Q�M�Q�7 �a�2�+�i�B�Q�M �9�X�j�X

�6�Q�` �K�v �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�- �A �B�K�T�H�2�K�2�M�i�2�/ �i�?�2 �K�2�i�?�Q�/�b �/�2�b�+�`�B�#�2�/ �B�M �*�?���T�i�2�` �8 �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�;
�i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �U�_�P�6�V ���M�/ �+�Q�K�T�m�i�B�M�; �� �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X ���H�H �+�Q�/�2 �B�b �r�`�B�i�i�2�M ���M�/ �2�t�2�+�m�i�2�/ �B�M
�J���h�G���" �U�o�2�`�b�B�Q�M �_�k�y�k�y�#�V �(�R�8�) ���M�/ �T�m�#�H�B�b�?�2�/ �Q�M �:�B�i�>�m�# �(�R�j�)�X

�e�X�R �_�2�b�m�H�i�b �Q�M �i�?�2 �Q�M�2�@�i�B�K�2 �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�A�7 �M�Q�i �K�2�M�i�B�Q�M�2�/ �Q�i�?�2�`�r�B�b�2�- �7�Q�` �i�?�2 �/�B�z�2�`�2�M�i �+�Q�K�T�m�i���i�B�Q�M�b �A �m�b�2�/ �i�?�2�:���m�b�b�@�a�2�B�/�2�H �b�+�?�2�K�2�/�2�b�+�`�B�#�2�/ �B�M
�a�2�+�i�B�Q�M �8�X�k�- �r�B�i�? �B�M�B�i�B���H�B�b���i�B�Q�Mu(0)

i;j := f i;j ���M�/ �b�i�Q�T�T�B�M�; �i�Q�H�2�`���M�+�2� stop = 10 � 8 �7�Q�` �b�i�Q�T�T�B�M�; �b�i�`���i�2�;�v
�ó�m�T�/���i�2 �b�B�x�2�ô �U�8�X�R�k�V�X ���H�H �+�Q�K�T�m�i���i�B�Q�M�b ���`�2 �/�Q�M�2 �r�B�i�? �`�2�;�m�H���`�B�b�B�M�; �T���`���K�2�i�2�`"2 = 10 � 6�X

�6�B�;�m�`�2 �e�X�R �b�?�Q�r�b �i�?�2 �T�`�Q�+�2�b�b �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�ö�b�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�r�B�i�? �i�?�2 �`�2�b�m�H�i�bu(n ) ���M�/v(n )

�Q�#�i���B�M�2�/ ���7�i�2�`n = 1 ; 15; 50 ���M�/300 �b�i�2�T�b �7�Q�` �i�r�Q �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7� �X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7
�i�?�2 �i���`�;�2�i �7�m�M�+�i�B�Q�M���HEf;� ���M�/ �B�i�b �+�Q�K�T�Q�M�2�M�i�bkuk2

2 ���M�/� kvk2
2 �/�m�`�B�M�; �i�?�2�b�2 �j�y�y �B�i�2�`���i�B�Q�M �b�i�2�T�b �B�b �T�H�Q�i�i�2�/�X

�A�M �Q�`�/�2�` �i�Q �?���p�2 �i�?�2 �T�`�Q�;�`���K�K�2 �`�m�M �7�Q�` �j�y�y �B�i�2�`���i�B�Q�M�b�-� stop �r���b �b�2�i �i�Q10� 11 �?�2�`�2�X
�A�i �+���M �#�2 �b�2�2�M �i�?���i �#�2�i�r�2�2�M ���H�H �7�Q�m�` �B�i�2�`���i�B�Q�M �B�M�b�i���M�+�2�b�- �b�Q�K�2 �+�?���M�;�2�b �Q�+�+�m�` ���M�/ �i�?�2 �K�2�i�?�Q�/ �/�Q�2�b �M�Q�i

�ó���`�`�B�p�2�ô �T�`�2�+�B�b�2�H�v ���i �i�?�2 �U�_�P�6�V �K�B�M�B�K�B�b�2�` ���7�i�2�` �7�2�r �B�i�2�`���i�B�Q�M�b�X �>�Q�r�2�p�2�`�- �/�2�b�T�B�i�2 �b�Q�K�2 �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M
�#�2�B�M�; �i�`���M�b�7�2�`�`�2�/ �i�Qv�- �i�?�2 �p�B�b�m���H �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �`�2�b�m�H�i�b ���7�i�2�` �8�y ���M�/ �j�y�y �b�i�2�T�b ���T�T�2���`�b �`���i�?�2�`
�b�K���H�H �i�Q �K�2�X �h�?�m�b�- �i�?�2 �+�?�Q�B�+�2 �Q�7 �� �b�K���H�H�2�` �i�Q�H�2�`���M�+�2� stop = 10 � 8 �#�v �r�?�B�+�? �i�?�2 �T�`�Q�+�2�/�m�`�2�b �2�M�/ ���7�i�2�` �e�j
�`�2�b�T�X �j�y �B�i�2�`���i�B�Q�M�b �b�2�2�K�b �`�2���b�Q�M���#�H�2 �� ���H�b�Q �B�M �p�B�2�r �Q�7 �i�?�2 �Q�#�i���B�M�2�/ �T�`�Q�;�`�2�b�b �B�M �i�?�2 �i���`�;�2�i �7�m�M�+�i�B�Q�M���HEf;� �X

�q�?�2�M �+�Q�K�T���`�B�M�; �i�?�2 �}�M���H �`�2�b�m�H�i�b �7�Q�` �i�?�2 �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7� �- �i�?�2 �B�K���;�2f �r���b �K�m�+�? �b�i�`�Q�M�;�2�`
�b�K�Q�Q�i�?�2�M�2�/ �B�M �+���b�2 �Q�7 �i�?�2 �b�K���H�H�2�`� �i�?���M �r�?�2�M �/�2�+�Q�K�T�Q�b�2�/ ���i �� �H���`�;�2�` �b�+���H�2�X �h�?�B�b �K�2�2�i�b �i�?�2 �2�t�T�2�+�i���i�B�Q�M�b
�Q�7 �*�?���T�i�2�` �j ���M�/ �2�b�T�2�+�B���H�H�v �h�?�2�Q�`�2�K �j�X�9�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �`�2�b�m�H�i �B�M �i�?�2 �ó�b�i�`�Q�M�;�2�` �b�K�Q�Q�i�?�2�M�B�M�;�ô �+���b�2
� = 1 � 103 �Q�#�i���B�M�2�/ ���7�i�2�` �R�8 �b�i�2�T�b �H�Q�Q�F�b �[�m�B�i�2 �b�B�K�B�H���` �i�Q �i�?�2 �}�M���H �Q�M�2 �7�Q�`� = 4 � 103�X �h�?�B�b �B�b �M�m�K�2�`�B�+���H�H�v
�B�M�i�2�`�2�b�i�B�M�; �r�?�2�M �+�Q�M�b�B�/�2�`�B�M�; �i�Q �+�Q�K�T�m�i�2 �Q�M�H�v �p�2�`�v �7�2�r �b�i�2�T�b ���M�/ �B�M�b�i�2���/ �+�?�Q�Q�b�B�M�; �� �b�K���H�H�2�` �p���H�m�2 �7�Q�`�
�� ���i �H�2���b�i �r�?�2�M �B�M�B�i�B���H�B�b�B�M�; �r�B�i�?u(0)

i;j := f i;j �X
�L�2�t�i�- �A �r���M�i �i�Q �;�B�p�2 ���M �2�t���K�T�H�2 �B�M �r�?�B�+�? �i�?�2 �7�m�M�+�i�B�Q�M���HEf;� �2�p���H�m���i�2�/ ���i �i�?�2 �B�M�B�i�B���H �/���i��u(0) �B�b

