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Abstract

Image registration is an essential component of image processing with a wide range
of applications, particularly in the medical field. The goal of image registration is to
determine optimal deformations that align two or more images. Our contributions to
this field are twofold.

First, we analyze 3D/2D registration problems. A particular challenge with such regis-
tration problems is that a 3D deformation is sought based on 2D data. Since typically
regularization is utilized to ensure the existence of reasonable solutions, the question
arises of which regularization is appropriate for 3D/2D registration.
We address this question and prove the suitability of a class of second-order regularizers.
We additionally prove that first-order regularizers are generally not appropriate. Fur-
thermore, we show that our working assumptions apply for common settings of 3D/2D
registration and we also extend our results to registration problems of other dimensions.
Our analysis contributes to a more comprehensive understanding of image registration
problems.

Second, we present the new residual neural network-based registration approach RNR.
This method enables the registration of multiple consecutive images. Moreover, the
method ensures diffeomorphic deformations under certain conditions. This is a desir-
able property in many applications, as diffeomorphisms are invertible and sustain image
features.
We show that RNR is theoretically sound and provide a comprehensive validation. In
particular, we demonstrate that the method allows for larger deformations than com-
parative approaches and has competitive speed. Finally, we apply the method to build
a breathing model, which in turn forms the basis for respiratory surface electromyogra-
phy modeling. The latter is a highly relevant field that is used, for example, to improve
mechanical ventilation for patients.
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Zusammenfassung

Bildregistrierung ist eine wesentliche Komponente der Bildverarbeitung mit einem brei-
ten Anwendungsspektrum, insbesondere im medizinischen Bereich. Das Ziel der Bildre-
gistrierung besteht darin optimale Deformationen zu berechnen, welche zwei oder mehr
Bilder in Übereinstimmung bringen. Die Beiträge dieser Arbeit umfassen zwei Themen.

Zunächst analysieren wir 3D/2D Registrierungsprobleme. Die Schwierigkeit dieser Auf-
gabe besteht darin, dass eine 3D Deformation gesucht wird, ein Teil der Daten jedoch nur
2D Informationen enthält. Da typischerweise Regularisierer verwendet werden, um die
Existenz von sinnvollen Deformationen sicherzustellen, stellt sich die Frage, welche Re-
gularisierung für die 3D/2D Registrierung geeignet ist.
Wir befassen uns mit dieser Frage und beweisen, dass eine Klasse von Regularisierern
zweiter Ordnung geeignet ist. Wir zeigen zudem, dass Regularisierer erster Ordnung
dies im Allgemeinen nicht sind. Darüber hinaus weisen wir nach, dass die hierfür ge-
troffenen Annahmen für gängige Methoden der 3D/2D Registrierung gelten. Außerdem
erweitern wir unsere Ergebnisse auf Registrierungsprobleme in anderen Dimensionen.
Mit unserer Analyse tragen wir zu einem umfassenden Verständnis von Registrierungs-
problemen bei.

Im zweiten Teil dieser Arbeit stellen wir die neue Registrierungsmethode RNR vor, wel-
che auf Residual Neural Networks basiert. RNR ermöglicht die Registrierung mehre-
rer zeitlich aufeinanderfolgender Bilder. Zudem garantiert die Methode unter gewissen
Bedingungen diffeomorphe Deformationen. Dies ist in vielen Anwendungen eine wün-
schenswerte Eigenschaft, da Diffeomorphismen invertierbar sind und bestimmte Bild-
merkmale erhalten.
Wir zeigen, dass unsere Methode theoretisch fundiert ist und liefern eine umfangreiche
Validierung. Insbesondere weisen wir nach, dass RNR größere Deformationen ermög-
licht als Vergleichsmethoden und eine vergleichbare Geschwindigkeit hat. Abschließend
wenden wir die Methode an, um ein Atemmodell zu erstellen, welches wiederum die
Grundlage für die Modellierung von Oberflächen-Elektromyographie-Signalen der At-
mung bildet. Letzteres ist ein hochrelevanter Themenbereich, der beispielsweise zur Ver-
besserung der künstlichen Beatmung eingesetzt wird.
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CHAPTER 1

Introduction

Image registration is a fundamental task in image processing; see e.g. [6, 7, 8] and ref-
erences therein. The aim of image registration is to �nd geometrical correspondences
between two or more images [6]. This task requires a solid theoretical foundation as
well as practical approaches [9]. A solid theoretical analysis is necessary to develop rea-
sonable registration methods, which are in turn needed in applications.
In this thesis, we contribute both to the theoretical analysis of image registration prob-
lems and to the development of practical registration methods.

In this �rst chapter, we introduce the topic of image registration as well as the contribu-
tions of this thesis. More precisely, in Sec. 1.1, the general image registration problem
and different approaches to solve it are discussed. Then in Sec. 1.2, we present the top-
ics addressed in this thesis and our contributions to them. In Sec. 1.3, we describe the
structure of this work.

1.1 Image Registration

In the following, we give an introduction to image registration. For a more detailed
description, we refer e.g. to [8, 9, 10].

Given two images that were taken, for example, at different times or with different de-
vices, the goal of image registration is to determine a reasonable deformation such that
a transformed version of the �rst image resembles the second one [11]. Of particular
interest is the registration of two images [12], but there are also approaches for multiple
images; see e.g. [13, 14]. An exemplary application of a registration with 3D torso images
acquired using magnetic resonance imaging (MRI) is shown in Fig. 1.1.
Image registration has a wide range of applications, particularly in the medical �eld [15].
Medical applications range from computer-assisted diagnosis to computer-aided ther-
apy and surgery [6]. For example, image registration can be used for the treatment ver-
i�cation of pre- and post-intervention images. Registration is also useful for the fusion
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1.1. Image Registration

End-Expiratory MRI End-Inspiratory MRI
End-Expiratory MRI

after Registration

Figure 1.1: Exemplary registration of 3D MRI torso images: The end-expiratory image is de-
formed to resemble the end-inspiratory image. The deformation is calculated with the new regis-
tration approach presented in Ch. 4. The red dashed line marks the position of the diaphragm as
an indication for the image alignment. For details on the registration method and the visualized
data see Ch. 4.

of the complementary information provided by multimodal imaging techniques such as
computer tomography (CT) and MRI [9]. In addition to the medical �eld, image registra-
tion also has applications in other areas where imaging techniques are employed, such
as biology, chemistry, astronomy and criminology [15].

Therefore, image registration has been intensively researched in the last decades. For an
overview of the development of image registration over the years, we refer to the survey
articles [7, 8, 16, 17, 18, 19, 20, 21, 22, 23], which have been published consecutively in the
listed order from 1998 to the present. Additionally, there are a number of comprehensive
introductions to image registration; see e.g. [6, 9, 10, 11, 15, 24].

Furthermore, image registration is closely related to the problem of determining an op-
tical �ow; see e.g. [25]. Optical �ow approaches model an image as a function in space
and time and are typically based on the assumption that image intensities are preserved
over time [25]. Seminal works were presented by Horn and Schunck [26] and Lucas and
Kanade [27] in 1981.

1.1.1 From Optimization-Based to Learning-Based Registration

In general, image registration methods can be roughly divided into classical optimization-
basedand learning-based approaches. The survey articles [7, 16, 17, 18, 19, 22] provide an
overview of classical optimization-based registration, whereas reviews of learning-based
registration are presented in [8, 19, 20, 21, 22, 23], with both article lists arranged in or-
der of publication. The advantages and disadvantages of classical optimization- and
learning-based registration methods are discussed widely in the literature; see e.g. [8,
22, 28, 29, 30]. Below we summarize the ideas as well as the main advantages and disad-
vantages of both categories.

In classical optimization-based approaches the registration is performed by minimiz-
ing an energy functional for an image pair [29]. The functional takes the similarity of
the images into account and thereby determines a deformation to solve the registration
problem. In addition, a regularization term is typically included in the functional to en-
sure existence of a reasonable solution [15].

2



1. Introduction

Classical optimization-based registration methods are generally well-established and
supported by solid mathematical theory; see e.g. [9]. Furthermore, such methods are ro-
bust and generalizable, which makes them suitable for a wide range of applications [30].
As the optimization process is speci�c to each image pair, high registration accuracy is
usually achieved [30, 31].
The main disadvantage of classical registration methods is that most of them are slow
and computationally expensive [8, 30, 31]. Although parallelized GPU implementations
enable a signi�cant acceleration of these methods, most classical methods are only im-
plemented in a slower CPU version [30]. In addition, the registration quality depends on
the local minimum achieved, which in turn mainly depends on the selected optimization
strategy and initialization [29]. Thus, good registration accuracy is only obtained with
appropriate optimization methods.

In the last decade, learning approaches based on neural networks have rapidly advanced
and show promising results for the image registration task [8, 31]. Learning-based reg-
istration methods take a pair of images as input to a neural network and output a defor-
mation that aligns the images. The network is trained by optimizing a global objective
functional on a training dataset, which contains many image pairs. After training, the
network can be directly applied to new image pairs without further optimization [8].
Learning-based registration methods can be broadly categorized as supervised or unsu-
pervised [8]. Initially, mainly supervised approaches emerged [8]. Supervised registra-
tion methods such as [32, 33] use ground truth transformations during the training pro-
cess. Since, in contrast to other applications of learning-based approaches, ground truth
is not usually available for image registration problems [19], it is determined either man-
ually or using a classical registration method [30]. However, generating ground truth
deformations in this way is time consuming and means that supervised methods are
not able to outperform classical approaches. Therefore, primarily unsupervised meth-
ods were developed in recent years, as these do not require ground truth deformations;
see e.g. [34, 35]. Instead, similar to classical approaches, the objective functional in these
methods takes the similarity between the images into account [8].
The main advantage of learning-based methods is that registration is very fast once the
network has been trained [8, 31]. Usually the registration takes less than a second [28].
Furthermore, it is possible to include additional information such as anatomical land-
marks into the training data, which also improves the registration of unseen image pairs
for which this information is not available [30]. In addition, the global objective func-
tional is optimized with respect to many image pairs. According to [8], this can be con-
sidered as implicit regularization, which compensates for noisy or misleading gradients
that can lead to suboptimal local minima. Moreover, learning-based methods commonly
utilize the concept of automatic differentiation, see e.g. [36], which allows to easily and
exactly determine gradients that are required for optimization and are dif�cult to calcu-
late manually [29].
Probably the most signi�cant disadvantage of learning-based methods is that they in
general require a large amount of training data [30]. Additionally, so far learning-based
methods do not have good generalization capabilities [30, 31]. For example, in [30] net-
works are trained on one brain dataset, but these networks do not perform well on other
datasets of the same anatomy. A major challenge with learning-based methods is choos-
ing an appropriate network structure, as the architectural choice signi�cantly affects the
registration quality [31]. Also the tuning of hyperparameters, which typically occur in
greater numbers than in classical methods, is still a dif�culty [30]. Moreover, as with
classical optimization-based registration approaches, the registration accuracy is depen-

3



1.1. Image Registration

dent on the selected optimization method. However, in contrast to optimization-based
methods, classic termination conditions are generally not used. Instead, the optimiza-
tion is usually performed for a �xed number of iterations, see e.g. [34, 35], which does
not guarantee that a minimum will be reached.

At the present time, both classical optimization- and learning-based approaches are top-
ics of investigation in the image registration community. Although learning-based meth-
ods outperform classical methods in several experiments [35, 37], there are many other
datasets for which classical methods still perform better in terms of accuracy [29, 30, 38].

A mixture of optimization- and learning-based approaches is given by methods based
on so-called implicit neural representations(INRs), also known as neural �elds [39]. A new
INR-based registration method will be presented later in this work.
In contrast to the learning-based approaches described above, the idea behind INR-
based registration approaches is not to use neural networks to predict a deformation,
but rather to represent a deformation [38]. Therefore, INR-based registration can be
considered a speci�c type of parametric registration; see e.g. [6, 9] for classical paramet-
ric registration approaches. As with classical optimization-based methods, INR-based
methods perform an optimization for each image pair [8]. More precisely, for each im-
age pair a network is trained, which takes as input a spatial coordinate and outputs a
function value [8]. INRs are used either to directly represent a deformation [31, 39, 40]
or to represent a velocity �eld, which is then integrated to obtain a deformation [38, 39].
One type of neural networks used in many INR-based registration methods are residual
neural networks(ResNets); see e.g. [28, 41]. An introduction to ResNets and the motiva-
tion for using them in registration methods is given in Sec. 4.1.
Registration methods based on INRs combine advantages from classical optimization-
and learning-based approaches: As with classical approaches, high registration accu-
racy can be achieved [39] and no large datasets are required for training [42], since a
network is trained speci�cally for each image pair. As with other learning-based ap-
proaches, the concept of automatic differentiation enables easy and precise calculation
of gradients [38]. Moreover, INR-based methods yield continuous (generally also differ-
entiable) deformations that can be evaluated directly at any position without the need for
interpolation [8, 42]. Unlike the learning-based approaches discussed above, the same
model can be used regardless of the image resolution [38]. Therefore, also the memory
requirements are not limited by the resolution of the images [42].
One disadvantage of INR-based methods compared to the learning-based methods de-
scribed above is that training a network for each image pair is computationally more
intensive and time-consuming than the evaluation of a pre-trained network [42]. In ad-
dition, the registration quality of INR-based methods depends signi�cantly on the se-
lected network structure [31].
Despite these drawbacks, INR-based image registration has proven to be useful and has
gained popularity in recent years; see e.g. [31, 38, 39, 40].

A frequently used approach is also to combine different forms of registration meth-
ods [43]; such as using a learning-based method described above to derive an initial
registration, which is then re�ned using an INR-based method [44].

1.1.2 3D/2D Registration
A particular class of image registration problems is addressed by 3D/2D registration.
The goal of 3D/2D registration is to align a 3D image with a 2D image [45]. As the con-
sidered images have different dimensionality, this type of registration poses particular
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1. Introduction

challenges that have not yet been fully resolved [45]. This is our motivation for consid-
ering 3D/2D registration in one part of this thesis.

Registration of 3D to 2D data often occurs in image-guided interventions, for instance in
cardiology [46], neurology [47] or orthopedics [48]. For example, such problems arise in
a clinical setting when pre-operative data is combined with intra-operative data to im-
prove safety and accuracy of the intervention [49]. Usually, 3D scans such as CT or MRI
volumes are acquired pre-operatively in order to plan the treatment [49, 50]. During the
intervention generally only 2D scans such as cine MRI slices, ultrasound (US) images or
projective X-ray scans are available, for example due to time or dose constraints [49, 50].
Obviously, using the 3D data in combination with the intra-operative 2D data allows
for easier and better guidance and monitoring during the surgery, which leads to re-
duced invasiveness and increased accuracy [49]. 3D/2D image registration enables this
by aligning the 3D data to the 2D data.

In recent years, 3D/2D image registration has gained widespread attention [45]. For an
overview of 3D/2D registration approaches, we refer to the survey articles [45, 49, 51].
All approaches have in common that the 3D and 2D data have to be brought into di-
mensional correspondence [49]. This can be achieved either by transforming the 3D data
into 2D (using projection) or by transforming the 2D data into 3D (using reconstruction
or back-projection). While registration methods based on the former strategy maximize
the similarity between 2D images, methods based on the latter approach compare 3D im-
ages [49]. Transforming 2D data into 3D is a non-trivial task [52], whereas projection of
3D data to 2D requires less model assumptions. In this thesis, we therefore focus on the
projective approach, i.e. the determination of a 3D deformation that aligns the projected
3D image with a provided 2D image.

A particular case of 3D/2D registration is volume-to-slice registration; see e.g. [53] for a
review of volume-to-slice registration methods. In this case the 2D image is given by
a slice of a 3D volume instead of, for example, a projective image as in X-ray imaging.
Several applications require volume-to-slice registration [53]. For example, in [50], the
registration of 3D CT volumes and 2D US slices is considered in the context of liver
surgeries.

1.2 Contributions of this Thesis

In this thesis, we contribute to the theoretical foundation of image registration and to the
development of practical registration methods:

1. We investigate which type of regularization is appropriate for 3D/2D registration.
Our theoretical analysis contributes to a more comprehensive understanding of
3D/2D registration.

2. We develop a new registration approach based on residual neural networks, called
RNR. This method enables the computation of multiple deformations describing
the motion of an object at successive time points.

Parts of the contents have already been published by the author; see [2] and [4].
Next, we describe the motivation and our contributions to each of the topics in detail.
Works on these topics precede ours are discussed within the respective chapters.
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1.2. Contributions of this Thesis

1.2.1 Appropriate Regularization in 3D/2D Registration

As one part of this thesis, we analyze the impact of the regularization on the registration
of 3D to 2D data.

A regularization term is usually included in the energy functional that is optimized to
solve the image registration problem. This is because regularization ensures the exis-
tence of reasonable solutions [15]. While regularization is well understood for the regis-
tration of 2D to 2D data and 3D to 3D data, see e.g. [54], little is known about regulariza-
tion for 3D to 2D registration.
In the following, we assume that solutions of the registration problem exist and focus on
their plausibility. As outlined above, 3D/2D registration is characterized by the fact that
a 3D deformation is sought, but one of the images is only 2D. In many applications it is
reasonable to assume that this 2D data is representative for the 3D domain [50]. Hence,
the regularizer should ensure that the information given on the 2D set is transferred to
the 3D domain. In order to realize this, the regularization should be chosen such that the
resulting 3D deformation is suf�ciently smooth. An appropriate class of deformations is
formed by continuously differentiable deformations; see e.g. [50, 55].

In this work, we address the question of which type of regularization guarantees con-
tinuously differentiable deformations in 3D/2D registration. More precisely, we analyze
the impact of the regularization order, i.e. the order of the derivative in the regulariza-
tion term. The reason for this is that the order of the regularizer signi�cantly affects the
deformation. Our main result is that speci�c second-order regularizers are suf�cient to
guarantee continuous differentiability of the deformations (Th. 3.13), while �rst-order
regularizers are generally not (Th. 3.15).

In detail, our contributions are the following:

• To highlight the impact of the regularization in 3D/2D registration, we reproduce
a numerical experiment of Heldmann and Papenberg [50]. In this experiment, two
3D/2D registrations are performed, one with �rst-order regularization and one
with second-order regularization (Exp. 3.1). The experiment shows that the regu-
larization order has a signi�cant in�uence on the registration result.

• We formulate easily veri�able assumptions that enable us to make provable state-
ments about the regularization in 3D/2D registration (Ass. 3.1–3.3).

• Based on the aforementioned assumptions, we prove that second-order regulariza-
tion guarantees continuously differentiable deformations (Th. 3.13). The main tool
in the proof is the Sobolev embedding theorem.

• We prove that �rst-order regularizers generally do not guarantee continuously dif-
ferentiable deformations. More precisely, we provide a large class of examples
with �rst-order regularization that fails to generate continuously differentiable de-
formations (Th. 3.15).

• We show that our working assumptions are satis�ed for common practical 3D/2D
registration problems (Sec. 3.4).

• We prove generalizations of the previous results to registration problems of dimen-
sions other than 3D/2D. In particular, we show that speci�c second-order regular-
izers are also required for 3D/1D and 2D/1D registration (Th. 3.19 and Th. 3.20).
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For the cases of 3D/3D and 2D/2D registration, however, already speci�c �rst-
order regularizers are appropriate (Th. 3.21). For registration settings with higher
dimension, we argue that higher order regularizers may be necessary (Sec. 3.5).

1.2.2 A New Registration Method Based on Residual Neural Networks

In this thesis, we also introduce the new registration approach RNR. The purpose of this
method is to determine multiple deformations that represent a movement at successive
time points. In addition, RNR guarantees diffeomorphic deformations under certain
conditions. This is a desired property for many applications, since diffeomorphisms are
invertible and preserve properties in the deformed image; see [29] for an introduction to
diffeomorphic image registration.

One application of such a method, which we also consider in this work, comes from
the �eld of respiratory surface electromyography (sEMG) modeling. Respiratory sEMG
modeling is a highly relevant �eld that is used, for instance, to improve mechanical ven-
tilation of patients [5]. To model respiratory sEMG signals, the breathing movement
itself must �rst be modeled. More precisely, the 3D torso deformation at multiple time
points between end-expiration and end-inspiration are needed [5].
In the end-expiratory and end-inspiratory phase, 3D images can be recorded while the
patient is holding their breath. However, in between these phases, i.e. during the breath-
ing process, the acquisition of 3D data is dif�cult and costly [56]. Therefore, a common
alternative is to take 2D images during breathing [56]. In order to determine the 3D de-
formation at the time points between end-expiration and end-inspiration, a registration
method is required that takes into account several successive time points.

Our new registration method RNR allows to solve such registration problems. RNR
includes data from multiple successive time points and computes deformations that rea-
sonably build on each other. The method is an INR-based approach, more precisely a
ResNet is used; see Sec. 4.2.
In this work, the method is thoroughly investigated, including its application for respi-
ratory sEMG modeling.

In detail, our contributions are the following:

• We present the new registration method RNR (Sec. 4.2). This method is developed
by adapting the INR-based registration approach of Ben Amor et al. [41]. We ad-
just the network structure and include data from multiple time points to meet the
requirements of the considered registration task.

• We analyze whether the existence of solutions to the minimization problem within
RNR is guaranteed. We prove that an explicit regularization term is required
(Th. 4.1). In addition, we provide an appropriate regularization term, which en-
sures existence of solutions (Th. 4.3).

• We analyze whether the deformations determined with RNR are diffeomorphic.
More precisely, we show that the analytical solution approximated by RNR is dif-
feomorphic (Th. 4.6). For the discretized solution, we present conditions which
guarantee diffeomorphisms (Th. 4.7). These conditions are included as a penalty
in our registration method.

• We introduce an implementation of RNR in Python based on the code basis of
Wolterink et al. [38] (Sec. 4.5).
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• We present a comprehensive experimental validation of RNR on multiple datasets
(Exp. 4.11–4.20). For the evaluation, we visualize registration results and compute
different quantitative evaluation measures.

• We validate the plausibility of RNR. More precisely, we verify that the method is
stable with respect to the initialization of the network parameters, examine the im-
pact of different registration parameters and check that the termination condition
for the optimization within RNR is reasonable (Exp. 4.21–4.23).

• We compare RNR with state-of-the-art registration methods on a publicly available
dataset containing lung CT data (Exp. 4.24).

• We apply the method to build a breathing model that can be used for respiratory
sEMG modeling. We slightly adapt the implementation of RNR for this application
(Sec. 4.7.3). Moreover, we show, using qualitative and quantitative results, that a
reasonable torso deformation is obtained with RNR (Sec. 4.7.4).

1.3 Outline
This thesis is structured as follows:

• In Ch. 2, we review a framework for variational image registration and summarize
strategies for the validation of registration results. This chapter forms the basis for
the subsequent investigations.

• In Ch. 3, we analyze which type of regularization is suitable for 3D/2D registration.
This chapter builds on the author's publication [2].

• In Ch. 4, we present our new registration approach RNR. Parts of this chapter are
based on the author's publication [4], while other parts have not yet been pub-
lished.

• In Ch. 5, we conclude the thesis. We summarize the main �ndings as well as open
questions and promising directions for further research.
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CHAPTER 2

A Framework for Image Registration

In this chapter, we introduce a framework for image registration and for validating the
registration results. This forms the basis for the topics addressed in the following chap-
ters.

In Sec. 2.1, we summarize fundamental notations required in this thesis. This includes
the term image and spaces from functional analysis. In Sec. 2.2, we formulate image
registration as a variational problem, which is a common approach. This formulation
is used both in the analysis of 3D/2D registration in Ch. 3 and in the new registration
approach presented in Ch. 4. In Sec. 2.3, we describe strategies for validating registration
results, as this is an indispensable step when presenting new registration methods and
is therefore also required in Ch. 4.

2.1 Preliminary Notations

In order to introduce the image registration framework this work is based on, we must
�rst clarify what we mean by an image. In this thesis, we consider 2D and 3D gray scale
images as de�ned in the following.

De�nition 2.1 (Image, adapted from [57, Def. 1]). Let d 2 f 2; 3g and let 
 � Rd be a
bounded domain, i.e. a non-empty, bounded, connected and open subset. An image
is a continuously differentiable function I : Rd ! R that is compactly supported in

 . We denote the set of images on
 by Img (
) .

We de�ne images as one time differentiable, as this regularity is required for the similar-
ity measures introduced in Sec. 2.2.1. However, in certain applications higher or lower
regularity assumptions may also be appropriate. For example, in Ch. 3 we will assume
higher regularity for the 3D image and lower for the 2D image; see Sec. 3.2 for details.
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2.2. Variational Formulation

In the following, we assume that d and 
 are as in Def. 2.1, if not stated otherwise. In
image registration, the image domain 
 is usually a rectangle or a rectangular cuboid [9].

In most applications, discrete imagesare used; see e.g. [10, 11, 15]. In general, a discrete
image is a measurement of a continuous property of an object, such as photon den-
sity [11, Sec. 2.1]. Therefore, a discrete image is an array containing pixel/voxel values.
As usual, we assume that a discrete image results from evaluation of a continuous image
on a grid in the image domain 
 ; see e.g. [9, Sec. 3.1.2] for a detailed introduction into
discretization of images. Inversely, a continuous image can be obtained from a discrete
image using an interpolation strategy; see e.g. [11, Sec. 3] for an overview of interpola-
tion strategies.

Throughout this thesis, we will use various standard notations in order to describe and
analyze deformations resulting from image registration. The most important function
spaces are summarized in Tab. 2.1. For detailed de�nitions and further background on
functional analysis, we refer to [58].
Furthermore, to keep the notation for integrals short, we omit the integration variable in
many integrals, i.e. we often write

R

 f dx instead of

R

 f (x) dx.

Table 2.1:Overview of the main function spaces utilized in this thesis. The spacesCk (
 ; Rn );
Ck

c (
 ; Rn ); ::: are de�ned analogously to the listed spaces for functions with values inRn . For
further notations see back matter.
Notation Explanation
Ck (
) k-times continuously differentiable functions
Ck

c (
) k-times continuously differentiable compactly supported functions
Ck;� (
) Functions with Hölder continuous derivatives of order k
L p(
) Lebesguep-integrable functions
W k;p(
) , H k (
) Sobolev space of orderk with exponent p, i.e. functions in L p(
)

with weak derivatives up to order k in L p(
) , p = 2 for H k (
)
W k;p

0 (
) , H k
0 (
) Sobolev space with zero boundary values

W k;p
loc (
) , H k

loc(
) Local Sobolev functions

2.2 Variational Formulation
In this section, image registration for two images is introduced as a variational problem.
This approach can also be extend to align multiple images; see e.g. [14].

Given two images T; R 2 Img (
) , the goal of image registration is to align these images
by determining a reasonable deformationy : 
 ! Rd such that T[y] := T � y and R become
similar on the image domain 
 ; see e.g. [9, Sec. 3.3]. We refer toT as the template image
and R as the reference image. For the mapping y, we will use the terms deformationand
transformationinterchangeably.
Note that there is no general de�nition for the reasonability of a deformation. Instead
this property depends on the application. We will give an example in Sec. 4.7, where we
model the deformation of the torso during breathing.
The similarity between the deformed template and reference image is measured using
a data �tting term, which we will discuss in detail in Sec. 2.2.1. Different applications
require different de�nitions of the term similar. For example, if T and R show the same
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2. A Framework for Image Registration

object but from different perspectives, one might want to �nd a deformation y such that
image intensities of T[y] and R are equal. However, if the images were taken by different
imaging devices, it may not be reasonable to aim for matching image intensities. Instead,
in this case it may be meaningful to consider images as similar if, for example, the image
gradients match; see Sec. 2.2.1 for details.

A typical approach is to formulate image registration as a variational problem; see e.g. [7,
8, 9]. Here, the deformation is determined by minimizing an energy functionalJ ,

J [y] := D [y] + � SS[y] + � PP[y]; (1)

where D is a data �tting term, S is a regularizer, P is a penalty term and � S > 0; � P � 0.
The purpose of the data �tting term D is to minimize the distance between the images,
the regularizer S ensures existence of solutions and the penalty term P can be used to
penalize undesirable solutions. We provide a more detailed introduction to these com-
ponents in Sec. 2.2.1.
The parameters � S; � P are referred to as regularization and penalty parameter, respec-
tively. These balance the in�uence of the components in (1). Appropriate choices for the
parameters depend on the application and are commonly adjusted manually [59].

Often, the desired deformation y is split into an initial transformationy0 : 
 ! Rd and an
updateu : 
 ! Rd, i.e. y = y0 + u; see e.g. [1, 38, 60]. In these cases, the deformation
y0 is either the identity or results from an initial alignment, such as an af�ne preregis-
tration [11]. Accordingly, the variational problem is then formulated in the update u
instead of in the deformation y, i.e. an energyJ [u] is treated instead of J [y]. We will use
this approach later in Ch. 3.

2.2.1 Components of the Variational Formulation
Next, we discuss the functionals in (1) individually.

Data Fitting Term

The data �tting term D is a functional that measures the similarity between the trans-
formed template image T[y] and the reference image R; see e.g. [8, 9]. We will denote
D also as distance measure or similarity measure. In addition, in this thesis we assume
that D reaches only values in R� 0, i.e. the distance is nonnegative, which is ful�lled for
typical choices of D ; see e.g. [11].

There is a variety of data �tting terms, each of which is suitable for certain applications;
see e.g. [8, 11].
Based on [9, Sec. 6] and [11, Sec. 7], we review some commonly used similarity measures
that are also utilized in this thesis: the sum of squared differences(SSD) / mean squared error
(MSE),normalized cross-correlation(NCC) and normalized gradient �eld(NGF).
For given images T; R 2 Img (
) these data �tting terms are de�ned by

D SSD[y] :=
1
2

kT[y] � Rk2
L 2 (
) ; D MSE[y] :=

D SSD[y]
vol (
)

; (2)

D NCC [y] := 1 �
hT[y]; Ri 2

L 2 (
)

kT[y]k2
L 2 (
) kRk2

L 2 (
)

; (3)

D NGF[y] :=
Z



1 �

�
nT [y](x)> nR (x)

� 2 dx; (4)
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2.2. Variational Formulation

where vol (
) denotes the volume of 
 and nT [y], nR are the normalized gradient �elds
of the images de�ned as in (5). We brie�y comment on each of the data �tting terms.
The SSD similarity measure is a straightforward way to compare images. It compares
the image intensities in the deformed template image T[y] and reference image R by
calculating the squared L 2-norm of the image difference. SSD has been proven to be
robust and very effective for images of one modality [15]. In addition, its minimization
is related to least-squares problems, which are well understood; see e.g. [61]. However,
the SSD similarity measure is based on the assumption that T[y] = R and is therefore not
suited for comparing images from different modalities, such as MRI and CT images.
The MSE results from SSD by normalization. Thus, it has the same advantages and
disadvantages as the SSD similarity measure. While the SSD is mainly used in classical
optimization-based registration [11], the MSE is its counterpart, which is mainly used in
learning-based approaches [8].
The NCC is another standard measure in image registration. It aims to maximize the
correlation between the images. To comprehend this, we consider the discretized form
of the NCC. For this, we regard the images as vectors containing the pixel/voxel values
and replace the L 2 scalar product and norm with the Euclidean scalar product and the
Euclidean norm. Due to hT[y]; Ri 2 = jT[y]jjRj cos^ (T[y]; R) the NCC contains the cosine
of the angle between T[y] and R. More precisely, the NCC value becomes small when
the cosine reaches the value1 or � 1. Therefore, a minimal NCC value is achieved when
there is a linear dependence between the images, i.e. T[y] = �R for some � 2 R. In
this sense, NCC is an extension of the SSD/MSE similarity measure. It has proven to be
reliable in many applications; see e.g. [3, 31]. However, like the SSD/MSE data �tting
term, this measure cannot compare images from modalities where the gray values differ
not only in terms of scaling [11].
The NGF similarity measure is able to compare images from different modalities with
differences in the gray values for corresponding structures [11]. Hence, it is a common
choice for multimodal image registration; see e.g. [62]. It aims to align the gradient
�elds of T[y] and R. This is motivated by the observation that the content of an image
is also represented by changes in intensity, i.e. the image gradient. As the gradient also
measures the strength of the intensity changes, which is unwanted for multimodal image
registration, normalization of the gradient is required. Thus, the NGF similarity measure
is based on thenormalized gradient �eld, which is given by

nI (x) := nI;� (x) :=
r I (x)

p
kr I (x)k2

2 + � 2
(5)

for an image I 2 Img (
) . Here, the so-called edge parameter � � 0 determines what
is regarded as edge (kr I (x)k2 > � ) or noise (kr I (x)k2 < � ) and therefore plays an
important role in the parameter tuning for the optimization process. Note that for the
computation of the NGF data �tting term the images need to be differentiable, while this
is not necessary for the evaluation of SSD/MSE and NCC. Therefore, the analysis of reg-
istration problems using NGF may differ from the analysis of problems using SSD/MSE
and NCC. In the investigation of 3D/2D registration in Ch. 3, the additional regularity
requirement yields that NGF is not covered, while SSD/MSE and NCC ful�ll the work-
ing assumptions; see Sec. 3.4 for details.

Performing image registration by using only the data �tting term in the energy func-
tional given by (1) is an ill-posed problem; see [15]. A problem is well-posedin the sense
of Hadamard [63] if there exists a solution, the solution is unique and depends continu-
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ously on the data. If one of these criteria is not ful�lled it is called ill-posed. Regulariza-
tion addresses the ill-posedness and is thus important and inevitable.

Regularization Term

The regularization term S is used to ensure the existence of solutions, but also to incorpo-
rate prior knowledge about the expected solution and to increase the robustness against
noise [15]. Uniqueness of solutions cannot be expected in general for image registration
problems and is therefore not the focus of the regularization term; see e.g. [15, 57].

As the particular choice of the regularizer considerably affects the solution of the regis-
tration problem [15], a wide range of regularization terms exists; see e.g. [9, 59] for an
overview of regularization strategies.
Based on [11, Sec. 8], we summarize some typical regularizers that are also used in this
thesis: theelastic, diffusionand curvature regularizer.
These regularizers are de�ned by

Selastic[y] :=
1
2

Z



�

dX

j =1

kr yj k2
2 + ( � + � )(div y)2 dx; (6)

Sdiffusion [y] :=
1
2

Z




dX

j =1

kr yj k2
2 dx; (7)

Scurvature [y] :=
1
2

Z




dX

j =1

(� yj )2 dx: (8)

The elastic regularizer is physically inspired and based on the assumption that the de-
picted objects deform like elastic materials. It has been �rst introduced in 1973 by Fis-
chler and Elschläger [64] and for image registration in 1981 by Broit [65] and is probably
the most commonly used regularizer in image registration [9]. The elastic regularizer
contains �rst-order derivatives and therefore belongs to the class of so-called �rst-order
regularizers. The parameters �; � with � > 0, � � � � in (6) describe material properties
of the underlying elastic model and are referred to as Lamé constants.
In contrast to the physically motivated elastic regularization, the idea behind diffusion
regularization is to minimize oscillations of the deformation. This regularizer has been
proposed for optical �ow problems by Horn and Schunk [26]. The diffusion regularizer
also belongs to the class of �rst-order regularizers and results from the elastic regulariza-
tion term by setting � = � � = 1 . Note that there is no coupling between the components
of the deformation. This allows for fast numerical schemes; see e.g. [66].
The curvature regularizer was proposed for image registration by Fischer and Moder-
sitzki [67]. It is based on second-order derivatives and thus typically results in smoother
transformations compared to elastic- or diffusion-based registration [11]. There is a close
relation between curvature-based registration and the computation of so-called thin-
plate-splines, which allow for landmark-based registration; see e.g. [9]. As thin-plate-
splines are designed to minimize the bending energy of the deformation, this connec-
tion offers an illustrative interpretation of the curvature-based approach [67]. According
to [67], a further reason for using the curvature regularizer is that af�ne linear trans-
formations are contained in the kernel. Therefore, curvature-based registration is less
dependent on the initial position of the template and the reference image than, for ex-
ample, elastic- or diffusion-based registration [9].
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In addition to explicit regularization through the regularization term in (1), implicit
regularization is used as well to restrict the space of admissible deformations. Im-
plicit regularization arises, for example, from parameterization of the deformation with
B-Splines [68] or from a coarse-to-�ne multilevel approach [69]. Later in Ch. 4, we will
use a combination of an explicit and an implicit approach for the regularization.