�b�K���H�H�2�` ���M�/ �i�?�m�b �i�?�2 �H���i�i�2�` �� �T�`�B�Q�`�B �� �K�Q�`�2 �ó�T�`�2�+�B�b�2�ô �b�i���`�i�B�M�; �p���H�m�2 �r�?�2�M �+�?�Q�Q�b�B�M�;u(0)
i;j := �f (0)

i;j +(1 � � ) �f

�r�B�i�? �ó�Q�T�i�B�K���H �T���`���K�2�i�2�`�ô� 2 [0; 1] ���b �B�M �U�8�X�R�8�V�- �B�M�b�i�2���/ �Q�7u(0)
i;j := f (0)

i;j �U�B�X�2�X� = 1 �V�X �h�?�B�b �B�b �i�?�2 �+���b�2 �7�Q�`
�B�M�b�i���M�+�2 �7�Q�` �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2���i � = 2 � 102 �r�?�2�`�2 �i�?�2 �ó�Q�T�i�B�K���H �T���`���K�2�i�2�`�ô �B�b �;�B�p�2�M �#�v� � 0:47�X �h�?�2
�B�M�B�i�B���H�B�b���i�B�Q�M �/���i�� ���M�/ �i�?�2 ���T�T�`�Q�t�B�K���i�2�/�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M���7�i�2�` �8�y �b�i�2�T�b �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �e�X�k�- ���b �r�2�H�H
���b �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7Ef;� ���M�/ �B�i�b �+�Q�K�T�Q�M�2�M�i�b�X

�� �j�e ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

� = 1 � 103 � = 4 � 103

n = 1

u( n ) v( n ) + 0 :5 u( n ) v( n ) + 0 :5

n = 15

n = 50

n = 300

�S�2�`�7�Q�`�K���M�+�2 f �S�2�`�7�Q�`�K���M�+�2

�6�B�;�m�`�2 �e�X�R�, ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2u� ���M�/v� �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�Q�#�i���B�M�2�/ �B�M �i�?�2 �}�t�2�/
�T�Q�B�M�i �B�i�2�`���i�B�p�2 �T�`�Q�+�2�/�m�`�2 ���7�i�2�`n = 1 ; 15; 50; 300�B�i�2�`���i�B�Q�M�b �7�Q�` �T���`���K�2�i�2�`� = 1e3 ���M�/4e3�X ���i �i�?�2 �#�Q�i�i�Q�K�-
�i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �i���`�;�2�i �7�m�M�+�i�B�Q�M���HEf;� ���M�/ �B�i�b �+�Q�K�T�Q�M�2�M�i�b �/�m�`�B�M�; �i�?�2 �B�i�2�`���i�B�Q�M �B�b �b�?�Q�r�M�X

�� �j�d ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

� = 1

u(0) u(50) v(50) + 0 :5 �S�2�`�7�Q�`�K���M�+�2

Ef;�
�
u(50) �

= 2 :8003

� � 0:47

Ef;�
�
u(50) �

= 3 :5183

�6�B�;�m�`�2 �e�X�k�, ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2�_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�7�Q�`� = 2e2 �Q�#�i���B�M�2�/ ���7�i�2�` �8�y �b�i�2�T�b �r�?�2�M �B�M�B�i�B���H�B�b�B�M�;
�r�B�i�?u(0) := f �U�i�Q�T�V �p�b�X �i�?�2 �ó�Q�T�i�B�K���H �+�Q�K�#�B�M���i�B�Q�M�ô �b�m�;�;�2�b�i�2�/ �B�M �a�2�+�i�B�Q�M �8�X�k �U�#�Q�i�i�Q�K�V�X �h�Q �i�?�2 �`�B�;�?�i�- �i�?�2
�/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �i���`�;�2�i �7�m�M�+�i�B�Q�M���HEf;� ���M�/ �B�i�b �+�Q�K�T�Q�M�2�M�i�b �/�m�`�B�M�; �i�?�2 �B�i�2�`���i�B�Q�M �B�b �b�?�Q�r�M�X

���b �i�?�2 �;�`���T�?�b �b�?�Q�r�- �B�M �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �B�i�2�`���i�B�Q�M�-Ef;� �B�b �b�K���H�H�2�` �7�Q�` �i�?�2 �ó�Q�T�i�B�K���H �+�Q�K�#�B�M���i�B�Q�M�ô�X
�h�?�B�b �B�b �/�m�2 �i�Q �i�?�2 �b�K���H�H�2�` �i�Q�i���H �p���`�B���i�B�Q�M �B�Mu(0) ���M�/ �/�2�b�T�B�i�2 �i�?�2 �`�2�b�B�/�m���Hv(0) �#�2�B�M�; �`�2�H���i�B�p�2�H�v �H���`�;�2�X
�>�Q�r�2�p�2�`�- ���7�i�2�` �� �+�Q�m�T�H�2 �Q�7 �B�i�2�`���i�B�Q�M�b �i�?�B�b �i�m�`�M�b ���b �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�M �Q�7u �/�2�+�`�2���b�2�b �`���T�B�/�H�v �B�M �#�Q�i�? �+���b�2�b�-
�r�?�2�`�2���b �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �`�2�b�B�/�m���H �`�2�K���B�M�b ���H�K�Q�b�i �m�M�+�?���M�;�2�/ �7�Q�`� � 0:47�X �h�?�m�b �� ���i �H�2���b�i �B�M �i�?�B�b �2�t���K�T�H�2 ��
�i�?�2 �}�t�2�/ �T�Q�B�M�i �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/ �T�2�`�7�Q�`�K�b �r�2�H�H �B�M �b�K�Q�Q�i�?�2�M�B�M�; �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2�- �#�m�i �7���B�H�b �B�M �`�2�+�Q�p�2�`�B�M�;
�T���`�i�b �Q�7 �B�i �7�`�Q�K �� �ó�i�Q�Q �b�K�Q�Q�i�?�ô �B�M�B�i�B���H�B�b���i�B�Q�M �/���i���X �A�M�b�i�2���/�- �i�?�2 �ó�;�`�2�v�B�b�?�ô �+�?���`���+�i�2�` �Q�7 �i�?�2 �B�M�B�i�B���H�B�b���i�B�Q�M
�/���i�� �r�B�i�?� � 0:47 �`�2�K���B�M�b �2�p�2�M ���7�i�2�` �8�y �B�i�2�`���i�B�Q�M�b ���H�K�Q�b�i �m�M�+�?���M�;�2�/�X

�a�Q �7���`�- �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �m�b�2�/�}�t�2�/ �T�Q�B�M�i �B�i�2� �̀��i�B�p�2 �K�2�i�?�Q�/�r���b �Q�M�H�v �/�B�b�+�m�b�b�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �2�M�2�`�;�v
�7�m�M�+�i�B�Q�M���HEf;� �X �>�Q�r�2�p�2�`�- �B�M �a�2�+�i�B�Q�M �8�X�k �A �K�2�M�i�B�Q�M�2�/ �i�?���i �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2 �+�Q�K�T�m�i�2�/ ���T�T�`�Q�t�B�K���i�B�Q�M
�+�Q�m�H�/ ���H�b�Q �#�2 �p�B�2�r�2�/ �m�M�/�2�` �h�?�2�Q�`�2�K �j�X�9 �#�v �K�2���b�m�`�B�M�; �U�8�X�R�9�V�X �h�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �H���i�i�2�` �i�Q�;�2�i�?�2�`
�r�B�i�? �i�?�2 �[�m���M�i�B�i�B�2�b �ó�m�T�/���i�2 �b�B�x�2�ô �U�8�X�R�k�V ���M�/ �ó�B�K�T�`�Q�p�2�K�2�M�i �B�MEf;� �ô �U�8�X�R�j�V �B�M �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2
�7�D�Q� �̀/ �T�B�+�i�m� �̀2���i � = 103 �B�b �p�B�b�m���H�B�b�2�/ �B�M �6�B�;�m�`�2 �e�X�j�- �r�B�i�? �H�Q�;���`�B�i�?�K�B�+ �v�@���t�2�b�X ���;���B�M�-� stop = 10 � 11 �?�2�`�2�X