Penalty Term

The penalty term P can be used to penalize undesirable solutions. In contrast to a reg-
ularizer, which is needed to ensure solutions of the registration problem, the penalty is
an add-on that can serve as a tool for incorporating user knowledge [15]. For instance, a
penalty term can be utilized to preserve certain image structures [1].
In Ch. 4, we will use two different penalty terms whose purpose we brie�y summarize
here. The �rst is a gradient-based term that favors diffeomorphic deformations, which
are desirable as they are invertible and preserve properties in the deformed image; see
Sec. 4.4–4.5 for details. The second is tailored to the calculation of a breathing model and
avoids unrealistic deformations of the rib cage by penalizing scalings of the rib cage in
the vertical axis; see Sec. 4.7.

An alternative to using penalty terms for controlling the deformation is provided by
constraints. Unlike the penalty approach, where unwanted solutions are penalized, un-
desirable deformations are completely excluded here; see e.g. [15, 19] for further details.

2.2.2 3D/2D Registration

In contrast to image registration where the template and the reference image have the
same dimensionality, in 3D/2D registration the template image T is a 3D image and the
reference image R is a 2D image. Accordingly, the desired deformation y is also a 3D
mapping. In order to bring the deformed image T[y] and R into dimensional correspon-
dence, we transform the 3D image T[y] into a 2D image; see Sec. 1.1.2 for alternative
approaches. The goal of 3D/2D registration is to determine a deformation y such that
P[T � y] and R become similar. Here, P maps the 3D image T[y] = T � y to a 2D image
using some projection; see e.g. [70].

Variational formulations are also used to solve 3D/2D registration problems; see e.g. [71].
However, when solving 3D/2D registration problems with a variational approach, the
data �tting term measures the image similarity between two 2D images, while the reg-
ularization term operates in 3D. Since we examine the in�uence of the regularization
order in variational 3D/2D registration in Ch. 3, we will introduce the setting of 3D/2D
registration in more detail there.

2.3 Validation Criteria
Validation of registration results is indispensable when introducing new registration
methods. Before a new method is used in practice, for example for medical applications,
it is mandatory to ensure that the method produces reasonable results [6]. Therefore, we
will also present a comprehensive validation of our new registration method RNR later
in Ch. 4.

Validation of image registration is a non-trivial task [18]. Since the goal of image regis-
tration is to compute a deformation, meaningful validation should evaluate its quality.
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However, a direct evaluation is generally not possible, as ground truth deformations are
usually not available [19].

A commonly used strategy is to assess the registration quality through visual inspec-
tion based on qualitative results [6]. A standard approach is to depict the template, the
reference and the deformed template image next to each other, as in the introductory
example; see Fig. 1.1. This allows a direct comparison of the undeformed and deformed
images; see e.g. [11]. Another method is the visualization of difference images, which are
created by subtracting the template from the reference image or vice versa. Difference
images enable the illustration of subtle differences between the template and the refer-
ence images; see e.g. [11]. Further strategies include displaying contour or segmentation
overlays, which enable a comparison of corresponding structures in the images [6]. A
more detailed description of the visualization approaches used in the validation of RNR
will be presented in Sec. 4.6.1.

There exists also a variety of quantitative measures to evaluate the registration quality;
see e.g. [8]. In this thesis, we will use the following typical quantitative measures: the
mean squared error(MSE), target registration error(TRE) and the Dice score. We brie�y in-
troduce each of them here based on [8].
The MSE, see (2), calculates the difference between the image intensities in the deformed
template and the reference image. As discussed above this is a reasonable measure to
assess the similarity of images taken by the same imaging device; see Sec. 2.2.1. Analo-
gously, the other distance measures presented in Sec. 2.2.1 can be used for the validation
of registration results. One advantage of using such a distance measure for the evalua-
tion is that it relies solely on the images and does not require the extraction of additional
features, as is the case with the evaluation measures presented below. Note however
that for the comparison of different registration methods, caution must be exercised
when using a distance measure as evaluation criterion. Assume that a method uses a
certain data �tting term for the calculation of the deformation. Then, during validation,
a smaller value of this term is to be expected compared to a method based on a different
data �tting term. But this does not necessarily mean that the registration quality of the
�rst method is better with respect to other evaluation measures.

A common approach to circumvent this problem is to assess the registration quality
based on landmarks [8]. Landmarks are corresponding spatial positions in the template
and reference image. In general, these landmarks are not utilized during the registra-
tion, but only for validation, allowing the results of different registration methods to be
compared. The TRE computes the distance between such corresponding landmarks in
the template and reference image. More precisely, when landmark pairs (t j ; r j ) j =1 ;:::;N
with t j ; r j 2 
 are available, the mean TRE is de�ned by

TRE[y] :=
1
N

NX

j =1

jy(r j ) � t j j: (9)

The TRE is often regarded as the gold standard for evaluating registration results and is
widely used to compare registration methods [8]. Therefore, we will also use the TRE
to compare our RNR method with state-of-the-art registration approaches; see Sec. 4.6.5.
A disadvantage of this measure is that its computation is based on the availability of
corresponding landmarks. These landmarks are usually annotated manually by experts,
but there are also algorithms for automatic landmark detection; see [8] and references
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therein. The usability of the TRE for the validation of registration results is highly de-
pendent on the accuracy of the landmark detection. Note also that, unlike the MSE,
the TRE considers only a sparse representation of the deformation. It does not provide
any information about the quality of the registration result in the area between the land-
marks.

Another frequently used tool for the validation of registration results is the Dice score [72,
73]. In contrast to the TRE, the Dice score considers a broader part of the images by
measuring the alignment of corresponding image sections. More precisely, for two sets
A and B it is de�ned as

Dice[A; B ] :=
2jA \ B j
jAj + jB j

: (10)

Thus, it is one when the two sets overlap completely and zero when the sets are disjoint.
In order to validate registration results, the Dice score is computed for corresponding
segmentations in the template and reference image; see e.g. [3, 4]. Later in Sec. 4.7, we
will use this measure to assess the alignment of different torso parts, such as the lungs
and the diaphragm, achieved with RNR. The Dice score provides an easily calculable
value that indicates how well two segmentations overlap. It is particularly useful when
the focus of an application is on aligning speci�c parts of the images. However, note that
the signi�cance of the Dice score as an evaluation criterion depends on the quality of
the segmentations. Since image segmentation is still a dif�cult task [74], these segmen-
tations may be inaccurate. In addition, similar to the TRE, the Dice score only provides
information about the registration quality in a very speci�c area. Another disadvantage
is that it cannot always be interpreted uniformly. While a small misalignment has little
effect on the Dice score for large structures, even a slight misalignment can impact the
Dice score considerably for thin structures. In Sec. 4.7, we will observe this effect, for
example, for the volumetric lungs and the rather �at diaphragm.

Summarizing, validation of registration results is a challenging task and each evaluation
measure has different advantages and disadvantages. Therefore, a reasonable strategy is
to base the validation on several different qualitative and quantitative measures in order
to obtain a more comprehensive impression of the registration results.
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CHAPTER 3

Appropriate Regularization in 3D/2D Image Registration

In this chapter, we analyze the in�uence of the regularization order in variational 3D/2D
image registration. More precisely, we address the following problem:

Problem 1. Specify which type of regularization ensures continuously differentiable
deformations in variational 3D/2D image registration.

We will show that certain second-order regularizers are suf�cient, while �rst-order reg-
ularizers are generally insuf�cient.

To illustrate the relevance of solving Problem 1, we exemplary consider the volume-to-
slice registration task depicted in Fig. 3.1. Here the template is a 3D MRI image, while
the reference is a 2D Cine MRI slice image. The goal is to �nd a 3D deformation such
that the deformed template image is aligned with the reference image on the 2D slice.
For simplicity, we focus on the deformation of the lung, which is highlighted in green.
Since the reference image is given just on the 2D slice, the image similarity between the
template and the reference image can only be measured on this slice. Therefore, the im-
age comparison does not provide any information about the deformation of the lung
outside the slice. This makes the computation of plausible 3D deformations a hard task.
However, the lung movement on the considered slice is also representative for a region
around this slice. To model this, smooth deformations are reasonable, as the smoothness
allows to transfer information about the deformation from the slice to the outside. But
the higher the regularity we assume for the deformation, the smaller the space of admis-
sible deformations. Continuously differentiable deformations are a compromise, while
still being meaningful [55, 75].
Since it is the role of the regularizer to ensure reasonable solutions, the question arises
of which type of regularization guarantees continuously differentiable deformations in
3D/2D registration.
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3D Template
(Projective View)

2D Reference

Figure 3.1: Visualization of data de�ning a 3D/2D registration problem: The template is a 3D
MRI image and the reference is a 2D Cine MRI slice image. The lung motion on the slice is
representative for a region around this slice. A reasonable class of transformations to model the
lung motion are continuously differentiable deformations, which motivates solving Problem 1.

An experiment that further highlights the impact of the regularization in 3D/2D regis-
tration is presented in detail in the next section; see Exp. 3.1. This experiment builds on
the work of Heldmann and Papenberg [50] and suggests that second-order regulariza-
tion is required to guarantee continuously differentiable deformations.
However, to the best of our knowledge, a rigorous investigation of Problem 1 was still
missing prior to our work [2], on which this chapter is based.

In the following, we address Problem 1 by proving that speci�c second-order regular-
izers are suf�cient to guarantee continuous differentiability of the deformations, while
�rst-order regularizers are generally not. In particular, the work of [50], which is sum-
marized in the subsequent section, is extended in various directions:

1. We consider a more general 3D/2D registration setting that incorporates volume-
to-slice registration, as investigated in [50].

2. We rigorously prove that certain second-order regularization terms guarantee con-
tinuously differentiable deformations (Th. 3.13), and �rst-order regularization fails
to generate continuously differentiable deformations on a large class of examples
(Th. 3.15). These statements explain the numerical experiments in [50].

3. We also show that commonly used data �tting and regularization terms, including
those considered in [50], satisfy the assumptions on which our proofs are based.

This chapter is organized as follows: First, in Sec. 3.1 we summarize previous contri-
butions on Problem 1. In particular, we outline the work of [50] and explain how our
analysis builds on their results. Moreover, we emphasize the signi�cance of solving
Problem 1 ones more by discussing a numerical example that uses different types of reg-
ularizers. In Sec. 3.2, we introduce the 3D/2D image registration setting of this chapter
and formulate assumptions on the data �tting and regularization terms. Based on this,
we present our main results regarding �rst- and second-order regularization in Sec. 3.3.
For both cases detailed proofs are provided here. Afterwards, in Sec. 3.4 we show that
the assumptions on which the proofs are based hold for common data �tting and regu-
larization terms in 3D/2D registration. Finally, in Sec. 3.5 we discuss generalizations of
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our results to registration problems of other dimensions than 3D/2D. In particular, we
show that the results from the previous sections also apply for 3D/1D and 2D/1D reg-
istration, while already speci�c �rst-order regularizers are appropriate in the common
cases of 3D/3D and 2D/2D registration, and higher order regularizers may be necessary
in registration settings with higher dimension. We conclude the chapter with a summary
of our contributions as well as ideas for future investigations in Sec. 3.6.

This chapter builds on the author's publication [2]. Therein, the author conceived and
developed the ideas and wrote the manuscript in close cooperation with Dr. Florian
Mannel, while the numerical experiments were implemented by the author alone.

3.1 Related Work

In this section, we summarize how previous works have contributed to solving Prob-
lem 1, i.e. ensuring appropriate deformations in 3D/2D registration. In addition, we
further stress the relevance of the question of what kind of regularization guarantees
continuously differentiable deformations.

Though guaranteeing suitable deformations is highly relevant, to the best of our knowl-
edge there is little work investigating the impact of the regularization order on the de-
formation in 3D/2D registration.

3.1.1 Approaches Based on Additional Information

Many 3D/2D registration procedures avoid the problem of choosing a suitable explicit
regularization by parameterizing the deformation. Using parameterizations it is easy to
determine whether the resulting deformation is continuously differentiable. For exam-
ple, in rigid 3D/2D registration methods [76, 77] the resulting deformation is naturally
continuously differentiable due to the selected parameterization. Another common ap-
proach is the use of spline-based transformations, such as in [78]. Here, it depends on
the type of splines used whether the resulting deformation is continuously differentiable
or not. However, the disadvantage of parametric image registration approaches is that
the choice of the basis functions is in general arti�cial and must be justi�ed [9].
Another possibility to circumvent Problem 1 is to incorporate knowledge about the de-
formation provided by the imaging method. For example, Striewski and Wirth [71] pre-
sented a nonparametric registration approach for optical microscopy images. An advan-
tage of this application is that the out-of-focus blur in the 2D data contains additional
information about the underlying deformation. Using this information only, appropri-
ate deformations can be computed and it is not necessary to ensure continuously dif-
ferentiable deformations. Thus, Problem 1 does not need to be taken into account here.
However, registration of optical microscopy images is a special case. In applications
working with images from other modalities, for example X-ray images, such additional
information about the deformation cannot be extracted and thus guaranteeing continu-
ously differentiable deformations is desirable.

3.1.2 Numerical Investigation of the General Variational Setting

The seminal work of Heldmann and Papenberg [50] is the �rst that analyzes the impact
of regularization in variational 3D/2D registration without additional information about
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the deformation. Therein, the main focus is on a numerical investigation of Problem 1.
We summarize their contributions in more detail next.

Heldmann and Papenberg [50] focus on volume-to-slice registration, like in the moti-
vating example in the introduction of this chapter. For this setting the authors of [50]
provide a concrete solution to Problem 1. They claim the following: Second-order reg-
ularization leads to continuously differentiable deformations, while �rst-order regular-
ization yields non-differentiable deformations.
In order to justify this statement, as proof-of-concept, speci�c �rst- and second-order
regularization schemes are investigated. These are diffusion as �rst-order regularization
and curvature as second-order regularization. Since the focus in [50] is on the discretiza-
tion of the considered registration problem, numerical experiments are performed to
compare the deformations resulting from registration using diffusion and curvature reg-
ularization. The presented numerical results con�rm their statement that second-order
regularization is required to obtain continuously differentiable deformations.

As the numerical experiments of Heldmann and Papenberg [50] illustrate the impact
of different regularizers on the registration result very well, we reproduce one of their
experiments here to motivate solving Problem 1. Therefore, in Exp. 3.1 we perform two
volume-to-slice registrations. To emphasize kinks in the deformation we use images
without corners and edges, which therefore differ from those in [50]. Nevertheless, our
�ndings are the same as in [50].

Experiment 3.1 (Impact of regularization order) . To emphasize the impact of the reg-
ularizer in 3D/2D registration, we perform two volume-to-slice registrations, one with
�rst-order regularization and one with second-order regularization. Fig. 3.2 depicts the
template and reference image as well as the deformed template images resulting from
both registrations. For each image, a 3D visualization is shown in the �rst row, while
two orthogonal slices of the 3D image are presented in the second and third row. The
images are grayscale, but for clearer visualization the intensity values are displayed in
color.
The 3D template image depicts a ball; see �rst column of Fig. 3.2. The reference image is
a 2D slice of the image in the second column of Fig. 3.2. More precisely, this slice is the
red-bordered subset of the x2-x3-plane shown in the third row. The balls corresponding
to the template and the reference have the same radius but different distributions of the
image intensities.
In order to perform the volume-to-slice registration, we minimize an energy functional
of the form

J [y] = D [y] + �S [y];

where D is a data �tting term measuring the image similarity only on the red-bordered
slice in Fig. 3.2,S is a regularizer and � > 0 is a weighting parameter. As in [50], we use
SSD as similarity measure for simplicity. Also analogous to [50], we utilize diffusion as
�rst-order regularization and curvature as second-order regularization. The regulariza-
tion parameter � is chosen such that after registration the same value in the data �tting
term is achieved for both choices of the regularizer. The implementation is based on the
FAIR toolbox [11] using Matlab 9.13.0 [79]; for the sake of brevity, we will not go into
further details of the implementation here.
The deformed template images obtained from registration with diffusion and curvature
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Template Reference Deformed Template
(using First-Order)

Deformed Template
(using Second-Order)

x 1
-x

2
x 2

-x
3

Figure 3.2: Initial and deformed images originating from a registration problem based on [50],
which illustrates the impact of the regularization in volume-to-slice registration: The template
image (�rst column) is deformed to match the reference image (second column). The image simi-
larity is measured on the red-bordered slice in thex2-x3-plane and thus the data �tting term aims
to align the images on this subset only (third row). Using second-order regularization (fourth
column) yields more transfer of the available 2D information to the 3D domain than using �rst-
order regularization (third column). For further details see Exp. 3.1.

regularization are visualized in the last two columns of Fig. 3.2. The results of both regis-
tration approaches hardly differ on the red-bordered slice, on which the image similarity
is measured. However, the 3D visualizations as well as the blue-bordered pictures show
that the regularization has a major impact on the registration, as the results obtained by
the two registrations are very different.
When using �rst-order diffusion regularization, the template image is only deformed in
the vicinity of the red-bordered 2D slice, i.e. the information about the deformation on
this slice is not transferred well to the 3D volume. In addition, the visualizations in the
third column of Fig. 3.2 suggest that the underlying calculated deformation has kinks
and may not be continuously differentiable. In contrast, the deformation obtained using
second-order curvature regularization yields much more transfer of the available infor-
mation on the red-bordered 2D slice to the 3D volume. Furthermore, the pictures in the
last column of Fig. 3.2 suggest that the calculated deformation is continuously differen-
tiable.
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In conclusion, these considerations show that the regularizer has a signi�cant in�uence
on the registration. Additionally, this experiment provides a 3D/2D registration problem
where continuously differentiable deformations are reasonable. And �nally, this exper-
iment also con�rms the statement by Heldmann and Papenberg [50] that second-order
regularization is required to obtain continuously differentiable deformations.