�l�T�/���i�2 �b�B�x�2 �U�8�X�R�k�V �A�K�T�`�Q�p�2�K�2�M�i �U�8�X�R�j�V ���+�+�m�`���+�v �U�8�X�R�9�V

�6�B�;�m�`�2 �e�X�j�, �.�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�?�2 �[�m���M�i�B�i�B�2�b �ó�m�T�/���i�2 �b�B�x�2�ô�- �ó�B�K�T�`�Q�p�2�K�2�M�i �B�MEf;� �ô ���M�/ �ó���+�+�m�`���+�v �B�M �i�2�`�K�b
�Q�7 �h�?�2�Q�`�2�K �j�X�9�ô �/�m�`�B�M�; �i�?�2 �B�i�2�`���i�B�Q�M�X �l�M�/�2�` �i�?�2�b�2�- �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 ���M�/ �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T�`�Q�+�2�/�m�`�2
�+���M �#�2 �2�p���H�m���i�2�/�X �h�?�2 �+�Q�K�T�m�i���i�B�Q�M �B�b �7�`�Q�K �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2���i �b�+���H�2� = 1e3�X

�� �j�3 ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

�h�?�2 �;�`���T�?�b �b�?�Q�r�- �?�Q�r �� ���i �H�2���b�i �B�M �i�?�B�b �+�Q�K�T�m�i���i�B�Q�M �� �i�?�2 �m�b�2�/�:���m�b�b�@�a�2�B�/�2�H �b�+�?�2�K�2�/�Q�2�b �v�B�2�H�/ ��
�K�Q�`�2 ���M�/ �K�Q�`�2 ���+�+�m�`���i�2 �`�2�b�m�H�i �r�B�i�? �B�M�+�`�2���b�B�M�; �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b�X �A�M �K�v �Q�T�B�M�B�Q�M�- �2�b�T�2�+�B���H�H�v �i�?�2 �H���b�i
�+�`�B�i�2�`�B�Q�M �;�B�p�2�b �� �;�Q�Q�/ �B�K�T�`�2�b�b�B�Q�M �Q�M �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �T�`�Q�+�2�/�m�`�2 ���M�/ �i�?���i ���7�i�2�` ���i �K�Q�b�i �R�y�y �b�i�2�T�b
�i�?�2 �Q�T�i�B�K���H �`�2�b�m�H�i �B�b ���H�K�Q�b�i �Q�#�i���B�M�2�/�- ���b �B�i �/�B�`�2�+�i�H�v �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �[�m�2�b�i�B�Q�M�- �?�Q�r �r�2�H�H �i�?�2 �U�_�P�6�V
�K�B�M�B�K�B�b�2�`�ö�b �T�`�Q�T�2�`�i�v �Q�7 �h�?�2�Q�`�2�K �j�X�9 �B�b �b���i�B�b�}�2�/ �#�v �B�i�b �+�Q�K�T�m�i�2�/ ���T�T�`�Q�t�B�K���i�B�Q�M�X

�6�B�M���H�H�v�- �A �r���M�i �i�Q �;�B�p�2 �� �b�?�Q�`�i �M�Q�i�B�Q�M �Q�M �i�?�2 ���T�T�H�B�+���#�B�H�B�i�v �Q�7 �i�?�2�_�P�6 �K�Q�/�2�H�B�M �;�2�M�2�`���H�X �A�M �6�B�;�m�`�2 �e�X�9�- �A
�T�`�2�b�2�M�i �i�?�2 �+�Q�K�T�m�i�2�/ �U�_�P�6�V �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �/�B�z�2�`�2�M�i �2�t���K�T�H�2 �B�K���;�2�b ���i �K���M�m���H�H�v �+�?�Q�b�2�M �b�+���H�2�b� > 0�,
�a�B�M�+�2 �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M �B�b �2�t�T�2�+�i�2�/ �i�Q �`�2�K�Q�p�2 �?�B�;�?�H�v �Q�b�+�B�H�H���i�B�M�; �+�Q�K�T�Q�M�2�M�i�b �Q�7 �� �b�B�;�M���H
�U�+�7�X �1�t���K�T�H�2 �k�X�N�V�- �i�?�2�_�P�6 �K�Q�/�2�H�B�b �2�b�T�2�+�B���H�H�v �b�m�B�i���#�H�2 �7�Q�` �/�2�M�Q�B�b�B�M�; �B�K���;�2�b �� �i�?�2 �}�2�H�/ �B�i ���H�b�Q �Q�`�B�;�B�M���i�2�b
�7�`�Q�K �(�+�7�X �k�y�)�X �h�?�2�`�2�7�Q�`�2�- �Q�M �i�?�2 �Q�M�2 �?���M�/�- �A �b�?�Q�r �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �7�Q�m�` �M�Q�B�b�v �B�K���;�2�b�X �h�?�2 �`�2�b�m�H�i���M�i
u(n stop ) �b �`�2�T�`�2�b�2�M�i �/�2�M�Q�B�b�2�/ �p�2�`�b�B�Q�M�b �Q�7 �i�?�2�K�- �r�?�2�`�2���b �i�?�2 �`�2�b�B�/�m���Hv(n stop ) �K���B�M�H�v �+�Q�M�b�B�b�i�b �Q�7 �i�?�2 �`�2�K�Q�p�2�/
�M�Q�B�b�2�X �h�?�2 �}�`�b�i �i�r�Q �B�K���;�2�b ���`�2 �K�Q�/�B�}�+���i�B�Q�M�b �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�- �i�Q �r�?�B�+�? �A ���`�i�B�}�+�B���H�H�v ���/�/�2�/ �i�r�Q �/�B�z�2�`�2�M�i
�H�2�p�2�H�b �Q�7�:���m�b�b�B���M �M�Q�B�b�2�- �i�?�2 �i�?�B�`�/ �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M �2�t���K�T�H�2 �7�`�Q�K �(�8�) ���M�/ �K���B�M�H�v �b�2�`�p�2�b ���b �Q�#�D�2�+�i �Q�7
�+�Q�K�T���`�B�b�Q�M�- ���M�/ �i�?�2 �H���b�i �Q�M�2 �B�b �i�?�2 �M�Q�B�b�v �p�2�`�b�B�Q�M �Q�7 �� �b�[�m���`�2�X �A�i �b�?�Q�r�b�- �?�Q�r �2�b�T�2�+�B���H�H�v �U���H�K�Q�b�i�V �T�B�2�+�2�r�B�b�2
�+�Q�M�b�i���M�i �B�K���;�2�b ���`�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/ �r�2�H�H �#�v �i�?�2�_�P�6 �K�Q�/�2�H�X

�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �A �r���M�i �i�Q �7�Q�+�m�b �Q�M �i�?�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2�_�P�6 �K�Q�/�2�H���b �b�2�T���`���i�B�Q�M �Q�7 �ó�2�b�b�2�M�i�B���H
�7�2���i�m�`�2�b�ô �7�`�Q�K �i�2�t�i�m�`�2�X �h�?�2�`�2�7�Q�` �7�Q�m�` �B�K���;�2�b �r�B�i�?�Q�m�i ���`�i�B�}�+�B���H �M�Q�B�b�2 ���`�2 �/�2�+�Q�K�T�Q�b�2�/ ���i �� �`�2�H���i�B�p�2�H�v �b�K���H�H
�b�+���H�2�X �h�?�2 �}�`�b�i �Q�M�2 ���;���B�M �B�b �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�- �i�?�2 �b�2�+�Q�M�/ �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M �2�t���K�T�H�2 �7�`�Q�K �(�k�k�) �r�?�B�+�?
�r�B�H�H �#�2 �m�b�2�/ �K�Q�`�2 �B�M �a�2�+�i�B�Q�M �e�X�k�- ���M�/ �i�?�2 �i�?�B�`�/ �B�b ���M �t�@�`���v �B�K���;�2 �7�`�Q�K �i�?�2 �6���A�_ �i�Q�Q�H�#�Q�t �(�R�d�)�X �h�?�2
�H���b�i �2�t���K�T�H�2 �b�?�Q�r�b �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �� �b�B�K�T�H�2 �b�[�m���`�2 �r�B�i�?�Q�m�i �M�Q�B�b�2�X �>�2�`�2�- �i�?�2�`�2 �B�b �M�Q �i�2�t�i�m�`�2 �i�Q �#�2
�2�t�i�`���+�i�2�/�- �B�M�b�i�2���/ �B�i �B�H�H�m�b�i�`���i�2�b �?�Q�r �i�?�2�_�P�6 �K�Q�/�2�H�ó�K�Q�p�2�b�ô �i�?�2 �2�/�;�2�b �Q�7 �i�?�2 �b�[�m���`�2 �B�M �� �r���v �i�?���i �i�?�2
�b�?���T�2 ���T�T�`�Q���+�?�2�b �� �+�B�`�+�H�2�X �h�?�B�b �#�2�?���p�B�Q�m�` �Q�7 �ó�Q�#�D�2�+�i �b�?�B�7�i�B�M�; ���M�/ �K�B�M�B�K�B�b���i�B�Q�M�ô �B�b �M�Q�i �b�m�`�T�`�B�b�B�M�; �b�B�M�+�2
�i�?�2 �T�2�`�B�K�2�i�2�` �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �i�Q�i���H �p���`�B���i�B�Q�MkukBV �U�b�2�2 �2�X�;�X �(�R�R�- �h�?�2�Q�`�2�K �8�X�N�)�V�- ���M�/ �� �B�M �+���b�2 �Q�7 �i�?�2
�b�[�m���`�2 �� �B�b ���H�b�Q �Q�#�i���B�M�2�/ �r�?�2�M ���M���H�v�i�B�+���H�H�v �b�Q�H�p�B�M�; �U�_�P�6�V�- ���b �/�2�b�+�`�B�#�2�/ �7�Q�` �B�M�b�i���M�+�2 �B�M �(�9�- �T���;�2�b �k�N�k�@�k�N�j�)�X

�A�M �K�v �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �7�`�Q�K �6�B�;�m�`�2 �e�X�9 �b�?�Q�r �i�?���i �i�?�2�_�P�6 �K�Q�/�2�H�+���M �;�B�p�2 �U���i �H�2���b�i
�p�B�b�m���H�H�v�V �p�2�`�v �m�b�2�7�m�H �`�2�b�m�H�i�b �B�M �i�?�2 �+�Q�M�i�2�t�i�b �Q�7 �B�K���;�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M ���M�/ �/�2�M�Q�B�b�B�M�;�- ���b �r�2�H�H ���b �7�Q�` �i�?�2
�b�K�Q�Q�i�?�2�M�B�M�;�- �b�B�K�T�H�B�}�+���i�B�Q�M ���M�/ �i�2�t�i�m�`�2 �2�t�i�`���+�i�B�Q�M �Q�7 �B�K���;�2�b�X �"�m�i �B�M �b�Q�K�2 �b�+�2�M���`�B�Q�b�- �B�i �K���v ���H�b�Q �b�?�B�7�i
�i�?�2 �2�/�;�2�b �Q�7 �Q�#�D�2�+�i�b�- �+�?���M�;�2 �i�?�2�B�` �7�Q�`�K �Q�` �`�2�/�m�+�2 �i�?�2�B�` �b�B�x�2�X

�e�X�k �_�2�b�m�H�i�b �Q�M �i�?�2 �?�B�2�`���`�+�?�B�+���H(BV; L2) �B�K���;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�G���b�i �#�m�i �M�Q�i �H�2���b�i�- �A �r�B�H�H �T�`�2�b�2�M�i �b�Q�K�2 �`�2�b�m�H�i�b �i�?���i ���`�2 �Q�#�i���B�M�2�/ �r�?�2�M �B�i�2�`���i�B�p�2�H�v �/�2�+�Q�K�T�Q�b�B�M�; ���M �B�K���;�2 �#�v
�U�_�P�6�V ���b �/�2�b�+�`�B�#�2�/ �B�M �*�?���T�i�2�` �9 ���M�/ �a�2�+�i�B�Q�M �8�X�j�X �h�?�2 �`�2�b�m�H�i���M�i �K�m�H�i�B�b�+���H�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �2�t�2�K�T�H���`�B�H�v
�b�?�Q�r�M �7�Q�` �i�?�`�2�2 �B�K���;�2�b�, �A�M �6�B�;�m�`�2 �e�X�8�- �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�B�b �;�B�p�2�M�X �A�i
�B�H�H�m�b�i�`���i�2�b�- �?�Q�r �K�Q�`�2 ���M�/ �K�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M ���`�2 �+���T�i�m�`�2�/ �r�B�i�? �2���+�? �`�2�}�M�2�K�2�M�i �b�i�2�T�, �a�i���`�i�B�M�; �r�B�i�? �i�?�2
�+�Q���`�b�2 �b�B�H�?�Q�m�2�i�i�2�b �Q�7 �i�?�2 �b�+�2�M�2�`�v�- �m�M�i�B�H ���i �H���b�i �2�p�2�M �i�?�2 �i�2�t�i�m�`�2 �/�2�i���B�H�b �Q�7 �i�?�2 �i�`�2�2�b �B�M �i�?�2 �#�Q�i�i�Q�K �`�B�;�?�i
�+�Q�`�M�2�` ���`�2 �`�2�b�Q�H�p�2�/�X �h�?�2 �`�2�K���B�M�B�M�; �`�2�b�B�/�m���H ���7�i�2�` �R�y �b�i�2�T�b�-v9�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/ �B�b �M�2���`�H�v �2�K�T�i�v�- �b�Q �B�M
�i�?�2 �2�M�/�- �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f �B�b �K���B�M�H�v �`�2�Q�#�i���B�M�2�/�X

�A�M �+�Q�K�T���`�B�b�Q�M �i�Q �i�?���i�- �6�B�;�m�`�2 �e�X�e �b�?�Q�r�b �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �� �M�Q�B�b�v �p�2�`�b�B�Q�M �Q�7 �i�?�2
�7�D�Q� �̀/ �T�B�+�i�m� �̀2�X �h�?�2 �M�Q�B�b�2 �� ���b�b�Q�+�B���i�2�/ �r�B�i�? �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �b�K���H�H�2�b�i �T�2�`�B�Q�/ �(�k�k�) �� �B�b �F�2�T�i �H�Q�M�;�2�b�i �B�Mv ���M�/
�Q�M�H�v �b�i���`�i�b �`�2���T�T�2���`�B�M�; �B�Mu` ���i �?�B�;�?�2�` �b�+���H�2�b �r�?�2�M �K�Q�b�i �i�2�t�i�m�`�2 �B�b ���H�`�2���/�v �+�Q�M�i���B�M�2�/ �B�M �b�Q�K�2 �T�`�2�p�B�Q�m�b
�B�M�b�i���M�+�2 �Q�7u�X �h�?�2 �}�`�b�i �`�2�b�m�H�i�b�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- ���`�2 �`�2�H���i�B�p�2�H�v �b�B�K�B�H���` �i�Q �i�?�2 �M�Q�M�@�M�Q�B�b�v �p�2�`�b�B�Q�M �b�B�M�+�2
�i�?�2�_�P�6 �K�Q�/�2�H�B�b �2�z�2�+�i�B�p�2 �2�b�T�2�+�B���H�H�v �B�M �i�?�2 �`�2�/�m�+�i�B�Q�M �Q�7 �M�Q�B�b�2�X ���i` = 5 �- �i�?�2 �`�2�b�B�/�m���Hv` �}�M���H�H�v �+�Q�M�b�B�b�i�b
�K���B�M�H�v �Q�7 �M�Q�B�b�2�- ���M�/ ���7�i�2�` �7�m�`�i�?�2�` �B�i�2�`���i�B�Q�M�b�- �i�?�2 �M�Q�B�b�v �B�K���;�2 �r�Q�m�H�/ �#�2 �2�M�i�B�`�2�H�v �`�2�+�Q�p�2�`�2�/ �B�Mu�X