However, a comprehensive proof of this assertion is not provided in [50], as it is not the
focus of the paper. Regardless of this gap, subsequent work on 3D/2D image registration
is based on [50] and uses second-order regularization [80, 81]. In the following, we will
�ll this gap.

3.2 3D/2D Registration Setting
In this section, we introduce the 3D/2D image registration setting this chapter is based
on in detail. First, we present the problem of variational image registration that we will
investigate. We then formulate assumptions on the data �tting and the regularization
terms, on which our main results in the next section are based. These assumptions apply
for common similarity measures and regularizers, as we discuss in Sec. 3.4.

3.2.1 Variational Formulation

In Sec. 2.2, we introduced variational image registration for 3D/3D and 2D/2D registra-
tion and brie�y discussed the adaptations required for formulating the 3D/2D setting.
Now we specify the latter and present the 3D/2D registration setting under considera-
tion in detail.

In 3D/2D registration the template image T is a 3D image, while the reference image
R is a 2D image; see Sec. 2.2.2. According to Def. 2.1, this means thatT : R3 ! R and
R : R2 ! R are compactly supported functions on two domains of interest 
 � R3

and � � R2. Based on the embedding R2 ! R3, we deviate slightly from Def. 2.1 and
suppose for the remainder of this chapter that � � R3 and thus also R : R3 ! R. An
exemplary registration setting is visualized in Fig. 3.3.
Without loss of generality, we further assume that � is a 2D af�ne subset of 
 (justi�ed

Template Reference

Figure 3.3: Exemplary 3D/2D registration setting considered in this chapter. The template is a
3D image, while the reference is a 2D image embedded inR3; see Sec. 3.2.1 for further details.
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again by an appropriate embedding). In addition, we assume that the domain 
 is a
bounded rectangular cuboid. This does not pose restrictions for practical 3D/2D regis-
tration registration problems, as 3D image domains are usually rectangular cuboids.
Regarding the regularity assumption on the images we deviate further from Def. 2.1 and
supposeT 2 C2(
) and Rj � 2 L 2(�) . Thus, we assume higher regularity on T and lower
regularity on R compared to Def. 2.1.

As introduced in Sec. 2.2.2, the objective of 3D/2D image registration is to establish a
deformation y : 
 ! R3 that aligns the deformed 3D template image T[y] with the 2D
reference image R. Since we follow a variational approach, the deformation y results
from the minimization of an energy functional in the form of (1). More precisely, in
this chapter we consider deformations y = y0 + u, where y0 : 
 ! R3 is a �xed initial
deformation and u : 
 ! R3 is an additional update deformation; see also Sec. 2.2. The
function u is calculated my minimizing J : H k (
 ; R3) ! R given by

J [u] = Dy0 [u] + �S [u]; (11)

where Dy0 is a data �tting term that depends on the �xed deformation y0, and S is a
regularizer. We denote by k 2 N an integer such that Dy0 and S are both de�ned on the
Sobolev spaceH k (
 ; R3). As will become clear later in Ass. 3.2, the number k indicates
the order of regularization. Thus, we use k = 1 for �rst-order regularization and k = 2
for second-order regularization.

For the remainder of this chapter, without loss of generality, we set the regularization
parameter to � = 1 . In addition, we assume that the initial deformation y0 is given and
suf�ciently smooth so that the smoothness of the deformation y is directly related to the
smoothness of the deformation u. In applications y0 may result from preregistration or
is simply the identity on R3.
For the update deformation u, we suppose the Dirichlet boundary conditions

u = 0 on @
 :

This ensures that the �nal deformation y respects the boundary values given by the
initial deformation y0. We impose this condition to keep the analysis brief. In practice,
however, this restriction is compensated by the initial deformation y0, so that there are
no restrictions associated with this condition. Due to the Dirichlet boundary conditions,
when minimizing (11) we consider deformations in

Hk := H k (
 ; R3) \ H 1
0 (
 ; R3);

which is the subspace of H k (
 ; R3) of functions with zero boundary values; see Tab. 2.1.

In this chapter, we will not address the question of whether a local minimizer u 2 Hk

exists. Instead, we assume that this is the case and focus on the question of how regular
the deformation u is, i.e. whether the solution is reasonable for 3D/2D registration. For
existence results in variational image registration, we refer e.g. to [82, 83, 84].

In the next section, we summarize assumptions related to the data �tting and regular-
ization terms.
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3.2.2 Assumptions on the Data Fitting and Regularization Terms

Next, we present further assumptions that are used to establish the main results of this
chapter in Sec. 3.3. A brief overview of how each of the assumptions is incorporated into
the proofs is already given at the end of this section. Later in Sec. 3.4, we will show that
the assumptions are ful�lled for commonly used data �tting and regularization terms.

First, we introduce the assumptions on the data �tting term.

Assumption 3.1 (Data �tting term) .

a) The data �tting term Dy0 is Gateaux differentiable on Hk . That means, for any
u 2 Hk , the functional

F : Hk ! R; F [v] := dvDy0 [u]

is linear, where dvDy0 [u] := lim t ! 0
D y0 [u+ tv ]� D y0 [u]

t .

b) At any u 2 Hk , the Gateaux derivative v 7! dvDy0 [u] can be extended from Hk

to H 1
0 (
 ; R3) and its extension is a bounded linear functional. That is, for any

u 2 Hk , the functional

F : H 1
0 (
 ; R3) ! R; F [v] := dvDy0 [u]

is well-de�ned and satis�es F 2 H � 1, where H � 1 denotes the topological dual
space ofH 1

0 (
 ; R3).

The remaining assumptions relate to the regularization term. While the next condition
refers to all regularizers regardless of their order, the latter condition requires at least
second-order regularization.

Assumption 3.2 (Regularization term) . The regularizer S is given by

S[u] =
1
2

a[u; u];

where a : Hk � Hk ! R is a continuous and coercive bilinear form de�ned by

a[u; v] := hBu; Bv i L 2 (
 ;R` ) ;

with a kth-order differential operator B : Hk ! L 2(
 ; R` ) for some ` 2 N. We call S
a regularization of orderk.

In order to formulate the other assumption on the regularizer, we need to introduce the
Legendre-Hadamard condition. This condition implies, in particular, the coercivity of a
certain bilinear form considered in the proof of Th. 3.13. Coercivity is necessary to show
existence of a solution using the Lax-Milgram theorem.
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De�nition 3.2 (Legendre-Hadamard condition [85], adapted to constant matrices) .
For a 4-tensor A, which we understand as a matrix A 2 Rm2 � n2

, and matrices
�; � 2 Rm� n , we de�ne

� > A� :=
nX

�;� =1

mX

i;j =1

A ��
ij � i� � j� : (12)

With this, A 2 Rm2 � n2
satis�es the Legendre-Hadamard conditionif there exists a con-

stant � > 0 such that

� > A� � � k� k2
F 8� = a 
 b (13)

with the matrix � 2 Rm� n de�ned through vectors a 2 Rn , b 2 Rm by � i� = a� bi .

The following example provides a matrix, which ful�lls the Legendre-Hadamard con-
dition. We will refer to this example later in this chapter, as the matrix is related to the
second-order curvature regularizer.

Example 3.3. Let m = n = 3 and de�ne A 2 R32 � 32
through

A ��
ij :=

(
1; if � = � and i = j;

0; else.

The matrix A satis�es the Legendre-Hadamard condition (13), since

3X

�;�;i;j =1

A ��
ij � i� � j� =

3X

�;i =1

(� i� )2 = k� k2
F 8� 2 R3;3:

Based on the Legendre-Hadamard condition, we formulate the following additional as-
sumption, which requires at least second-order regularization.

Assumption 3.3 (Second-order regularization term) . There holds k � 2 and there
exists A 2 R32 � 32

satisfying the Legendre-Hadamard condition as well as the sym-
metry condition A ��

ij = A ��
ji such that the differential operator B is given by

B : Hk ! L 2(
 ; R3); Bu = A � r 2u:

In A � r 2u we understand A as a matrix A 2 R3� 33
and the Hessian r 2u as a vector

r 2u 2 R33
, i.e. for i = 1 ; 2; 3 there holds (Bu) i =

P 3
�;�;j =1 A ��

ij @x � x � uj .

In order to get a �rst idea how Ass. 3.1–3.3 are used in Sec. 3.3 to prove the main results
of this chapter, we now brie�y comment on each assumption:
The �rst part of Ass. 3.1 is utilized together with Ass. 3.2 in order to state that any lo-
cal minimizer of the energy functional J satis�es a necessary optimality condition; see
Th. 3.11. This necessary optimality condition forms the basis for the analysis of both
�rst-order and second-order regularization. The second part of Ass. 3.1 and Ass. 3.3 are
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relevant only for our investigation regarding second-order regularization. With these
assumptions the necessary optimality condition induces higher regularity on the defor-
mation u, from which continuous differentiability for u follows; see Th. 3.13.

3.3 Results for the Regularization Order in 3D/2D Registra-
tion

Based on the setting introduced in the previous section, we can now formulate the main
results of this chapter. These results address Problem 1 and thus the question of which
kind of regularization guarantees continuously differentiable deformations.
For this purpose, we �rst summarize functional analysis statements in Sec. 3.3.1, which
are relevant in the proofs later this section. Then, in Sec. 3.3.2 we state a necessary op-
timality condition that forms the basis for the analysis of both �rst-order regularization
and second-order regularization. Thereafter, we focus on second-order regularization in
Sec. 3.3.3 and on �rst-order regularization in Sec. 3.3.4. In particular, in Sec. 3.3.3 we rig-
orously prove that second-order regularization guarantees continuously differentiable
deformations in 3D/2D registration. However, in Sec. 3.3.4 we show that this does not
hold for �rst-order regularization. To this end, we present a class of registration prob-
lems that necessarily yield deformations, which are not continuously differentiable.

3.3.1 Preliminaries

First, we summarize theorems from functional analysis that we will use to prove our
main results. We adhere to the order in which the statements are used later.

Therefore, we begin with stating the Lax-Milgram theorem, which in particular provides
a unique solution for the necessary optimality condition for a local minimizer of (11).

Theorem 3.4 (Lax-Milgram theorem [86, Sec. 6.2.1, Th. 1]). Let U be a real Hilbert
space. Assume that b : U � U ! R is a bilinear mapping, for which there exist
constantsc1; c2 > 0 such that

1. jb[u; v]j � c1kukU kvkU 8u; v 2 U, (Continuity)

2. b[u; u] � c2kuk2
U 8u 2 U. (Coercivity)

Finally, let f : U ! R be a bounded linear functional on U.
Then there exists a unique elementu 2 U such that

b[u; v] = f [v] 8v 2 U:

Next, we present three theorems utilized in Sec. 3.3.3 in order to prove that second-order
regularization guarantees continuously differentiable deformations.
In this proof, the following result will provide coercivity of a certain bilinear form. The
coercivity result is then used to apply the Lax-Milgram theorem in order to show exis-
tence of unique solutions of a system of equations considered there.

26



3. Appropriate Regularization in 3D/2D Image Registration

Theorem 3.5 (G�arding's inequality [85, Th. 1.6]) . Assume that A 2 Rm2 � n2
satis�es

the Legendre-Hadamard condition (13) for some positive constant � and the sym-
metry condition A ��

ij = A ��
ji . Then

Z

Rn
r u> Ar u dx � �

Z

Rn
jr uj2 dx 8u 2 H 1(Rn ; Rm );

where r u> Ar v is de�ned as in (12).

The next result will provide higher regularity for the deformation u.

Theorem 3.6 (Higher regularity, adapted from [85, Th. 2.13, Rem. 2.16]). Let the set
U � Rn be an open domain. Assume A 2 Rm2 � n2

satis�es the Legendre-Hadamard
condition (13). Furthermore, let f 2 H `

loc(U;Rm ) for an integer ` � 0. Suppose that
u 2 H 1

loc(U;Rm ) is a solution of the weak formulation
Z

U
r u> Ar v dx = hf; v i L 2 (U;Rm ) 8v 2 H 1

0 (U;Rm ):

Then u 2 H `+2
loc (U;Rm ).

With the subsequent embedding theorem of Sobolev spaces into Hölder spaces, we will
deduce continuous differentiability from the higher regularity of u.

Theorem 3.7 (Sobolev embedding theorem [58, 10.13]). Let the set U � Rn be open
and bounded with Lipschitz boundary. Moreover, let ` � 1 be an integer and let
1 � p < 1 . In addition, let m � 0 be an integer and let 0 � � � 1. Then the
following holds:

1. If ` � n
p = m + � and 0 < � < 1; then the embedding

Id : W `;p (U) ! Cm;� ( �U)

exists and is continuous.

2. If ` � n
p > m + �; then the embedding

Id : W `;p (U) ! Cm;� ( �U)

exists and is continuous and compact.
Here Cm;0( �U) := Cm ( �U).

The previous embedding theorem is optimal in the sense that no embeddings of the
types asserted exist, if the parameter values n; m; `; p; � do not satisfy the restrictions
imposed in Th. 3.7; see [87, 4.40].

Lastly, we present the statements that will be used in Sec. 3.3.4 to prove that �rst-order
regularization generally does not guarantee continuously differentiable deformations.
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The utilized theorems all deal with second-order partial differential equations. For this
reason, as in [86, Sec. 6.3.1], we assume in the following thatL is an elliptic operator
having the form

Lu := �
nX

i;j =1

aij @x i x j u +
nX

i =1

bi @x i u + cu

acting on functions u : �U ! R, where U � Rn is open and bounded. We assume that
the coef�cient functions aij ; bi ; c : �U ! R are continuous and the symmetry condition
aij = aji is ful�lled.
Moreover, we assume that L ful�lls the uniform ellipticity condition [86, Sec. 6.1.1], i.e.
there exists a constant� > 0 such that

nX

i;j =1

aij (x)� i � j � � j� j2

for a.e. x 2 U and all � 2 Rn .

The �rst result we recapitulate in this context will be used to show that the deformation
u is in�nitely differentiable in the interior of the 3D volume 
 .

Theorem 3.8 (In�nite differentiability in the interior [86, Sec. 6.3.1, Th. 3]) . Let U � Rn

be open and bounded. Assume f 2 C1 (U). Supposeu 2 H 1(U) is a weak solution
of the elliptic partial differential equation

Lu = f in U:

Then

u 2 C1 (U):

The following theorem will provide a statement about where the maximum of the defor-
mation u lies in 
 .

Theorem 3.9 (Strong maximum principle [86, Sec. 6.4.2, Th. 4]). Let U � Rn be open,
bounded and connected. Assume u 2 C2(U) \ C( �U). For the coef�cient function c
in the operator L , supposec � 0 in U.

1. If Lu � 0 in U and u attains a nonnegative maximum over �U at an interior
point, then u is constant within U.

2. Similarly, if Lu � 0 in U and u attains a nonpositive minimum over �U at an
interior point, then u is constant within U.

As the last step in the proof for �rst-order regularization, we will use Hopf's Lemma,
which is stated next.
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Theorem 3.10 (Hopf's lemma [86, Sec. 6.4.2]). Let U � Rn be open and bounded.
Let u 2 C2(U) \ C1( �U). For the coef�cient function c in the operator L , assumec = 0
in U. Suppose further

Lu � 0 in U;

and there exists a point x0 2 @Usuch that

u(x0) > u (x) 8x 2 U:

Assume �nally that U satis�es the interior ball condition at x0; i.e. there exists an
open ball V � U with x0 2 @V. Then

@u
@�

(x0) > 0;

where � is the outer unit normal to V at x0.

With the theorems presented in this section, we can state and prove the main results of
this chapter.

3.3.2 Necessary Optimality Condition

The analysis of both the �rst-order and the second-order regularization is based on the
following necessary optimality condition for a local minimizer of (11). Therefore, we
consider this condition in advance. This necessary optimality condition is then used in
the proofs in the subsequent two sections.

Theorem 3.11(Necessary optimality condition) . Let k 2 N, let Ass. 3.1a) and Ass. 3.2
hold and let u 2 Hk be a local minimizer of J de�ned by (11). Then

a[u; v] = � F [v] 8v 2 Hk (14)

with a[u; v] de�ned as in Ass. 3.2 and F [v] = dvDy0 [u].

Proof. SincedvS[u] = a[u; v], the statement is a direct consequence of the necessary op-
timality condition

dvJ [u] = 0 8v 2 Hk

for a minimizer u 2 Hk of J de�ned by (11).

Remark 3.12. For given F , the optimality condition (14) has a unique solution u 2 Hk .
This follows from the Lax-Milgram theorem (Th. 3.4). Here, the continuity and the coer-
civity of the bilinear form a hold by Ass. 3.2. The linearity and boundedness of F follow
from Ass. 3.1a) and (14).
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3.3.3 Main Result for Second-Order Regularization

In this section, we present our �rst main result, which addresses Problem 1 by focusing
on second-order regularization.
We show that second-order regularization guarantees continuous differentiability of the
deformation in the considered 3D/2D registration setting. Later in Sec. 3.5, we will also
extend this result to registration problems with dimensions other than 3D/2D.

Theorem 3.13 (Second-order regularization) . Assume k = 2 . Let Ass. 3.1–3.3 hold
and let u 2 Hk be a local minimizer of the functional J de�ned by (11). Then
u 2 C1(
 ; R3) \ C( �
 ; R3).

Proof. As k = 2 , it holds Hk = H 2(
 ; R3) \ H 1
0 (
 ; R3). We show u 2 C1(
 ; R3) and

u 2 C( �
 ; R3) separately.