�h�?�2 �i�?�B�`�/ �B�K���;�2 �B�b �i�?�2 �K���B�M �2�t���K�T�H�2 �7�`�Q�K �(�k�k�)�X �A�i�b �m�b�2 �B�b ���/�p���M�i���;�2�Q�m�b �?�2�`�2�, �P�M �i�?�2 �Q�M�2 �?���M�/ �i�Q
�2���b�B�2�` �+�Q�K�T���`�2 �i�?�2 �`�2�b�m�H�i�b�- �#�m�i ���H�b�Q �#�2�+���m�b�2 �B�i �+�Q�M�b�B�b�i�b �Q�7 �K�m�+�? �/�B�z�2�`�2�M�i�H�v �}�M�2 �i�2�t�i�m�`�2 �r�?�B�+�? �B�b �`�2�b�Q�H�p�2�/
�+�H�2���`�H�v �p�B�b�B�#�H�2 �b�i�2�T �#�v �b�i�2�T�X �A�M �6�B�;�m�`�2 �e�X�d�- �i�?�2 �/�B�z�2�`�2�M�i �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �B�K���;�2�ö�b �?�B�2�`���`�+�?�B�+���H(BV; L 2)
�/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���i �/�B�z�2�`�2�M�i �H�2�p�2�H�b �Q�7m ���`�2 �;�B�p�2�M �r�B�i�? �� �b�B�K�m�H�i���M�2�Q�m�b �p�B�b�m���H�B�b���i�B�Q�M �Q�7 �i�?�2 �+�m�K�m�H���i�B�p�2 �`�2�b�m�H�i�bP m

` =0 u` �- �i�?�2 �b�Q�H�2 �M�2�r �B�M�7�Q�`�K���i�B�Q�Mum ���M�/ �i�?�2 �`�2�K���B�M�B�M�; �`�2�b�B�/�m���Hvm �X

�� �j�N ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

f

� = 8 � 103 � = 1 � 103 � = 1 � 103 � = 2 � 101

u( n stop )

v( n stop )

+0 :5

f

� = 1 � 103 � = 2 � 103 � = 5 � 102 � = 2 � 100

u( n stop )

v( n stop )

+0 :5

�6�B�;�m�`�2 �e�X�9�, ���T�T�`�Q�t�B�K���i�2�/ �_�P�6 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �/�B�z�2�`�2�M�i �B�K���;�2�b�X �h�?�2 �i�Q�T �7�Q�m�` �2�t���K�T�H�2�b �b�?�Q�r �i�?�2
�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �M�Q�B�b�v �B�K���;�2�b�- ���M�/ �i�?�2 �7�Q�m�` ���i �i�?�2 �#�Q�i�i�Q�K �i�?�2 �2�t�i�`���+�i�B�Q�M �Q�7 �i�2�t�i�m�`�2 �7�`�Q�K �ó�+�H�2���M�ô �B�K���;�2�b�X

�� �9�y ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

f u0
P 1

` =0 u`
P 2

` =0 u`

P 3
` =0 u`

P 4
` =0 u`

P 5
` =0 u`

P 6
` =0 u`

P 7
` =0 u`

P 8
` =0 u`

P 9
` =0 u` v9

�6�B�;�m�`�2 �e�X�8�, �>�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�7�Q�` �R�y �b�i�2�T�b �r�B�i�?� 0 = 2e2�X �A�M �2���+�? �b�i�2�T�- �K�Q�`�2
�B�M�7�Q�`�K���i�B�Q�M ���`�2 �`�2�b�Q�H�p�2�/ ���M�/ �B�M�+�H�m�/�2�/ �B�M �i�?�2 �`�2�b�m�H�i���M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�X

f u0
P 1

` =0 u`
P 2

` =0 u`

P 3
` =0 u`

P 4
` =0 u`

P 5
` =0 u` v5

�6�B�;�m�`�2 �e�X�e�, �>�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �� �M�Q�B�b�v �p�2�`�b�B�Q�M �Q�7 �i�?�2�7�D�Q� �̀/ �T�B�+�i�m� �̀2�7�Q�` �e �b�i�2�T�b �r�B�i�?� 0 = 2e2�X
���i �}�`�b�i�- �i�?�2 �M�Q�B�b�2 �B�b �`�2�K�Q�p�2�/ �2�z�2�+�i�B�p�2�H�v ���M�/ �`�2�b�m�H�i�b �`�2�b�2�K�#�H�2 �i�?�2 �Q�M�2�b �Q�7 �6�B�;�m�`�2 �e�X�8�- �#�m�i ���7�i�2�` �9 �b�i�2�T�b
�r�?�2�M �K�Q�b�i �i�2�t�i�m�`�2 �r���b ���H�`�2���/�v �`�2�b�Q�H�p�2�/�- �i�?�2 �M�Q�B�b�2 �b�i���`�i�b �`�2���T�T�2���`�B�M�;�X

�� �9�R ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

mP

` =0
u`

m = 0 m = 1 m = 2 m = 3

um

(+0 :5)

vm

+0 :5

mP

` =0
u`

m = 4 m = 5 m = 6 m = 7

um

(+0 :5)

vm

+0 :5

�6�B�;�m�`�2 �e�X�d�, �h�?�2 �/�B�z�2�`�2�M�i �+�Q�K�T�Q�M�2�M�i�b �U�+�m�K�m�H���i�B�p�2 �`�2�b�m�H�i�- �H���i�2�b�i �B�M�7�Q�`�K���i�B�Q�M�- �`�2�K���B�M�B�M�; �`�2�b�B�/�m���H�V �Q�7 �i�?�2
�?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �T�B�+�i�m�`�2 �Q�7 �� �r�Q�K���M�-� 0 = 2e2�X

�� �9�k ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

f = ~f + �f
�*�Q�K�T�Q�M�2�M�i �b�B�x�2 ���i

� stop = 10 � 8

�*�Q�K�T�Q�M�2�M�i �b�B�x�2 ���i
� stop = 10 � 12

1P

` =0

�
1

� `
ku` kBV + ku` k2

2

�

�6�B�;�m�`�2 �e�X�3�, �J�B�/�/�H�2�, �.�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�Q�i���H �p���`�B���i�B�Q�M ���M�/ �2�M�2�`�;�v �Q�7u` ���M�/v` �/�m�`�B�M�; �i�?�2 �B�i�2�`���i�B�Q�M �Q�7 �i�?�2
�?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7~f �7�Q�` �/�B�z�2�`�2�M�i �b�i�Q�T�T�B�M�; �i�Q�H�2�`���M�+�2�b�-� 0 = 2e2�X �_�B�;�?�i�, ���+�+�m�`���+�v �Q�7 �i�?�2
�`�2�b�m�H�i���M�i �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �7�Q�` �#�Q�i�? �i�Q�H�2�`���M�+�2�b �B�M �i�2�`�K�b �Q�7 �i�?�2 �2�M�2�`�;�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �h�?�2�Q�`�2�K �9�X�k�X

�A�i �B�H�H�m�b�i�`���i�2�b �?�Q�r �i�?�2 �p���`�B�Q�m�b �ó�i�2�t�i�m�`�2 �2�H�2�K�2�M�i�b�ô �Q�7 ���M�vvm ���`�2 �`�2�b�Q�H�p�2�/ �#�B�i �#�v �#�B�i �r�B�i�? �2�p�2�`�v �7�Q�H�H�Q�r�B�M�;
�M�2�r�H�v �b�+���H�2�/ �B�i�2�`���i�B�Q�M�- �b�Q �i�?�2 �`�2�b�B�/�m���H �b�?�`�B�M�F�b �r�B�i�? �2�p�2�`�v �b�i�2�T�- �r�?�2�`�2���b �i�?�2 �+�m�K�m�H���i�B�p�2 �`�2�b�m�H�i �;�2�i�b �+�H�Q�b�2�`
���M�/ �+�H�Q�b�2�` �i�Q �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f �X ���7�i�2�` �2�B�;�?�i �B�i�2�`���i�B�Q�M�b �U���im = 7 �V�- �i�?�2 �`�2�K���B�M�B�M�; �`�2�b�B�/�m���H �B�b �M�Q�i
�M�Q�i�B�+�2���#�H�2 ���M�v �K�Q�`�2�X �L�Q�i�2 �2�b�T�2�+�B���H�H�v �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i�2�t�i�m�`�2 �/�2�i���B�H ���i �i�?�2 �i�Q�T �Q�7 �i�?�2 �B�K���;�2 �r�?�2�`�2 �i�?�2
�/�B�z�2�`�2�M�i �b�+���H�2�b �Q�7 �i�?�2 �b�+���`�7�ö�b ���M�/ �+�?���B�`�ö�b �i�2�t�i�m�`�2 �/�2�i�2�`�K�B�M�2�- ���i �r�?�B�+�? �b�i�2�T �i�?�2�v ���`�2 �B�M�+�H�m�/�2�/ �B�Mu�X

�A�M �a�2�+�i�B�Q�M �9�X�k�- �A �b�i���i�2�/ �b�Q�K�2 �T�`�Q�T�2�`�i�B�2�b �Q�M �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7
P 1

` =0 u` �i�Qf ���M�/ �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7

�2�M�2�`�;�v �B�M �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- �2�b�T�2�+�B���H�H�v �i�?���i �7�Q�`f 2 BV (
) �B�i �?�Q�H�/�b
P 1

` =0

�
1

� `
ku` kBV + ku` k

2
2

�
= kf k2

2

�U�9�X�N�V�X �A�i �B�b �2�t�T�2�+�i���#�H�2 �i�?���i �B�M �+���b�2 �Q�7 �i�?�2 �M�m�K�2�`�B�+���H ���T�T�`�Q�t�B�K���i�B�Q�M�b �Q�M �2���+�? �K�B�M�B�K�B�b�2�`u` �- �i�?�B�b �2�[�m���i�B�Q�M
�r�B�H�H �M�Q�i �2�t���+�i�H�v �?�Q�H�/ �� �#�m�i �i�?�2 �K�Q�`�2 ���+�+�m�`���i�2 �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M�b ���`�2 �U�B�X�2�X �i�?�2 �b�K���H�H�2�`� stop �V�- �i�?�2 �b�K���H�H�2�`
�i�?�2 �/�B�b�+�`�2�T���M�+�v �r�B�H�H �#�2�X �S�`�2�+�B�b�2�H�v �i�?�B�b �#�2�?���p�B�Q�m�` �+�Q�m�H�/ �#�2 �Q�#�b�2�`�p�2�/ �B�M �K�v �2�t�T�2�`�B�K�2�M�i�b�- ���M�/ �B�b �2�t�2�K�T�H���`�B�H�v
�B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2 �e�X�3 �7�Q�` �i�?�2 �R�k�3�t�R�k�3 �T�B�t�2�H �K�2���M �p���H�m�2 ���/�D�m�b�i�2�/ �B�K���;�2 �Q�7 �i�?�2 �r�Q�K���M~f �X �h�?�2 �K�2���M
�p���H�m�2 ���/�D�m�b�i�K�2�M�i �#�v �r�?�B�+�?~f �i���F�2�b �p���H�m�2�b �B�M[� �f ; 1 � �f ]�- �B�b �/�Q�M�2 �i�Q �`�2�/�m�+�2 �i�?�2 �b�B�x�2 �Q�7kf k2

2 ���M�/ku0k2
2�- �b�Q

�i�?�2 ���+�i�m���H �/�B�z�2�`�2�M�+�2�b �#�2�+�Q�K�2 �K�Q�`�2 �p�B�b�B�#�H�2�X
�A�M �7���+�i�- �i�?�2 �H�2�b�b ���+�+�m�`���i�2 �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M�- �i�?�2 �K�Q�`�2 �/�Q�2�b �i�?�2 �H�2�7�i �?���M�/ �b�B�/�2 �Q�7 �2�[�X �U�9�X�N�V �2�t�+�2�2�/



 ~f



 2

2�X �h�?�2 �`�2���b�Q�M �7�Q�` �i�?�B�b �b�m�T�T�Q�b�2�/�H�v �B�b �i�?�2 �B�M�B�i�B���H�B�b���i�B�Q�Mu(0)
i;j := f (0)

i;j �B�M �2�p�2�`�v �b�i�2�T�- �v�B�2�H�/�B�M�;u(n stop ) �b �r�B�i�?
�`���i�?�2�` �i�Q�Q �?�B�;�? �p���`�B���i�B�Q�M�X �h�?�m�b�- �ó�i�Q�Q �K���M�v �B�M�7�Q�`�K���i�B�Q�M�ô �7�Q�` �i�?�2 �+�m�`�`�2�M�i �b�+���H�2� ` ���`�2 �+�Q�M�i���B�M�2�/ �B�M �2���+�?
u` �X �h�?�2 �[�m���M�i�B�i�B�2�b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �e�X�3 ���H�b�Q �K���F�2 �m�T �i�?�2 �T�Q�b�b�B�#�H�2 �+�`�B�i�2�`�B�� �i�Q �2�M�/ �i�?�2 �B�i�2�`���i�B�Q�M �K�2�M�i�B�Q�M�2�/
�B�M �a�2�+�i�B�Q�M �8�X�j�, �A�i �r���b �T�`�Q�T�Q�b�2�/ �i�Q �2�B�i�?�2�` �K�2���b�m�`�2ku` k

2
2 �Q�k̀v` � 1k2

2 � k v` k
2
2 �#�2�H�Q�r �b�Q�K�2 �T�`�2���b�b�B�;�M�2�/

�p���H�m�2�X �o�B�b�m���H�H�v�- �B�M �6�B�;�m�`�2 �e�X�d�-v` ���T�T�2���`�b �ó�2�K�T�i�v�ô ���7�i�2�` �R�y �b�i�2�T�b�- �b�Q ���7�i�2�`�r���`�/�b �M�Q �b�B�;�M�B�}�+���M�i �+�?���M�;�2�b
�b�?�Q�m�H�/ �Q�+�+�m�`�- ���M�/ �i�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �`���T�B�/ �/�2�+�`�2���b�2 �Q�7ku` kBV �-ku` k