First, we prove u 2 C1(
 ; R3). For this, we show u 2 H 3
loc(
 ; R3). Then the �rst part of

the Sobolev embedding theorem (Th. 3.7) yields u 2 C1(
 ; R3).
The idea for the proof of u 2 H 3

loc(
 ; R3) is to split the necessary condition (14), which is

hBu; Bv i L 2 (
 ;R3 ) = � F [v] 8v 2 Hk ;

into a system of equations

h~z; Bvi L 2 (
 ;R3 ) = � F [v] 8v 2 Hk ;

hBz; ~vi L 2 (
 ;R3 ) = h~z; ~vi L 2 (
 ;R3 ) 8~v 2 C1
c (
 ; R3) ( i.e. Bz = ~z a.e. in 
)

and convert the latter into weak formulations with �rst-order derivatives.
More precisely, we assume that z; ~z 2 H 1

0 (
 ; R3) solve the system
Z



r ~z> Ar v dx = F [v] 8v 2 H 1

0 (
 ; R3); (15)
Z



r z> Ar ~v dx = �h ~z; ~vi L 2 (
 ;R3 ) 8~v 2 H 1

0 (
 ; R3): (16)

Here, we use the notation introduced in (12), i.e. r ~z> Ar v =
P 3

�;�;i;j =1 A ��
ij @x � ~zj @x � vi

for ~z; v 2 H 1
0 (
 ; R3) and analogously for z; ~v 2 H 1

0 (
 ; R3).
We conduct the proof of u 2 H 3

loc(
 ; R3) by showing the following:

1) The system given by (15) and (16) has unique solutionsz; ~z 2 H 1
0 (
 ; R3),

2) z 2 H 3
loc(
 ; R3), and

3) z ful�lls the necessary optimality condition (14).

Since by Rem. 3.12 the condition (14) has only one solution, it must then hold z = u and
thus u 2 H 3

loc(
 ; R3), so in conclusion u 2 C1(
 ; R3).

Proof of 1): We use the Lax-Milgram theorem (Th. 3.4) to show the existence of the unique
solutions z; ~z 2 H 1

0 (
 ; R3). For this, we de�ne a bilinear form by the left-hand sides of
(15) and (16),

b : H 1
0 (
 ; R3) � H 1

0 (
 ; R3) ! R; b[z; v] :=
Z



r z> Ar v dx:
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The bilinear form b is continuous, since

jb[z; v]j � c1kzkH 1 (
 ;R3 )kvkH 1 (
 ;R3 ) 8z; v 2 H 1
0 (
 ; R3)

with the constant c1 > 0 depending only on A. In addition, by Th. 3.5 and the Poincaré
inequality [58, 6.7] there exist constants c2; c3 > 0 independent of z such that

b[z; z] � c2

Z



jr zj2 dx � c3kzk2

H 1 (
 ;R3 ) 8z 2 H 1
0 (
 ; R3):

Thus, b is also coercive. Note that Th. 3.5 requires thatA ful�lls the Legendre-Hadamard
condition and the symmetry condition A ��

ij = A ��
ji , which is both provided by Ass. 3.3.

In order to use the Lax-Milgram theorem, the functionals on the right-hand side of (15)
and (16) must be bounded and linear. For (15) this applies due to Ass. 3.1b). Therefore,
according to the Lax-Milgram theorem, there is a unique solution ~z 2 H 1

0 (
 ; R3) of (15).
Consequently, the functional on the right-hand side of (16) is also bounded and linear.
Thus, by the Lax-Milgram theorem, there is also a unique solution z 2 H 1

0 (
 ; R3) of (16).

Proof of 2): Since ~z 2 H 1
0 (
 ; R3), we can apply Th. 3.6 on (16). From this we directly get

z 2 H 3
loc(
 ; R3).

Proof of 3): To show that z ful�lls the necessary condition (14), we use that by Ass. 3.3
the operator B : Hk ! L 2(
 ; R3) in the bilinear form de�ning the regularizer is given by
Bu = A � r 2u, i.e.

(Bu) i =
3X

�;�;j =1

@x � (A ��
ij @x � uj ) 8i = 1 ; 2; 3:

First, note that (15) implies

h~z; Bvi L 2 (
 ;R3 ) = � F [v] 8v 2 Hk : (17)

In addition, with (16) and z 2 H 3
loc(
 ; R3) \ H 1

0 (
 ; R3), it holds

hBz; ~vi L 2 (
 ;R3 ) = h~z; ~vi L 2 (
 ;R3 ) 8~v 2 H 1
0 (
 ; R3):

Since the setC1
c (
 ; R3) of smooth functions with compact support in 
 is dense in

H 1
0 (
 ; R3), it also holds

hBz; ~vi L 2 (
 ;R3 ) = h~z; ~vi L 2 (
 ;R3 ) 8~v 2 C1
c (
 ; R3):

The fundamental lemma of the calculus of variations [58, 4.22] implies Bz = ~z a.e. in 
 .
Inserting this into (17) yields

hBz; Bv i L 2 (
 ;R3 ) = � F [v] 8v 2 Hk ;

thus z ful�lls the necessary condition (14).

It remains to show u 2 C( �
 ; R3). Sinceu 2 Hk � H 2(
 ; R3) this directly follows with the
second part of the Sobolev embedding theorem (Th. 3.7), which yields u 2 C0;� ( �
 ; R3)
for � < 1

2 and thus in particular u 2 C( �
 ; R3).

Altogether we have shown that u 2 C1(
 ; R3) \ C( �
 ; R3).
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Remark 3.14. The statement of Th. 3.13 still holds if we relax Ass. 3.3 and consider certain
operators B with non-constant coef�cient matrix A. However, typical regularizers in
3D/2D image registration have constant coef�cients.

3.3.4 Main Result for First-Order Regularization

Next, we present our second main result, which addresses Problem 1 for �rst-order reg-
ularization. We show that �rst-order regularization generally does not guarantee con-
tinuous differentiability of the deformation. For this purpose, we provide a class of reg-
istration problems whose deformations satisfy u =2 C1(
 ; R3) \ C( �
 ; R3). As we argue
in Rem. 3.16, this meansu is not continuously differentiable or that u is continuous in 

but not in �
 . Both scenarios are undesirable for practical applications. An extension of
the result to registration problems with dimensions other than 3D/2D will be presented
in Sec. 3.5.

The class of registration problem considered here is volume-to-slice registration with
common choices for the data �tting term and the �rst-order regularization, namely SSD
and diffusion; see Sec. 2.2.1. As we will show in Sec. 3.4, Ass. 3.1a) and Ass. 3.2 hold in
this case, so any local minimizer u 2 Hk of (11) ful�lls the necessary condition (14) with

dvDy0 [u] =
Z

�

�
T[y](x) � R(x)

� �
hr T[y](x); v(x)i R3

�
dH 2(x);

dvS[u] = hr u; r vi L 2 (
 ;R3 ) =
3X

j =1

Z



r u>

j r vj dx:

Without loss of generality, we suppose that the cuboid 
 is (� 1; 1)3 and the 2D set � is
f 0g � (� 1; 1)2.

Theorem 3.15 (First-order regularization) . Let k = 1 and consider the setting of
volume-to-slice registration introduced above.
Suppose thatM := f x 2 � : T [y0](x) 6= R(x) ^ r T[y0](x) 6= 0ghas positive 2D Haus-
dorff measure and let u 2 Hk be a local minimizer of the functional J de�ned by (11).
Then u =2 C1(
 ; R3) \ C( �
 ; R3).

Proof. The underlying space of J is Hk = H 1
0 (
 ; R3). We show u =2 C1(
 ; R3) \ C( �
 ; R3).

To argue by contradiction, we assume u 2 C1(
 ; R3) \ C( �
 ; R3). With this u is differen-
tiable and thus for each x 2 
 and opposite directions � 1 = � � 2 it holds

@u
@�1

(x) = �
@u
@�2

(x):

We will show that there exists x0 2 � for which the equation is not ful�lled, which
provides the contradiction.

For this, we �rst use the 2D set � to split 
 n � in two connected domains 
 1 and 
 2 as
depicted in Fig. 3.4. Due to � � @
 i , with i 2 f 1; 2g, for v 2 H 1

0 (
 i ; R3) it holds vj � = 0
a.e. and thus dvDy0 [u] = 0 . For a function in H 1

0 (
 i ; R3), we consider the extension by
zero, which yields a function in H 1

0 (
 ; R3). Then, from the necessary condition (14) it
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Figure 3.4: In-plane visualization of the decomposition of the 3D set
 used in the proof of
Th. 3.15.

follows

hr u; r vi L 2 (
 i ;R3 ) = 0 8v 2 H 1
0 (
 i ; R3):

Due to the interior regularity result in Th. 3.8 the above identity implies u 2 C1 (
 i ; R3).
In addition, u is neither constant on 
 1 nor on 
 2. Otherwise, the Dirichlet boundary
conditions together with the continuity of u in �
 would result in u = 0 on 
 . Thus,
with (14) it would follow dvDy0 [u] = �hr u; r vi L 2 (
 ;R3 ) = 0 for all v 2 H 1

0 (
 ; R3), which
contradicts the assumption on M . Thus, the strong maximum principle stated in Th. 3.9
ensures that uj �
 i

does neither attain a nonnegative maximum nor a nonpositive mini-
mum in the interior 
 i .
Without loss of generality, we assume that the maximum of u is greater than zero. The
alternative is that the minimum of u is smaller than zero. In this case, however, the re-
mainder of the proof can be argued analogously.
If the maximum of u is greater than zero, the maximum of u is attained only on @
 i .
Because of the Dirichlet boundary conditions this implies that there is x0 2 � n @
 with
u(x0) > u (x) for all x 2 
 1 and for all x 2 
 2. We de�ne a slightly smaller cuboid

 " := f x 2 
 : dist(x; @
) > " g and set 
 ";i := 
 i \ 
 " , where " > 0 is chosen such that
x0 2 
 " (such a choice is possible because ofx0 =2 @
 ). Note that u 2 C1( �
 " ; R3). In
conclusion, Hopf's Lemma (Th. 3.10) yields

@u
@�i

(x0) > 0 for i = 1 ; 2;

where � i is the outer unit normal to 
 i at x0. This contradicts @u
@�1

(x0) = � @u
@�2

(x0), which
holds becauseu 2 C1(
 ; R3) and � 1 = � � 2.

The following remark argues that for practical applications Th. 3.15 provides a class
of registration problems whose deformations are not continuously differentiable or not
suitable in other ways.

Remark 3.16. First, the condition on M in Th. 3.15 is no restriction for practical registra-
tion problems. To comprehend this, we assume that the condition on M is not satis�ed,
i.e. M has 2D Hausdorff measure zero. In this case, u = 0 ful�lls dvDy0 [u] = 0 for all
v 2 H 1

0 (
 ; R3) and thus is a solution of the necessary condition (14). Therefore, already
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the initial deformation y0 is a solution to the registration problem.
Second, we consider the fact that Th. 3.15 only yields u =2 C1(
 ; R3) \ C( �
 ; R3) instead
of the stronger result u =2 C1(
 ; R3). However, for u =2 C1(
 ; R3) \ C( �
 ; R3) at least one
of the following cases applies:

• If u 2 C( �
 ; R3), then u =2 C1(
 ; R3).

• If, on the other hand, u =2 C( �
 ; R3), then either u =2 C(
 ; R3) (thus u =2 C1(
 ; R3))
or u is continuous in 
 but not in �
 .

Both cases,u =2 C1(
 ; R3) and u 2 C(
 ; R3) n C( �
 ; R3), are undesirable for practical
3D/2D registration problems.

3.4 Suitable Data Fitting and Regularization Terms
In this section, we verify that the conditions formulated in Sec. 3.2, on which our main
results are based, apply in practice. For this, we assess whether commonly used data
�tting and regularization terms in 3D/2D registration ful�ll Ass. 3.1–3.3. In Sec. 3.4.1 we
focus on popular similarity measures, while in Sec. 3.4.2 we consider different �rst- and
second-order regularizers.

3.4.1 Suitable Data Fitting Terms

First, we focus on Ass. 3.1, i.e. requiring the data �tting term Dy0 to be Gateaux differen-
tiable with the derivative at �xed u 2 Hk being in H � 1. Note that the latter part, which
is Ass. 3.1b), is only used for k = 2 .

We will verify Ass. 3.1 for the data �tting terms introduced in Sec. 2.2.1. However, in
3D/2D registration the 3D template image has to be projected to the 2D set � in order to
compare it with the 2D image R. That means the data �tting term includes a projection
operator, which we will now introduce.

We denote the projection by P , i.e. P is a linear operator with P � P = P . Furthermore,
we suppose the following.

Assumption 3.4 (Continuity of P ). The projection P is continuous as an operator
from H 1(
) to L 2(�) .

In particular, we will employ this condition to show that for commonly used data �tting
terms Ass. 3.1b) holds, i.e. that their Gateaux derivative is bounded on H 1

0 (
 ; R3).

Ass. 3.4 is satis�ed, for instance, by the two usual projection operators discussed in the
examples below.

Example 3.17(Cine MRI imaging) . A Cine MRI slice image contains 2D data of a single
slice. Thus, when aligning 2D Cine MRI images with 3D MRI images, volume-to-slice
registration is performed; see e.g. Fig. 3.1. Note that this is the type of registration also
investigated by Heldmann and Papenberg [50]. The corresponding projection operator
is de�ned by

P[I ](x) :=

(
I (x); if x 2 � ;

0; else
(18)
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for a given image I : R3 ! R. This projection operator satis�es Ass. 3.4 due to the trace
theorem [58, A8.6]. Also, if the projection is de�ned by multiple of such slice operators,
Ass. 3.4 is still ful�lled.
Note that the projection operator (18) cannot be de�ned sensibly for functions in L 2(
) ,
see [86, Sec. 5.10], and thusH 1(
) is required in Ass. 3.4.

Example 3.18(X-ray imaging) . Another common type of 2D images occurring in 3D/2D
image registration are X-ray images. For example, registration of 3D CT and 2D X-ray
images is used in [70].
In X-ray imaging, the attenuation of radiation is measured. The corresponding projection
operator is de�ned by an integral over the line from the radiation source to the detector
element. Without loss of generality, we consider here a simpli�ed form of the projection
operator underlying X-ray imaging. As in the proof of Th. 3.15, we suppose that the
cuboid 
 is (� 1; 1)3 and the 2D set � is f 0g � (� 1; 1)2. We consider the projection P ,
which takes for an image I : R3 ! R the mean in the x1-direction, i.e.

P[I ](x) :=
1
2

Z

[� 1;1]
I (s; x2; x3) ds for x 2 
 :

This operator satis�es Ass. 3.4, since for I 2 H 1(
) it holds

kP[I ]k2
L 2 (�) =

Z

[� 1;1]2

�
�
�
�
�
1
2

Z

[� 1;1]
I (x) dx1

�
�
�
�
�

2

dx2 dx3 � c
Z

[� 1;1]2

 Z

[� 1;1]
jI (x)j2 dx1

!

dx2 dx3

= ckI k2
L 2 (
) � ckI k2

H 1 (
)

for a constant c 2 R. For the �rst inequality, we used the Cauchy-Schwarz inequality.

Based on Ass. 3.4, in the following we discuss three common similarity measures: SSD,
NCC and NGF; see Sec. 2.2.1. We examine whether these ful�ll Ass. 3.1.

Sum of Squared Differences (SSD)

In 3D/2D registration, the SSD similarity measure, see (2), and its Gateaux derivative
are given by

Dy0 [u] =
1
2

Z

�

�
P[T[y]](x) � R(x)

� 2
dH 2(x); respectively,

dvDy0 [u] =
Z

�

�
P[T[y]](x) � R(x)

�
P

�
hr T[y](�); v(�)i R3

�
(x) dH 2(x)

for u; v 2 H k (
 ; R3) with k 2 f 1; 2g, where y = y0 + u. The Gateaux derivative can
be determined by a straightforward calculation; see e.g. [11, Sec. 7.1.1] for an analogous
computation.

Thus, Ass. 3.1a) is satis�ed.
We now show that Ass. 3.1b) holds for k = 2 , i.e. that F 2 H � 1 for F [v] = dvDy0 [u] with
�xed u 2 H2. For this, we need to show that F is bounded on H 1

0 (
 ; R3). Thus, we �x
v 2 H 1

0 (
 ; R3) and show jF [v]j � CkvkH 1 (
 ;R3 ) for a constant C 2 R.
SinceT 2 C2(
) with compact support in 
 , the absolute values of T and its �rst two
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derivatives are bounded, i.e. there exists a constantc1 2 R with

jT(x)j + kr T(x)kR3 + kr 2T(x)kR3� 3 � c1 8x 2 R3:

Hence, using Rj � 2 L 2(�) , the continuity of P : H 1(
) ! L 2(�) , y 2 H 2(
 ; R3) and
Hölder's inequality [58, 3.18], we �nd

jF [v]j �
�
kP[T[y]]kL 2 (�) + kRkL 2 (�)

�
kP[hr T[y]; vi R3 ]kL 2 (�)

� c2k hr T[y]; vi R3 kH 1 (
)

� c2
�
k hr T[y]; vi R3 kL 2 (
) + k



r 2T[y]r y; v

�
R3 kL 2 (
) + kr vr T[y]kL 2 (
 ;R3 )

�

� c3
�
kvkL 2 (
 ;R3 ) + kr ykL 4 (
 ;R9 )kvkL 4 (
 ;R3 ) + kr vkL 2 (
 ;R9 )

�

� c4
�
kvkL 2 (
 ;R3 ) + kvkH 1 (
 ;R3 ) + kr vkL 2 (
 ;R9 )

�
� CkvkH 1 (
 ;R3 )

for constants c2; c3; c4; C 2 R. In the penultimate inequality, we also used that H 1(
 ; R3)
is continuously embedded in L 4(
 ; R3) due to 
 � R3 and the embedding theorem [58,
10.9]. This proves Ass. 3.1b) fork = 2 .

Normalized Cross-Correlation (NCC)

Another common similarity measure in image registration is NCC; see also (3). For
3D/2D registration, the data �tting term Dy0 in the objective (11) and its Gateaux deriva-
tive are given by

Dy0 [u] = 1 �
hP[T[y]]; Ri 2

hP[T[y]]; P[T[y]]i hR; Ri
; respectively,

dvDy0 [u] = 2

 
hP[T[y]]; Ri 2 hP[T[y]]; P

�
hr T[y](�); v(�)i R3

�
i

hP[T[y]]; P[T[y]]i 2 hR; Ri

�
hP[T[y]]; Ri hP

�
hr T[y](�); v(�)i R3

�
; Ri

hP[T[y]]; P[T[y]]i hR; Ri

!

for u; v 2 H k (
 ; R3) with k 2 f 1; 2g and y = y0 + u. Here, we use the notation

hI 1; I 2i :=
Z

�
I 1(x)I 2(x) dH 2(x)

for images I 1; I 2 with I 1j � ; I 2j � 2 L 2(�) . In addition, we assume that the restrictions
P[T[y]]j � and Rj � are not identically zero, which is reasonable for practical registration
problems. The Gateaux derivative can be directly calculated as in the SSD case.