2
2 ���M�/kv` k

2
2 ���7�i�2�` �7�Q�`` � 10�X

�6�B�M���H�H�v�- �A �+�Q�K�T���`�2 �i�?�2 �T�H���B�M �7�Q�`�r���`�/ �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 ���H�;�Q�`�B�i�?�K �k �m�b�2�/ �b�Q �7���` �r�B�i�? �i�?�2 �`�2�b�m�H�i�b �v�B�2�H�/�2�/
�#�v �i�?�2 ���/�/�B�i�B�Q�M���H �#���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M �9�X�j ���M�/ ���H�;�Q�`�B�i�?�K �j�X �h�Q �/�Q �b�Q�- �A �/�2�+�Q�K�T�Q�b�2
�i�?�2 �b���K�2 �B�K���;�2 ���b �#�2�7�Q�`�2 �Q�M �i�?�2 �Q�M�2 �?���M�/ �}�p�2 �b�i�2�T�b �7�Q�`�r���`�/�- �b�i���`�i�B�M�; ���i� 0 = 2 � 102 ���M�/ �}�M�B�b�?�B�M�; ���i
� 4 = 3 :2 � 103�- ���M�/ �Q�M �i�?�2 �Q�i�?�2�` �?���M�/ �i�?�`�2�2 �i�B�K�2�b �#���+�F�r���`�/ ���M�/ �Q�M�+�2 �7�Q�`�r���`�/�- �b�i���`�i�B�M�; ���i� 0 = 1 :6 � 103�-
�i�?�m�b �b�+���H�B�M�; �/�Q�r�M �m�M�i�B�H� � 3 = 2 � 102 ���M�/ ���7�i�2�`�r���`�/�b �;�Q�B�M�; �m�T �i�Q� 1 = 3 :2 � 103�X �"�v �i�?���i�- �i�?�2 �B�K���;�2
�B�b �2�p���H�m���i�2�/ ���i �i�?�2 �b���K�2 �b�+���H�2�b �B�M �#�Q�i�? �+���b�2�b�- ���M�/ �b�?�Q�m�H�/ �Q�T�i�B�K���H�H�v �`�2�b�m�H�i �B�M �p�2�`�v �b�B�K�B�H���` �?�B�2�`���`�+�?�B�+���H
�/�2�+�Q�K�T�Q�b�B�i�B�Q�M�b�X �h�?�2 �`�2�b�m�H�i�b ���`�2 �p�B�b�m���H�B�b�2�/ �B�M �6�B�;�m�`�2 �e�X�N ���M�/ �b�?�Q�r�- �?�Q�r �r�2�H�H �K�v �T�`�Q�T�Q�b�2�/ �B�M�B�i�B���H�B�b���i�B�Q�M
�T�`�Q�+�2�/�m�`�2 �7�Q�` �+���T�i�m�`�B�M�; �T�Q�b�b�B�#�H�v �K�B�b�b�B�M�; �b�+���H�2�b �B�M �i�?�B�b �+���b�2 �r�Q�`�F�b�- ���b �#�Q�i�? �T�`�Q�+�2�/�m�`�2�b �v�B�2�H�/ �p�B�b�m���H�H�v �p�2�`�v
�b�B�K�B�H���` �B�K���;�2�b ���i �2���+�? �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�+���H�2�X

�� �9�j ��



�e �L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

�S�H���B�M �7�Q�`�r���`�/ �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �6�Q�`�r���`�/ �/�2�+�Q�K�T�X �r�B�i�? �#���+�F�r���`�/�b �B�M�B�i�B���H�B�b���i�B�Q�M
u0 v0 û� 3 = u� 3 v� 3

P 1
` =0 u` v1 û� 2 =

P � 2
` = � 3 u` v� 3

P 2
` =0 u` v2 û� 1 =

P � 1
` = � 3 u` v� 1

P 3
` =0 u` v3 û0 =

P 0
` = � 3 u` v0

P 4
` =0 u` v4

P 1
` = � 3 u` v1

�6�B�;�m�`�2 �e�X�N�, �*�m�K�m�H���i�B�p�2 �`�2�b�m�H�i�b ���M�/ �`�2�b�B�/�m���H�b �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���i �i�?�2 �b���K�2 �b�+���H�2�b�- �r�?�2�M
���T�T�H�v�B�M�; �i�?�2 �T�`�Q�+�2�/�m�`�2 �r�B�i�?�Q�m�i �U�H�2�7�i�V ���M�/ �r�B�i�? �U�`�B�;�?�i�V �#���+�F�r���`�/ �B�M�B�i�B���H�B�b���i�B�Q�M�X �>�2�`�2�-� 0 = 2e2 �`�2�b�T�X
� 0 = 1 :6e3�X

�� �9�9 ��



�d
�*�Q�M�+�H�m�b�B�Q�M

�A�M �i�?�B�b �i�?�2�b�B�b�- �A �/�B�b�+�m�b�b�2�/ �r�?�vBV (
) �B�b �� �T�`�Q�T�2�` �b�T���+�2 �i�Q �`�2�T�`�2�b�2�M�i �ó�2�b�b�2�M�i�B���H �7�2���i�m�`�2�b�ô �Q�7 ���M �B�K���;�2
f 2 L 2(
) �- ���M�/ �?�Q�r �i�?�2�b�2 �K���v �#�2 �2�t�i�`���+�i�2�/ �B�M ���M �B�K���;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�Mf = u� + v� �(�k�y�)�X �h�?�2 �/�B�b�+�m�b�b�B�Q�M�b
�B�M �*�?���T�i�2�`�b �k ���M�/ �j ���M�/ �i�?�2 �`�2�b�m�H�i�b �7�`�Q�K �a�2�+�i�B�Q�M �e�X�R �b�?�Q�r �i�?���i �i�?�B�b�_�P�6 �K�Q�/�2�H�Q�M �i�?�2 �Q�M�2 �?���M�/ �B�b
�2�z�2�+�i�B�p�2 �B�M �`�2�K�Q�p�B�M�; �M�Q�B�b�2 ���M�/ �Q�i�?�2�` �b�T�m�`�B�Q�m�b �Q�b�+�B�H�H���i�B�Q�M�b �7�`�Q�K �B�K���;�2�b�- �b�B�M�+�2 �i�?�2�b�2 ���`�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? ��
�?�B�;�? �i�Q�i���H �p���`�B���i�B�Q�M ���b �b�i���i�2�/ �B�M �(�k�k�) ���M�/ �/�2�b�+�`�B�#�2�/ �B�M �1�t���K�T�H�2 �k�X�N�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �K�B�M�B�K�B�b���i�B�Q�M
�Q�7 �i�Q�i���H �p���`�B���i�B�Q�M �v�B�2�H�/�b �� �`�2�H���i�B�p�2�H�v �b�B�K�T�H�B�}�2�/ ���M�/ �b�K�Q�Q�i�?�2�M�2�/ �B�K���;�2 �B�M �i�2�`�K�b �Q�7 �G�2�K�K�� �k�X�R�k �#�V�i�?���i
�+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�b �U�G�2�K�K�� �k�X�R�k ���V�V�X �h�?�2 �p���H�m�2�b �Q�7u� �`�2�K���B�M �B�M �i�?�2 �`���M�;�2 �Q�7f
�(�R�e�- �T���;�2 �j�e�)�- ���M�/ �i�?�2�_�P�6 �K�Q�/�2�H�/�Q�2�b �m�b�m���H�H�v �M�Q�i �ó�T�`�Q�/�m�+�2 �M�2�r �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b�ô �(�9�- �T���;�2 �k�N�8�)�X