Ass. 3.1a) applies, sinceF is linear for F [v] = dvDy0 [u] with �xed u 2 Hk . In addition, the
proof of F 2 H � 1 for k = 2 runs completely analogously to the case of SSD as similarity
measure and is therefore not presented here for the sake of brevity. Thus, Ass. 3.1b)
holds.

Normalized Gradient Field (NGF)

Unfortunately, for the NGF similarity measure as de�ned by (4), Ass. 3.1b) cannot be
veri�ed in the same way as for SSD or NCC and Th. 3.13 may not hold. Thus, the NGF
similarity measure is beyond the scope of this work.
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The reason is that the data �tting term of NGF involves gradients of the images. There-
fore, stronger regularity for R and T[y] is necessary compared to the case of SSD or NCC;
see also Sec. 2.2.1. For the same reason, we have to require higher regularity for the de-
formation u, i.e. u 2 H 2(
 ; R3), in order to prove the Gateaux differentiability of Dy0 [u].
This is not necessarily reasonable when using �rst-order regularization. However, even
for second-order regularizers we were unable to show that Ass. 3.1b) is ful�lled for NGF
due to the additional derivative in the data �tting term. Stronger assumptions on the
projection operator P than those formulated in Ass. 3.4 could solve this problem, but
this would further restrict the set of possible projection operators. We will leave a de-
tailed investigation of the conditions under which NGF satis�es Ass. 3.1 for future work.

3.4.2 Suitable Regularization Terms

Next, we focus on Ass. 3.2 and Ass. 3.3 and verify that these are ful�lled by common
regularization terms. More precisely, we discuss elastic and diffusion regularization (as
�rst-order regularizers) and curvature (as second-order regularizer); see Sec. 2.2.1 for an
introduction of these regularizers.

First-Order Regularization

First, we consider k = 1 and thus Hk = H 1
0 (
 ; R3).

A common regularization scheme of �rst-order is elastic regularization, which is given
by (6). In this case, the regularizer is de�ned as in Ass. 3.2 with the differential operator
B : Hk ! L 2(
 ; R10) given by

B =
� p

�I 3 
 rp
� + � div

�
(19)

where � > 0, � � � � are the so-called Lamé constants,I 3 is the identity matrix in R3 and

 denotes the Kronecker product.
In order to show Ass. 3.2, it is required to prove that the bilinear form a : Hk � Hk ! R;
a[u; v] = hBu; Bv i L 2 (
 ;Rm ) with B as in (19) is continuous and coercive. The continuity of
a follows directly from the Cauchy-Schwarz inequality, as there is a constant C > 0 such
that for all u; v 2 Hk holds

a[u; v] = hBu; Bv i L 2 (
 ;R10 ) � k BukL 2 (
 ;R10 )kBvkL 2 (
 ;R10 ) � CkukH 1 (
 ;R3 )kvkH 1 (
 ;R3 ) :

The coercivity of a results from Poincaré's inequality [58, 6.7], which can be applied since

 is open and bounded. More precisely, for u 2 Hk holds

a[u; u] = kBuk2
L 2 (
 ;R10 ) � � kr uk2

L 2 (
 ;R9 ) � ckuk2
H 1 (
 ;R3 )

for a constant c > 0. Thus, Ass. 3.2 is satis�ed for elastic regularization.

Diffusion regularization, which is the �rst-order regularization investigated in [50] as
well as in Th. 3.15, is a special case of elastic regularization. Here, the regularizer is
de�ned as in (19) with the choice � = � � = 1 . Thus, Ass. 3.2 also holds for diffusion
regularization.

37



3.5. Generalizations of the Main Results

Second-Order Regularization

Now we consider the case k = 2 and thus Hk = H 2(
 ; R3) \ H 1
0 (
 ; R3).

Curvature regularization is a popular second-order regularization, which is also consid-
ered by [50]. With the differential operator B : Hk ! L 2(
 ; R3) given by

B = I 3 
 � ;

the curvature regularizer has the form stated in Ass. 3.2. Continuity and coercivity of the
corresponding bilinear form a : Hk � Hk ! R again follow from the Cauchy-Schwarz
inequality and Poincaré's inequality, since there exist constants C; c > 0 such that for all
u; v 2 Hk holds

a[u; v] = hBu; Bv i L 2 (
 ;R3 ) � k BukL 2 (
 ;R3 )kBvkL 2 (
 ;R3 ) � CkukH 2 (
 ;R3 )kvkH 2 (
 ;R3 ) ;

a[u; u] = kBuk2
L 2 (
 ;R3 ) � ckuk2

H 2 (
 ;R3 ) :

Hence, Ass. 3.2 is ful�lled.
In order to show that Ass. 3.3 holds, we de�ne the matrix A 2 R32 � 32

through

A ��
ij :=

(
1; if � = � and i = j;

0; else.

Then, Bu = A � r 2u with A �r 2u as de�ned in Ass. 3.3. In Ex. 3.3 we already showed that
A satis�es the Legendre-Hadamard condition (13). In addition, A ful�lls the symmetry
condition A ��

ij = A ��
ji . Thus, Ass. 3.3 holds.

Consequently, Th. 3.13 is applicable and we obtain that curvature regularization yields
continuously differentiable deformations in 3D/2D registration.

3.5 Generalizations of the Main Results

So far we have considered 3D/2D image registration. More precisely, we addressed
the question of which regularization order guarantees continuous differentiability of the
deformation in variational 3D/2D registration. Yet, many arguments can be extended
to registration problems of other dimensions. In this section, we brie�y discuss possible
generalizations.
We will show that the previous results of this chapter also apply in the case of 3D/1D
and 2D/1D registration, while already speci�c �rst-order regularizers are appropriate
in 3D/3D and 2D/2D registration, and higher order regularizers may be necessary in
registration settings with higher dimension.

To this end, we replace in the setting introduced in Sec. 3.2 the spaceR3 by Rn with n 2 N
and assume that � is of dimension m 2 N, with m � n. In particular, this adjustment also
applies to Ass. 3.1–3.3.
Note that the casesn = m = 3 and n = m = 2 correspond to the usual cases of registra-
tion, which are 3D/3D and 2D/2D registration. Therefore, statements regarding these
cases are especially relevant for practical applications. There are also some applications
based on other values of n and m. 4D/4D registration, for example, occurs when a time
component is added to 3D images. However, the time component is usually treated dif-
ferently than the location components, so that 4D/4D registration does not �t into the
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3. Appropriate Regularization in 3D/2D Image Registration

framework covered in this chapter [88, 89]. Nevertheless, for the sake of completeness,
we will consider n; m 2 N in general in the following. More precisely, we will take
another look at the two main results presented in Sec. 3.3 under this adapted setting.

First, we reconsider Th. 3.13, which states that speci�c second-order regularizers guar-
antee continuously differentiable deformations in 3D/2D registration. We show that this
statement holds equally when n � 3, so that the following theorem covers the cases of
3D/3D, 3D/2D, 3D/1D, 2D/2D and 2D/1D registration. For higher dimensions, i.e.
n > 3, transferring the statement of Th. 3.13 becomes much more complicated, as we
will discuss below.

Theorem 3.19 (Extension of Th. 3.13). Assume k = 2 . Let Ass. 3.1–3.3 hold and
let u 2 Hk be a local minimizer of the functional J de�ned by (11). If n � 3, then
u 2 C1(
 ; Rn ) \ C( �
 ; Rn ).

Proof. The proof of Th. 3.13 for 3D/2D registration can be transferred directly to this
more general setting, since all statements used in that proof remain valid for n � 3. This
applies in particular to the validity of the embeddings

H 3
loc(
 ; Rn ) ! C1(
 ; Rn ) and H 2(
 ; Rn ) ! C( �
 ; Rn );

on which the proof of Th. 3.13 is primarily based.

However, if n > 3, the proof of Th. 3.13 cannot be directly extended. In this case, the
spaceH 3

loc(
 ; Rn ) is not continuously embedded in C1(
 ; Rn ), since the Sobolev embed-
ding theorem (Th. 3.7) is optimal. Thus, for n > 3, the proof of Th. 3.13 fails and the
theorem may not apply.
Higher regularization may therefore be necessary for n > 3 in order to ensure contin-
uously differentiable deformations. However, higher-order regularization also leads to
higher derivatives in the necessary condition (14). Thus, we have to deal with a higher-
order equation, which requires further investigation. Consequently, the question of
which regularization order guarantees continuous differentiability of the deformation
for the casen > 3 is subject for future work.

Next, we focus on an extension of Th. 3.15, which is the second main result of Sec. 3.3. In
this theorem, we provided an example with �rst-order regularization that yields defor-
mations u =2 C1(
 ; R3) \ C( �
 ; R3). In contrast to Th. 3.19, the following theorem holds
for all registration settings with m < n , i.e. in particular, that the statement is not limited
to the casen � 3.

Theorem 3.20 (Extension of Th. 3.15). If m < n , then a registration problem with
�rst-order regularization that yields deformations u =2 C1(
 ; Rn ) \ C( �
 ; Rn ) can be
formulated analogously to Th. 3.15.

Proof. The example in Th. 3.15 is directly transferable. Then, u =2 C1(
 ; Rn ) \ C( �
 ; Rn )
can be shown by contradiction, as in the proof of Th. 3.15.
The �rst step of this proof was to split 
 into two connected sets using � . If m = n � 1,
this is possible in the same way. If m < n � 1, we extend � to a set ~� , which contains �
and is of dimension n � 1. This higher dimensional space ~� can then be used to split 
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into two connected domains.
The subsequent argumentation in the proof of Th. 3.15 remains valid for m � n � 1, since
the statements on which the proof is based hold for Rn , not just for R3.

Note that Th. 3.19 covers the most common registration settings, which are 3D/3D and
2D/2D registration. Thus, speci�c second-order regularizers guarantee continuously
differentiable deformations in these cases. However, Th. 3.20 does not cover 3D/3D and
2D/2D registration. This raises the question of whether �rst-order regularization is al-
ready suf�cient to guarantee continuously differentiable deformations in these cases.
We show that under further conditions �rst-order regularizers are indeed suf�cient. Af-
terwards, we discuss that these conditions are in general ful�lled for 3D/3D and 2D/2D
registration cases.

Theorem 3.21. Assume k = 1 and let Ass. 3.1a) and Ass. 3.2 hold. Furthermore, sup-
pose that for any u 2 Hk there exists f 2 H 1(
 ; Rn ) such that the Gateaux derivative
F [v] = dvDy0 [u] is given by

F [v] = hf; v i L 2 (
 ;Rn ) 8v 2 Hk : (20)

Let u 2 Hk be a local minimizer of the functional (11). If n � 3, then u 2 C1(
 ; Rn ).

Proof. The necessary optimality condition (14) yields

hBu; Bv i L 2 (
 ;R` ) = �h f; v i L 2 (
 ;Rn ) 8v 2 Hk = H 1
0 (
 ; Rn ):

Since f 2 H 1(
 ; Rn ), the regularity result [86, Sec. 6.3, Th. 2] yields u 2 H 3
loc(
 ; Rn ).

Thus, by the �rst part of the Sobolev embedding theorem (Th. 3.7) holds u 2 C1(
 ; Rn ).
Note that the latter again requires n � 3.

The statement and the proof of Th. 3.21 show similarities to the result for second-order
regularization in Th. 3.13. However, in the latter case it also holds u 2 C( �
 ; Rn ), which
is not provided by Th. 3.21. The reason for this is that the proof of u 2 C( �
 ; Rn ) is based
on the embedding H 2(
 ; Rn ) ! C( �
 ; Rn ) and u 2 H 2(
 ; Rn ) does not necessarily hold
if �rst-order regularization is used. Therefore, u 2 H 2(
 ; Rn ) might not be satis�ed in
the setting with �rst-order regularization, which is considered in Th. 3.21.

We now comment on the condition (20) for the Gateaux derivative of the data �tting
term. In particular, we show that for the 3D/2D registration example previously consid-
ered in Th. 3.15 the condition is not ful�lled, while it holds for usual 3D/3D and 2D/2D
registration problems.

Remark 3.22. The data �tting term used in the 3D/2D registration example in Th. 3.15
does not ful�ll the condition (20). Essentially, the reason for this is that this data �tting
term, which is de�ned by an integral over the 2D set � , cannot be represented with an
integral over 
 as in (20). We refrain from presenting a detailed proof here. Neverthe-
less, since the condition (20) is not satis�ed, Th. 3.21 is not applicable. This is consistent
with the fact that the deformations resulting from registration as in Th. 3.15 are not con-
tinuously differentiable.
In contrast, commonly used data �tting terms in 3D/3D and 2D/2D registration ful�ll
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3. Appropriate Regularization in 3D/2D Image Registration

the condition (20) and thus �rst-order regularization is already suf�cient here to guar-
antee continuously differentiable deformations. Exemplary, we consider the distance
measures SSD and NCC, which were also examined in Sec. 3.4 for the case of 3D/2D
registration. In these cases, the Gateaux derivatives of the data �tting terms are given by

dvD SSD
y0

[u] = h(T[y] � R); hr T[y](�); v(�)i Rd i ;

dvD NCC
y0

[u] = 2
�

hT[y]; Ri 2 hT[y]; hr T[y](�); v(�)i Rd i
hT[y]; T [y]i 2 hR; Ri

�
hT[y]; Ri hhr T[y](�); v(�)i Rd ; Ri

hT[y]; T [y]i hR; Ri

�

for u; v 2 H 1(
 ; Rd) with d = 2 ; 3 and y = y0 + u. Here, h�; �i denotes the standard scalar
product on L 2(
) . Under appropriate assumptions on the images T and R, there exists
for each u 2 Hk a function f 2 H 1(
 ; Rn ), such that the condition (20) is satis�ed.

Summarizing, in this section we showed that speci�c �rst-order regularizers are suf�-
cient in 3D/3D and 2D/2D registration to ensure continuously differentiable deforma-
tions. For 3D/2D, 3D/1D and 2D/1D registration, speci�c second-order regularizers
are required. Higher order regularizers, which are not common in applications, may be
necessary for continuous differentiability in registration settings with higher dimension.

3.6 Conclusion
In the previous sections, we have analyzed the impact of the regularization in varia-
tional 3D/2D registration. More precisely, we have dealt with the question of which
regularizers guarantee continuously differentiable deformations; see Problem 1. In or-
der to answer this question, we built on the numerical investigations of Heldmann and
Papenberg [50].

Our main contributions in this chapter are the following: We proved that speci�c second-
order regularizers guarantee continuously differentiable deformations in 3D/2D regis-
trations, while �rst-order regularizers generally do not. In addition, we have veri�ed
that the assumptions on which our proofs are based apply for commonly used data �t-
ting and regularization terms. Furthermore, we discussed possible extensions of the
statements on second- and �rst-order regularization in 3D/2D registration to registra-
tion problems of other dimensions.

However, the investigation on the impact of the regularization in variational 3D/2D
registration can still be expanded. One aspect is that there are exceptions in which our
working assumptions are not satis�ed. An example for a data �tting term that is not
covered by our investigation is the NGF distance measure; see the discussion in Sec. 3.4.
An example for a second-order regularizer that is not covered is the divergence-curl reg-
ularization; see e.g. [59]. An inspection of such cases is subject for future work.
Further open questions arise when other properties are required for the deformation y.
An example of this is the question of how to extend our results to situations where
smoother deformations are sought, such as y 2 C2(
 ; R3). Or, what changes are neces-
sary in our investigation if we demand continuous differentiability of the deformation in
only one particular direction. These properties can be reasonable in certain applications.
In volume-to-slice registration, for example, it can be useful to consider deformations
that are only continuously differentiable in the direction perpendicular to the 2D slice.
In this way, the space of suitable deformations is increased, while still ensuring that in-
formation is transferred from the 2D slice into the 3D volume. These questions are also
subject for future investigation.
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CHAPTER 4

A New Image Registration Method Based on Residual
Neural Networks

In this chapter, a new registration method, called residual neural network-based registra-
tion (RNR), is presented. RNR allows the computation of multiple deformations describ-
ing the motion of an object at successive time points. In order to provide deformations
that build on each other in a meaningful way, data from these time points can be input
into RNR.
At the end of this chapter, we will highlight the power of RNR by enhancing the model-
ing of respiratory surface electromyography (sEMG) signals. Respiratory sEMG model-
ing is an important �eld, as it is utilized, for example, to improve mechanical ventilation
of patients [5]. In order to model respiratory sEMG signals, the breathing movement
itself must �rst be modeled. We will use RNR to create such a breathing model based on
3D and 2D MRI data; see Fig. 4.1.

End-Expiratory
3D MRI

End-Inspiratory
3D MRI

Intermediate
2D Cine MRI Slices

Figure 4.1: Part of the data used to model the breathing movement with RNR: end-expiratory
and end-inspiratory 3D MRI images and 2D Cine MRI slice images; see Sec. 4.7 for details.
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4. A New Image Registration Method Based on Residual Neural Networks

Mathematically, the registration task considered in this chapter is given as follows: Let
T 2 Img (
) and R1; :::; RN 2 Img (
) be given images with an image domain 
 � Rd,
d 2 f 2; 3g. We assume that the imagesR1; :::; RN correspond to N 2 N successive time
points. Then the goal is to solve the following problem.

Problem 2. Find deformations � 1; :::; � N : Rd ! Rd such that

1. T � � n � Rn , i.e. T � � n is similar to R, for all n = 1 ; :::; N ,

2. � 1; :::; � N build on each other in a physically meaningful way,

3. � 1; :::; � N are diffeomorphisms.

Note that this task is formulated for a general dimension d 2 f 2; 3g, i.e. both 2D and
3D registration problems are addressed. A schematic visualization of Problem 2 for the
3D case is given in Fig. 4.2. For the breathing model at the end of this chapter we will
expand the setting slightly further to perform a 3D registration which takes 2D data from
intermediate time points into account.

We now brie�y comment on each of the required conditions in Problem 2.
The condition T � � n � Rn assures that at each time point the deformed image T � � n

is aligned with the corresponding image Rn . In particular, this means that there is one
template image T and possibly several reference imagesR1; :::; RN .
With regard to the second condition, it should be noted that it is not possible to de�ne
physical meaningfulness in general, instead this property depends on the application.
However, regardless of the application we can interpret R1; :::; RN as discrete data of a
time-dependent motion, and thus it is desirable that the deformations � 1; :::; � N repre-
sent this movement.
The last condition requires that the deformations are diffeomorphic, i.e. continuously
differentiable and bijective with differentiable inverse. The motivation to restrict the
space of suitable deformations to the class of diffeomorphisms is that these are invert-
ible and in addition preserve properties in the deformed image such as connectedness
of image regions or smoothness of curves in the image. These are desired characteristics
in many applications [29].

Our approach for solving Problem 2 is based on an implicit neural representation (INR),
i.e. we represent the deformations by a neural network; see Sec. 1.1.1 for an introduction

T R1 R2 � � � RN

T � � 1 � R1

T � � 2 � R2

T � � N � RN

Figure 4.2: Visualization of the registration problem handled by RNR. Here, the goal is to com-
pute deformations� n such that the deformed template imageT � � n is aligned with the corre-
sponding reference imageRn , n = 1 ; :::; N . In addition, the deformations should build on each
other in a meaningful way and be diffeomorphic; see Problem 2.
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to INRs. The network architecture we propose for this purpose is based on large de-
formation diffeomorphic metric mapping, a popular approach for diffeomorphic image
registration; see e.g. [29, 90, 91].

In the following sections, we will present and validate the new registration method RNR
in detail. On the one hand, we will show that the method is based on a solid theoretical
foundation that guarantees, for example, the existence of solutions. One the other hand,
we will also examine the method in various experiments, including its application in the
�eld of sEMG modeling.

The structure of this chapter is as follows: First, in Sec. 4.1 we introduce the methods
of image registration on which RNR is based. In particular, large deformation diffeo-
morphic metric mapping [29] and residual neural networks [92, 93] as well as the con-
nection between these two popular approaches are presented. Also, a speci�c registra-
tion method [41] that combines these approaches and serves as a basis for our proposed
method is summarized. Afterwards, in Sec. 4.2 we introduce RNR, our new registration
method for solving Problem 2. In order to demonstrate that this registration method is
well-founded, important properties of the method are examined in Sec. 4.3 and Sec. 4.4.
While in Sec. 4.3 we formulate an appropriate regularization to guarantee existence of so-
lutions, in Sec. 4.4 we specify conditions under which deformations resulting from RNR
are diffeomorphic. Thereafter, in Sec. 4.5 we describe details on the implementation of
RNR. A comprehensive validation of the method is then presented in Sec. 4.6. Here we
provide several experimental results that give insight into what the deformations pro-
duced by RNR look like. Furthermore, RNR is compared with selected state-of-the-art
registration approaches. In Sec. 4.7, we stress the applicability of our new registration
method by generating a breathing model. Finally, in Sec. 4.8 we summarize the most
important �ndings of this chapter and provide ideas for future research using RNR.

Sec. 4.2 and Sec. 4.7 in this chapter build on the author's publication [4], in which the
author conceived and developed the ideas, performed the implementation and wrote
the majority of the manuscript. The investigations presented in Sec. 4.3–4.6 have not
been published prior to this work.

4.1 Related Work

In this section, we introduce image registration approaches and neural network archi-
tectures on which RNR is based.

First, in Sec. 4.1.1 a brief introduction to large deformation diffeomorphic metric mapping, or
LDDMM for short, is given. LDDMM is a common approach for diffeomorphic registra-
tion. The method yields a time-dependent deformation, which allows access to defor-
mations at intermediate time points. Therefore, LDDMM is a promising approach with
regard to Problem 2. In Sec. 4.1.2, we describeresidual neural networks(also referred to as
a residual networks or ResNets) and their connection to diffeomorphic image registra-
tion. We will use ResNets later in our registration method to approximate deformations
obtained by LDDMM. This way, we save computational effort compared to classical LD-
DMM methods. Lastly, in Sec. 4.1.3 we present the registration approach of Ben Amor
et al. [41], which also utilizes ResNets to compute deformations. Our RNR method is an
adaptation of this approach as we will explain later in Sec. 4.2.
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4.1.1 Large Deformation Diffeomorphic Metric Mapping

One of the most popular approaches in diffeomorphic image registration is LDDMM,
which is also the foundation of RNR. The LDDMM framework comprises a class of reg-
istration methods; see e.g. [29] and references therein. LDDMM was an innovation in
image registration and builds on works from the 1990s [94, 95, 96]; see also [90, 91] for
an introduction to LDDMM.

The idea of LDDMM methods is to generate a deformation by integrating a time-varying
velocity �eld, such that the template and the reference image are connected by shortest
paths. Since shortest paths are intersection-free, this approach guarantees a diffeomor-
phic deformation; see e.g. [90].

More precisely, in LDDMM an arti�cial time t 2 [0; 1] is introduced and a time- and
space-dependent velocity �eld v : [0; 1] � Rd ! Rd is assumed. Based on this, a time-
varying deformation � : [0; 1] � Rd ! Rd is de�ned through the �ow equation [96]

@t � (t; x ) = v(t; � (t; x )) 8t 2 [0; 1]; x 2 Rd;

� (0; x) = x 8x 2 Rd: (21)

The �nal deformation y : Rd ! Rd is given at t = 1 , thus y = � (1; �). Fig. 4.3 visualizes
the LDDMM setting in one dimension, i.e. d = 1 .

Arguillere et al. [97] showed that this approach yields a diffeomorphic deformation with
respect to the location; see also [94, 95]. In particular, they proved that a solution �
of (21) exists, is unique and � (t; �) is a diffeomorphism for each t 2 [0; 1], if v ful�lls the
following conditions:

1. v(t; �) 2 C1
c (Rd; Rd) for all t 2 [0; 1], and

2.
R1

0 kv(t; �)kC1
c (Rd ;Rd ) dt :=

R1
0 supj � j� 1;x2 Rd

�
� @� 1+ ��� + � d

@x� 1
1 :::@x

� d
d

v(t; x )
�
� dt < 1 .

Characterizing and thus name-giving for LDDMM is the property that the length of the
shortest paths connecting the template and reference image de�nes a metric on the space

R

t

0

�

1

� (�; x)

x

• y(x) = � (1; x)

• � (�; x )

v(�; � (t0; x))

Figure 4.3: Visualization of the LDDMM setting in one dimension. The deformation� solv-
ing (21) yields for eachx 2 R a path� (�; x) (red) from the initial positionx to the �nal position
y(x) = � (1; x). For each time point� 2 [0; 1] the velocity vectorv(�; � (�; x )) (blue) indicates
the direction of the path in� (�; x ).

45



4.1. Related Work

of images [98]. This is an important characteristic as it allows to assess the similarity of
various images.

The original LDDMM algorithm was proposed by Beg et al. [90] in 2005. In [90], a varia-
tional formulation is minimized in order to solve (21), which is regularized by the cost of
the deformation, de�ned as the integral of the squared norm of the time-varying velocity
�eld from which it arises.

Adaptations of Large Deformation Diffeomorphic Metric Mapping

One limitation of LDDMM algorithms is their computational complexity, which is caused
by the time-dependence of the vector �eld v. In order to overcome this restriction several
extensions to the original LDDMM algorithm were proposed; see e.g. [99, 100].

A popular and ef�cient adaptation of LDDMM is the concept of stationary velocity �elds
(SVFs), which was introduced by Arsigny et al. [101]. The idea of the SVF framework is
similar to the classical LDDMM approach replacing the time-varying velocity �eld by a
vector �eld v : Rd ! Rd, which is constant in time. The solution of the �ow equation (21)
is usually approximated using the scaling and squaring method for transformations,
which allows for fast integration of stationary differential equations; see e.g. [101] for
details. A serious disadvantage of SVFs is that they can only parameterize a subgroup of
the deformations represented using LDDMM [29, 102]. Nevertheless, for many applica-
tions the SVF approach yields satisfactory registration results [31, 39, 40]. Together with
the advantage of computational ef�ciency, this makes the concept of SVFs widely used
alongside classical LDDMM [31, 101, 102].

There are multiple other extensions of the classical LDDMM approach, developed for
different purposes. For instance, the symmetric normalization method (SyN) proposed
by Avants et al. [103] formulates a symmetric image registration problem, in order to
improve the symmetry between the forward and backward path of the diffeomorphism.
More details about SyN as well as an overview about further LDDMM variants can be
found in [29].

An alternative approach to these methods is to approximate the solution of the �ow
equation (21) using a ResNet, which we outline in the next section.

4.1.2 Residual Neural Network-Based Registration

Before introducing ResNets, we brie�y summarize the general terminology of deep learn-
ing that is used in the following.

Introduction to Deep Learning

In recent years, deep learning has had a major impact on various �elds of science [104].
Accordingly, it has also been established in image registration; see e.g. [8, 22].
The following introduction to the main deep learning notations used in this thesis is
based on [104, 105]. In [105], deep learning is discussed from the perspective of applied
mathematics, while in [104], it is introduced from the perspective of medical image pro-
cessing.

A neural networkis a function, which maps an input vector to an output vector using
a combination of linear and nonlinear operations. More precisely, we de�ne a neural
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network with L 2 N layersas a mapping F : Rn0 ! RnL given by a concatenation

F := f L � ::: � f 2 � f 1;

where each layer f ` : Rn ` � 1 ! Rn ` , ` = 1 ; :::; L , can be described as

f ` (x) = � ` (W`x + b̀ ):

Here, W` 2 Rn ` � n ` � 1 is a matrix and b̀ 2 Rn ` is bias vector, both of which contain
weightsthat determine layer `. The mapping � ` is called activation functionand is gener-
ally applied point-wise on each element of the vector. A schematic representation of an
exemplary neural network is visualized in Fig. 4.4.
The weights in W` and b̀ are learned/trainedby minimizing a certain loss function. In im-
age registration, this loss function often contains a data �tting and a regularization term,
such as the functional given by (1). The activation functions are chosen prior to the op-
timization process. Examples of commonly used activation functions include the sine as
well as the Recti�ed Linear Unit (ReLU), which is given by

ReLU(x) := max f 0; xg:

For an overview of activation functions in deep learning, we refer e.g. to [106].
The training of the network weights is usually performed using gradient descent-based
methods, such as ADAM [107]. The step size is called learning rate. An epochcontains
one or multiple optimization steps.
A neural network is called a deep neural networkif it has more than two layers [108]. A
special class of neural networks is given by convolutional neural networks (CNNs). As the
name suggest, these networks are characterized by layers that perform convolutions,
which results in sparse and highly structured networks; see e.g. [105] for more details.

In image registration, neural networks are either used to predict or to represent a de-
formation; see Sec. 1.1.1. A particular type of network architecture that is useful for
diffeomorphic registration are ResNets. An introduction to ResNets and their usability
for diffeomorphic registration is presented next.

f 1 f 2 f 3

Figure 4.4:Schematic representation of a neural networkF : R3 ! R2 consisting of three fully-
connected layers:F = f 3 � f 2 � f 1 with layersf 1 : R3 ! R5, f 2 : R5 ! R5, f 3 : R5 ! R2.
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Residual Neural Networks in Diffeomorphic Registration

ResNets [92, 93] have become state-of-the-art deep learning architectures used for a vari-
ety of problems, including image registration; see e.g. [28, 41]. ResNets can be regarded
as numerical schemes for solving differential equations such as (21); see e.g. [109, 110].
This is the motivation to include ResNets in the registration approach RNR.

A ResNet consists of multiple consecutive residual units. Each unit contains an additive
residual functionFn : Rm ! Rm that is a neural network. More precisely, given an input
vector zn� 1 2 Rm , the output of the n-th residual unit is given by

zn := zn� 1 + Fn (zn� 1): (22)

Note that due to zn� 1 + Fn (zn� 1) = ( Id + Fn )(zn� 1), the input of each unit is connected
with its output via an identity mapping, which is referred to as residual connection.He
et al. [93] stated that the residual mappings Fn are easier to learn than the parameters of
deep neural networks without residual connections as introduced above. To understand
this, one can imagine the extreme case: If an identity mapping were optimal, it would be
easier to push the residual functions to zero than to parameterize an identity mapping
by a stack of nonlinear layers.

The main motivation to utilize ResNets for diffeomorphic image registration is their con-
nection to differential equations, which has been studied widely; see e.g. [109, 110]. In
order to comprehend how to relate the ResNet relation (22) with a differential equation,
we take a look at the �ow equation (21) as an example. We approximate the solution �
of (21) using a forward Euler discretization [111] in time with N 2 N time steps and step
size 1=N . Thus, we de�ne transformations � 0; :::; � N : Rd ! Rd by

� n (x) := � n� 1(x) + 1 =N � v(tn� 1; � n� 1(x)) 8x 2 Rd; n = 1 ; :::; N;

� 0(x) := x 8x 2 Rd; (23)

where tn := n
N for n = 0 ; :::; N . This means that � n is an approximation of � (tn ; �).

This numerical scheme for solving the differential equation (21) relies upon the same
recursive relationship as the ResNet relation (22). Setting zn = � n (x) for x 2 Rd and
Fn (z) = 1 =N � v(tn� 1; z) the connection of (22) and (23) is obvious. Note that using this
relationship the residual functions Fn of a ResNet can be interpreted as an approximation
to the velocity �eld v at time tn� 1.

Recently, several image registration procedures using ResNets have been developed.
One procedure that uses an LDDMM-motivated ResNet architecture for the represen-
tation of the deformation was introduced by Zhang et al. [112]. The main difference to
our new registration method presented in Sec. 4.2 is that in [112] only one residual func-
tion is used, which takes the time variable as an additional input. Huang et al. [113] use
the idea of ResNets as discretizations of the LDDMM approach to align two or multiple
time series. There are also approaches in which not the deformation but the velocity
�eld on which the deformation is based is represented by a ResNet [28, 114]. For exam-
ple, in [28] �rst an initial velocity �eld v0 is computed using a CNN, then a sequence of
velocity �elds is calculated using the ResNet relation (22) and �nally the deformation is
yielded by a sum of the velocity �elds. In this procedure the residual functions are no
approximation of the velocity �eld, but of the derivative of the velocity �eld. Another re-
cent approach that builds on the presented connection between the ResNet relation (22)
and the �ow equation (21) arising in LDDMM, was proposed by Ben Amor et al. [41] in
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2022. Since our new registration method RNR is based on [41], we take a closer look on
this approach in the following section.

4.1.3 The Registration Approach of Ben Amor et al.

In this section, we review the ResNet-based registration approach proposed by Ben
Amor et al. [41], which is the basis for our new registration approach RNR introduced in
Sec. 4.2.

In [41], a point cloud registration method in order to align 3D shapes is proposed. This
means that the method takes two point clouds qR ; qT � R3 as input and aims to �nd a
3D deformation y that maps these point clouds to each other. Here, it is assumed that the
point clouds qR ; qT have the same number of elements, but it is not known which points
in R and T belong together. In [41], the deformation is parameterized by an INR based
on (23).

More precisely, transformations � A
0 ; :::; � A

N : R3 ! R3 are calculated by

� A
n (x) := � A

n� 1(x) + F A
n (� A

n� 1(x)) 8x 2 R3; n = 1 ; :::; N;

� A
0 (x) := x; 8x 2 R3 (24)

and the �nal transformation y : R3 ! R3 is de�ned by the last point in the time-
discretization y = � N . For the residual functions F A

n a deep neural network is utilized,
which consists of three fully connected layers, where in the �rst layer a ReLU activation
function is applied. We denote the network width by q, which is set to a few hundred
by Ben Amor et al. [41]. The �rst weight layer extends the dimension of the input vector
from 3 to q � 3, while the second keeps the dimensionality and the third layer again
reduces the dimensionality to get a velocity vector in R3. In more detail, each residual
function F A

n is given by

F A
n (x) := W n

3 (W n
2 (ReLU(W n

1 x + bn
1 )) + bn

2 ) 8x 2 R3 (25)

with weight matrices W n
1 2 Rq� 3; W n

2 2 Rq� q; W n
3 2 R3� q and bias vectors bn

1 ; bn
2 2 Rq.

The ReLU activation function is applied point-wise, i.e. ReLU (x) = (max f 0; x j g) j =1 ;:::;q

for x 2 Rq. Note that in the last linear layer no bias vector is added. A schematic
visualization of the resulting network architecture representing the deformation is given
in the upper part of Fig. 4.5.

To �nd a deformation that maps the point clouds qR and qT onto each other, the network
parameters in the residual functions are trained by minimizing an energy functional of
the form (1). Therein, for the data �tting term a point cloud similarity measure is used,
which pushes the set of deformed template points y(qT ) closer to the reference setqR .
In addition, the deformation is kept close to the identity by penalizing the sum over all
kinetic energies of the system at all time points, i.e.

SA [y] :=
X

x2 qT

NX

n=1

kF A
n (x)k2

2;

where F A
1 ; :::; F A

N are the residual functions corresponding to the �nal transformation y.
For further details we refer to [41].
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Network Architecture in Ben Amor et al. [41]

Representation of the deformations� A
0 ; :::; � A

N : R3 ! R3:

x = � A
0 (x) F A

1 (� 0(x)) + = � A
1 (x) F A

2 (� A
1 (x)) + = � A

2 (x) ::: � A
N (x) = y(x)
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n : R3 ! R3:
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Network Architecture in RNR
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Figure 4.5: Network architectures in Ben Amor et al. [41] and RNR. For each:Top: INR used
to parameterize the deformations.Bottom: representation of the residual functions, which are
the main component of the parameterizations for the deformations. See Sec. 4.1.3 and Sec. 4.2 for
details.

4.2 RNR: A New Residual Neural Network-Based Registra-
tion Approach

In this section, we present a new registration method called residual neural network-
based registration, RNR for short, to solve Problem 2. RNR allows the inclusion of data
corresponding to time points between the initial and �nal state as additional reference
images. In addition, RNR yields diffeomorphic deformations under certain conditions,
which we present later in Sec. 4.4.