�>�Q�r�2�p�2�`�- �K�Q�b�i �B�K�T�Q�`�i���M�i�H�v �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�B�b �i�?�2�b�B�b �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2�_�P�6
�K�Q�/�2�H�, �_�Q�m�;�?�H�v �b�T�2���F�B�M�;�- �#�v �K�B�M�B�K�B�b�B�M�; �U�_�P�6�V�- �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 ���M �B�K���;�2 �i�?���i �+���M �T�`�Q�T�2�`�H�v �#�2
�/�2�b�+�`�B�#�2�/ ���M�/ �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2BV �b�T���+�2 �� �T���`�i�B�+�m�H���`�H�v �2�/�;�2�b ���M�/ �H���`�;�2 �?�Q�K�Q�;�2�M�2�Q�m�b �`�2�;�B�Q�M�b �� ���`�2
�#�2�B�M�; �b�2�T���`���i�2�/ �7�`�Q�K �i�?�2 �`�2�b�i�- �7�Q�` �B�M�b�i���M�+�2 �7�`�Q�K �M�Q�B�b�2 ���M�/ �i�2�t�i�m�`�2�X �h�Q �i�?�B�b �M�Q�i�B�Q�M�- �h�?�2�Q�`�2�K �j�X�9 �(�+�7�X �R�e�)
�;�B�p�2�b ���M �2�b�b�2�M�i�B���H �b�i���i�2�K�2�M�i �Q�M �i�?�2 �M���i�m�`�2 �Q�7 �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�, �A�i �b�?�Q�r�b �?�Q�r �i�?�2 �i�m�M�B�M�; �T���`���K�2�i�2�`� > 0
�b�2�i�b �� �+�m�i �B�M �i�?�2�_�P�6 �K�Q�/�2�H�ö�b �/�B�b�i�B�M�+�i�B�Q�M �#�2�i�r�2�2�M �ó�+���`�i�Q�Q�M�B�b�? �T���`�i�b�ô ���M�/ �ó�i�2�t�i�m�`�2�ô�X �A�K���;�2 �+�Q�K�T�Q�M�2�M�i�b
�ó�/�Q�r�M �i�Q �b�+���H�2�ô1/2 � ���`�2 �+���T�i�m�`�2�/ �B�Mu� �- �r�?�2�`�2���b �i�?�2 �i�2�t�i�m�`�2 �ó�#�2�H�Q�r �i�?�B�b �b�+���H�2�ô �`�2�K���B�M�b �B�M �i�?�2 �`�2�b�B�/�m���H
v� �X �h�?�m�b�- �i�?�2 �T���`���K�2�i�2�`� �/�2�i�2�`�K�B�M�2�b �r�?�B�+�? �2�H�2�K�2�M�i�b �#�2�H�Q�M�; �i�Q �r�?�B�+�? �T���`�i �Q�7 �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�- ���M�/
�h�?�2�Q�`�2�K �j�X�9 �2�p�2�M �[�m���M�i�B�}�2�b �i�?�B�b �#�2�?���p�B�Q�m�` �B�M �i�2�`�K�b �Q�7 �i�?�2 �/�m���H �M�Q�`�Kk�k� �X

�A�M �i�?�2 �b�2�+�Q�M�/ �T���`�i �Q�7 �i�?�2 �i�?�2�b�B�b�- �i�?�2 �?�B�2�`���`�+�?�B�+���H(BV; L 2) �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 ���M �B�K���;�2 �(�k�k�) �r���b
�/�B�b�+�m�b�b�2�/�X �A�i �v�B�2�H�/�b �� �K�m�H�i�B�b�+���H�2 �B�K���;�2 �`�2�T�`�2�b�2�M�i���i�B�Q�Mf �

P m
` =0 u` �B�M �r�?�B�+�? �i�?�2 �p���`�B�Q�m�b �+�Q�K�T�Q�M�2�M�i�b �Q�7f

���`�2 �+���T�i�m�`�2�/ �B�M �/�B�z�2�`�2�M�i �B�M�b�i���M�+�2�b�, �a�i���`�i�B�M�; �r�B�i�? �� �p�2�`�v �b�B�K�T�H�B�}�2�/�- �ó�+���`�i�Q�Q�M�B�b�?�ô �p�2�`�b�B�Q�M �Q�7 �i�?�2 �B�K���;�2�- �B�i�b
�i�2�t�i�m�`�2 �B�b �`�2�b�Q�H�p�2�/ �b�i�2�T �#�v �b�i�2�T�- �m�M�i�B�H �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2 �B�b �}�M���H�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/�X �A�M �r�?�B�+�? �B�M�b�i���M�+�2u` �2���+�?
�+�Q�K�T�Q�M�2�M�i �2�M�/�b�- �B�b �i�?�2�`�2�#�v �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�+���H�2� ` = 2 ` � 0�, ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �`�2�b�m�H�i�b
�Q�7 �h�?�2�Q�`�2�K �j�X�9�-u` �+�Q�M�b�B�b�i�b �T�`�2�+�B�b�2�H�v �Q�7 �i�?�2 �2�H�2�K�2�M�i�b �Q�7f �r�?�B�+�? �H�B�2 �#�2�i�r�2�2�M �b�+���H�21/ � ` ���M�/1/2 � ` �X �h�?�2
�p�B�b�m���H �`�2�b�m�H�i�b �7�`�Q�K �K�v �2�t�T�2�`�B�K�2�M�i�b �B�M �a�2�+�i�B�Q�M �e�X�k �b�?�Q�r�- �?�Q�r �i�?�B�b �i�?�2�Q�`�2�i�B�+���H �+�?���`���+�i�2�` �Q�7 �i�?�2 �?�B�2�`���`�+�?�B�+���H
�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �`�2�b�Q�H�p�B�M�; �}�M�2�` �i�2�t�i�m�`�2 �B�M �2���+�? �b�i�2�T�- �+���M ���H�b�Q �#�2 �Q�#�b�2�`�p�2�/ �B�M �T�`���+�i�B�+�2�X

�Z�m�Q�i�B�M�; �(�k�k�)�- �i�?�2 �b�m�Kf �
P m

` =0 u` �ó�T�`�Q�p�B�/�2�b �� �K�m�H�i�B�H���v�2�`�2�/ �/�2�b�+�`�B�T�i�B�Q�M �Q�7f �ô �r�?�B�+�? �H�B�2�b �T�`�2�+�B�b�2�H�v
�B�M �i�?�2 �ó�B�M�i�2�`�K�2�/�B���i�2 �b�+���H�2 �Q�7 �b�T���+�2�b�- �B�M �#�2�i�r�2�2�MBV ���M�/L 2�ô�- ���M�/ �i�?�B�b �K�m�H�i�B�b�+���H�2(BV; L 2) �2�t�T���M�b�B�Q�M
�ó�B�b �T���`�i�B�+�m�H���`�H�v �b�m�B�i���#�H�2 �7�Q�` �B�K���;�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�ô�X �6�m�`�i�?�2�`�K�Q�`�2�- ���b �/�B�b�+�m�b�b�2�/ �B�M �h�?�2�Q�`�2�K �9�X�R�- �i�?�2 �b�m�K
�+�Q�M�p�2�`�;�2�b �r�2���F�H�v �i�Q �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2f �c �B�7f �B�b �Q�7 �#�Q�m�M�/�2�/ �p���`�B���i�B�Q�M�- �2�p�2�M �b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2 �B�b ���i�i���B�M�2�/
�U�+�7�X �h�?�2�Q�`�2�K �9�X�k�V�X �A�M �7���+�i�- �B�M �K�v �2�t�T�2�`�B�K�2�M�i�b ���H�`�2���/�v ���7�i�2�` �7�2�r �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �b�i�2�T�b�- �i�?�2 �Q�`�B�;�B�M���H �B�K���;�2�b
�r�2�`�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/ �U�+�7�X �6�B�;�m�`�2 �e�X�8 ���M�/ �6�B�;�m�`�2 �e�X�d�V�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �2�z�2�+�i�b �+�?���`���+�i�2�`�B�b�i�B�+ �7�Q�` �i�?�2�_�P�6
�K�Q�/�2�H�b�i�B�H�H ���T�T�H�v �i�Q �i�?�2 �?�B�2�`���`�+�?�B�+���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�, �1�b�T�2�+�B���H�H�v �B�M �i�?�2 �}�`�b�i �B�M�b�i���M�+�2�b�- �T�Q�i�2�M�i�B���H �M�Q�B�b�2 �B�b
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