Our new method builds on the point cloud registration approach of Ben Amor et al. [41]
introduced in Sec. 4.1.2. The motivation for this is twofold: First, the approach in [41]
yields not only a �nal deformation but also deformations corresponding to intermediate
time points, which we will use to include the intermediate data. Second, the approach
in [41] already provides diffeomorphic deformations under certain conditions.

As in [41], the central idea of our method is to parameterize the deformations using an
INR, which is based on the forward Euler discretization (23) of the LDDMM-related �ow
equation (21).
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We will now introduce the RNR method in detail. The differences between RNR and the
approach in [41] are discussed systematically at the end of this section.

In RNR the deformations � R
0 ; :::; � R

N : Rd ! Rd, with d 2 f 2; 3g, are calculated sequen-
tially, analogous to (24), i.e. we set

� R
n (x) := � R

n� 1(x) + F R
n (� R

n� 1(x)) 8x 2 Rd; n = 1 ; :::; N;

� R
0 (x) := x; 8x 2 Rd: (26)

The �nal deformation is again de�ned by the last time point, i.e. y = � R
N . Note that

the deformations de�ned by (26) can be evaluated directly at any position x without the
need for interpolation, i.e. RNR is a grid-free registration approach.
For the residual functions F R

n occurring in (26), we utilize deep neural networks, which
differ from the networks proposed by Ben Amor et al. [41]: The networks for the residual
functions in RNR consist of three fully connected layers, where in the �rst and second
layer the sine is applied point-wise as activation function. We denote the network width
again by q, which we will chose such that q � d in the experiments presented later, for
example q = 100. Then, the �rst weight layer of each network extends the dimension
of the input vector from d to q, while the second keeps the dimensionality and the third
layer reduces the dimensionality again to get an output vector in Rd. Thus, each residual
function F R

n is of the form

F R
n (x) := W n

3 sin(W n
2 sin(W n

1 x + bn
1 ) + bn

2 ) + bn
3 8x 2 Rd (27)

with weight matrices W n
1 2 Rq� d; W n

2 2 Rq� q; W n
3 2 Rd� q and bias vectors bn

1 ; bn
2 2 Rq;

bn
3 2 Rd. Note that with (27) translations are the only af�ne transformations that can

be parameterized. However, in our experiments we will show that RNR is nevertheless
capable of generating appropriate solutions for several registration problems that arise
from af�ne deformations; see Sec. 4.6.3. A schematic visualization of the network archi-
tecture representing the deformations resulting from RNR is given in the lower part of
Fig. 4.5.

The total number M of parameters in the network is given by the numbers of elements
in the weight matrices and bias vectors, i.e. the total number is

M := N � (qd+ qq+ dq+ q + q + d) = N � (q2 + 2( d + 1) q + d): (28)

In order to solve Problem 2, the network parameters in the parameterization of the resid-
ual functions are trained by minimizing a loss function of the form (1). To reiterate, we
minimize

J [y] = D [y] + � SS[y] + � PP[y]; (29)

where D is a data �tting term, S a regularizer, P a penalty term and � S > 0, � P � 0.
Since each of the componentsD; S and P is discussed in detail in the following sections,
only a brief explanation of how the components are selected is given here.
The data �tting term D ensures that for each time point the deformed template image
matches the reference image corresponding to the respective time point. This term there-
fore takes care of the �rst condition in Problem 2. Appropriate choices of the data �tting
term depend on the application; see Sec. 4.5 for the choices used in the numerical results
later. The regularizer S guarantees existence of solutions for the registration problem;
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see Sec. 4.3. The penalty termP controls the smoothness of the deformations resulting
from RNR and ensures that these are diffeomorphic; see Sec. 4.4. Thus, the penalty takes
care of the third condition in Problem 2.

The RNR method is strongly connected to the registration approach of Ben Amor et
al. [41] that was presented in Sec. 4.1.2. Basically, in both approaches the same LDDMM-
motivated ResNet architecture is utilized to parameterize the deformations. The follow-
ing three aspects mainly distinguish the approach presented here from [41]:

1. Instead of point cloud registration, we perform an intensity-based registration.
Thus, the network parameters are optimized not only for a point cloud but for the
entire image domain. This leads to a much larger number of points used during
training compared to [41].

2. We incorporate information about the motion by integrating intermediate data into
our approach.

3. We utilize a different network architecture for the residual functions Fn . In both
approaches such a network consists of three linear layers, but instead of one ReLU
activation function applied in the �rst layer, we use sine as activation function and
include it twice.

While the �rst two modi�cations are clearly motivated by the application on hand, which
was brie�y introduced in the beginning of this chapter and will be further discussed
in Sec. 4.7, the advantage of the last modi�cation may not be obvious. The reason for
adapting the network architecture for the residual functions is that we want to allow
large nonlinear deformations. First of all, we would argue that in the approach of Ben
Amor et al. [41] the three layers are actually only two, since two linear operations are
applied consecutively and thus they can be summarized as one linear operation. By
applying the activation function twice in fact three linear layers exist and consequently
the degree of freedom in our approach is higher than in [41] when using the otherwise
same setting, i.e. the same network width q and so forth. The replacement of the ReLU
activation function by the sine activation functions is motivated by the work of Sitzmann
et al. [115], which showed that INRs with sine activation functions outperform ReLU-
based networks in multiple imaging related experiments. In Sec. 4.6 we will compare our
adapted parameterization of the residual functions with the original parameterization of
Ben Amor et al. [41] numerically. Our experiments show that with RNR indeed larger
deformations are generated.

4.3 Ensuring Existence of Solutions

In this and the following section, we demonstrate that RNR has a sound theoretical basis.
We �rst show that RNR requires explicit regularization in order to guarantee solutions
of Problem 2. Furthermore, we proof that penalizing the network weights within RNR
is a suf�cient choice for the regularizer.

4.3.1 Necessity of Explicit Regularization

Ensuring existence of solutions is a fundamental property of image registration methods;
see e.g. [15]. In this section, we show that for RNR this is not ful�lled without using an
explicit regularization term. More precisely, we prove that the restriction of the solution
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space, which is given by the parameterization of the deformations resulting from the
network architecture, is not suf�cient to guarantee existence of solutions.

With (26) and (27) the natural choice for the set of admissible transformations for RNR
is given by

A := f y 2 L 2(
 ; Rd) : y = ' N � ::: � ' 1 with ' 1; :::; ' N 2 A 1g;

where A 1 is the set of transformations attained using N = 1 , i.e.

A 1 := f y 2 L 2(
 ; Rd) : y(x) = x + W3 sin(W2 sin(W1x + b1) + b2) + b3;

W1 2 Rq� d; W2 2 Rq� q; W3 2 Rd� q; b1; b2 2 Rq; b3 2 Rdg:

The following theorem shows that existence of solutions is not guaranteed without ad-
ditional regularization. More precisely, the theorem provides a registration problem that
is a counterexample, i.e. that has no solution in A .

Theorem 4.1. Let T; R 2 Img (
) be two images such that T(2x) = R(x) for all x 2 
 ,
where 
 � Rd is a non-empty image domain. Then the registration problem

min
y2A

D(T � y; R); (30)

where D is the MSE similarity measure, see (2), has no solution.

Proof. Without loss of generality, we assume 
 = [ � 1; 1], i.e. in particular that the di-
mension of the image domain is d = 1 . An extension to d > 1 is straightforward.

Obviously y� : 
 ! R; y(x) = 2 x minimizes D(T � y; R), but y� =2 A due to the sinusoidal
part in the residual functions of transformations in A . However, there exists a sequence
(yk )k2 N � A such that yk ! y� for k ! 1 . More precisely, for k 2 N de�ne yk : 
 ! R
by

yk (x) := x + W k
3 sin(W k

2 sin(W k
1 x + bk

1) + bk
2) + bk

3

with

W k
1 :=

� 1
k 0 � � � 0

� > 2 Rq; W k
2 := I 2 Rq� q; W k

3 :=
�
k 0 � � � 0

�
2 R1� q;

bk
1 := 0 2 Rq; bk

2 := 0 2 Rq; bk
3 := 0 2 R:

Then it holds with L'Hôpital's rule

lim
k!1

yk (x) = lim
k!1

x + k sin
�

sin
�

1
k

x
��

= x + lim
k!1

sin
�
sin

� 1
k x

��

1
k

= x + lim
k!1

cos
�
sin

� 1
k x

��
cos

� 1
k x

� �
� 1

k2 x
�

� 1
k2

= x + x = 2x = y� (x):

Thus, (yk )k2 N � A is a minimizing sequence, but its limit y� is not in the set of admissible
transformations A . This means that the registration problem (30) has no solution.
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4.3.2 Existence of Solutions with Appropriate Regularization

Since without explicit regularization the RNR method does not guarantee existence of
solutions, we introduce an appropriate regularization term in this section. The idea be-
hind the regularizer presented in the following is to ensure boundedness of the defor-
mation by ensuring that all network parameters within RNR used to parameterize the
deformation remain bounded.

The boundedness of the bias vectors is already implicit in the registration problem: First,
note that since the vectorsbn

1 ; bn
2 are in the argument of a sine function, it is no restriction

for the represented deformation to assume that each component of the vectors lies in
the interval [� �; � ]. To argue that the vectors bn

3 can also be assumed to be bounded,
recall that images are compactly supported in a domain 
 and thus vanish outside 
 .
Therefore, for reasonable deformations each component of the vectorsbn

3 is bounded by
the diameter of the domain, which is given by diam (
) = sup x1 ;x22 
 kx1 � x2k2. For
larger deformations the similarity measure is constant and thus no further reduction of
the distance functional can be achieved. Summarizing, without loss of generality, we
restrict the set of admissible transformations to

A b := f y 2 A : kbn
1k1 ; kbn

2k1 ; kbn
3k1 � Cb for n = 1 ; :::; N g;

where Cb 2 R is a constant just depending on the domain 
 .

In order to ensure that the weight matrices in the parameterization of the deformation
remain bounded, we de�ne the regularizer S : A b ! R by

S[y] :=
1
N

NX

n=1

Sn [� n ]; where

Sn [� n ] :=
1
L

�
kW n

1 k2
F + kW n

2 k2
F + kW n

3 k2
F

�
: (31)

Here, the vector �elds � 1; :::; � N are the successive deformations corresponding to the
�nal transformation y, the matrices W n

1 ; W n
2 ; W n

3 are the weight matrices in the parame-
terization of � n and L is the number of parameters within the matrices for one time step,
i.e. L = q2 + 2qd.

Remark 4.2. Using (31), we regularize the deformation by penalizing the corresponding
network weights. Note, however, that there is no one-to-one correspondence between
the deformation y and the vector �elds � n as well as between the vector �elds � n and the
weight matrices W n

1 ; W n
2 ; W n

3 . The weight matrices uniquely de�ne the vector �elds � n ,
and the vector �elds � n uniquely de�ne the �nal transformation y. But the reverse di-
rections do not hold.
In the implementation of RNR this inconsistency is no problem, since the optimization
is directly performed on the weights of the network. Thus, the formulation of S as a
function of the weight matrices would be correct. Nevertheless we decided to use the
notation as in (31) in order to emphasize that we actually regularize the �nal deforma-
tion y by including S in the minimization problem.

The following theorem yields that S is indeed a regularizer, i.e. S ensures existence of
solutions in A b. Note that the assumptions we make for the distance functional are not a
restriction in practical registration problems.
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Theorem 4.3. Let D : A b ! R� 0 be a distance functional. We assume that D is
continuous and D[Id ] < 1 . Then the registration problem

min
y2A b

D[y] + S[y] (32)

has at least one solution.

Proof. To simplify the notation, we combine all network parameters in the parameteri-
zation of a deformation y 2 A b in one vector W 2 RM , where M is the number of net-
work parameters given by (28). Let RM

b � RM be the space of vectors corresponding to
deformations in A b and identify the distance and regularization functional D; S : A b ! R
with functions D; S : RM

b ! R by identifying a deformation with its parameter vector.
Instead of the registration problem (32) we consider the equivalent problem

min
W 2 RM

b

J [W ]; where J [W ] = D[W ] + S[W ]: (33)

In order to proof existence of a solution of (33), we construct a minimizing sequence
(Wk )k2 N � RM

b , which has a convergent subsequence, show that its limit W � is a mini-
mizer of J and that W � actually belongs to RM

b .

For this, let (Wk )k2 N � RM
b be a minimizing sequence of J , i.e.

inf
W 2 RM

b

J [W ] = lim
k!1

J [Wk ]:

We denote by (yk )k2 N the corresponding sequence in A b. Without loss of generality, we
assumeJ [0] > J [Wk ] for all k 2 N. It follows

J [0] > J [Wk ] � S[Wk ]: (34)

Note that we used in the second inequality that the data �tting term reaches only non-
negative values; see Sec. 2.2.1. The left-hand side of (34) is bounded due to the bound-
edness assumption on the distance functional and since the regularization part becomes
zero if all parameters in the network are zero. Thus, also the right-hand side of (34) re-
mains bounded and, since S is given by (31), all parameters within the weight matrices
in the parameterization of yk are bounded. Since (yk )k2 N � A b also the bias vectors are
bounded and together (Wk )k2 N is bounded.
With the Bolzano-Weierstrass theorem there exists a convergent subsequence. We de-
note this subsequence again by(Wk )k2 N (with corresponding sequence of deformations
(yk )k2 N � A b) and its limit by W � 2 RM (with corresponding deformation y� 2 A ).

Note that in a �rst step we only yield W � 2 RM , i.e. y� 2 A . However, since the
de�nition of A b limits the bias vectors in the parameterization of yk by a constant Cb, this
is also the case for the limit value y� . Thus, we get y� 2 A b or equivalently W � 2 RM

b .

Furthermore, from the continuity assumption of the distance functional and because
S[Wk ] ! S[W � ] for Wk ! W � , it follows

inf
W 2 RM

b

J [W ] = lim
k!1

J [Wk ] = J [W � ]

and henceW � is a minimizer of J .
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Although S is a suf�cient regularizer for deformations computed with RNR, a disad-
vantage of this regularizer is that a physical interpretation of S is missing. Of course,
keeping the network weights close to zero ensures that the �nal deformation is close to
the identity. But, in contrast to other physical inspired regularizers such as elastic [65] or
hyperelastic regularization [84], there is no physical foundation for the regularizer S yet.
For this reason, we will utilize an additional interpretable penalty term in the numerical
examples presented in Sec. 4.6 and Sec. 4.7. This penalty term is based on the results of
the following section.

4.4 Ensuring Diffeomorphic Solutions

In this section, we investigate whether the deformations determined with RNR are dif-
feomorphic, i.e. continuously differentiable and bijective with differentiable inverse.
Thus, we verify whether the third condition of Problem 2 is satis�ed. To this end, in
Sec. 4.4.1 we �rst consider the analytical time-continuous solution of the differential
equation underlying RNR. We show that the analytical solution is diffeomorphic for
each �xed time point. However, discretization is required to compute the solution nu-
merically. Therefore, in Sec. 4.4.2 we present conditions, which guarantee that also the
time-discrete solution calculated with RNR is diffeomorphic for each time point. These
conditions will also motivate the choice of the penalty term used in the experiments in
Sec. 4.6 and Sec. 4.7.

4.4.1 Time-Continuous Setting

We consider a differential equation whose Euler discretization yields the deformations
that result from RNR. We show that this differential equation has a unique analytical
solution which is diffeomorphic for each �xed point in time.

For this purpose, we de�ne a velocity function vR : [0; 1] � Rd ! Rd based on the resid-
ual functions F R

n introduced in Sec. 4.2 and proof that the corresponding �ow equa-
tion (21) is uniquely solvable and yields a diffeomorphism for each �xed time point.
Arguillere et al. [97] have shown that this is the case for velocity �elds that ful�ll certain
conditions; see Sec. 4.1.1. However, in order to give insight into the proof in [97], we will
not only verify these conditions for the speci�c velocity �eld vR . Instead, we present the
proof for the velocity �eld vR in detail, based on the same main components as in [97]:
the Picard-Lindelöf theorem and the Cauchy-Lipschitz theorem.

For this reason, we now state modi�ed versions of both theorems. While the Picard-
Lindelöf theorem guarantees existence and uniqueness of a solution to the �ow equa-
tion (21), the Cauchy-Lipschitz theorem contains a statement about the differentiabil-
ity of the solution. The latter is a consequence of the Picard-Lindelöf theorem and the
Lemma of Gronwall [116, Lemma 2.7].

Theorem 4.4 (Picard-Lindelöf theorem, adapted from [116, Th. 2.2]) . Assume that
v : [0; 1] � Rd ! Rd is continuous in the �rst argument and Lipschitz continuous in
the second with a Lipschitz constant that is independent from the �rst argument.
Then, the �ow equation (21) has a unique solution � : [0; 1] � Rd ! Rd.
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Theorem 4.5 (Cauchy-Lipschitz theorem, adapted from [116, Th. 2.8, Th. 2.10]). As-
sume v 2 Ck ([0; 1] � Rd; Rd) for an integer k � 1 and let v be Lipschitz continuous in
the second argument with a Lipschitz constant independent from the �rst argument.
Furthermore, let � : [0; 1] � Rd ! Rd be the unique solution of (21), which exists due
to Th. 4.4. Then, for eacht 2 [0; 1] the mapping � (t; �) is a Ck -diffeomorphism, i.e.
� (t; �) is bijective, and � (t; �) and its inverse are k-times continuously differentiable.

Now we have the tools together to de�ne the vector �eld vR and proof that the corre-
sponding differential equation (21) has a unique analytical solution which is diffeomor-
phic for each �xed point in time.

Theorem 4.6. Let F R
n : Rd ! Rd be the residual functions given by (27) with �xed

weight matrices W n
j and bias vectors bn

j . Let the vector �eld vR : [0; 1] � Rd ! Rd

be de�ned through piecewise linear interpolation of the functions F R
n in the time

variable, i.e.

vR (t; x ) = N

 

F R
n (x) + ( t � tn� 1)

F R
n+1 (x) � F R

n (x)
tn � tn� 1

!

for t 2 [tn� 1; tn ]; x 2 Rd

with tn = n
N for n = 0 ; :::; N .

With this choice for the velocity �eld, the �ow equation (21) has a unique solution
� : [0; 1] � Rd ! Rd and � (t; �) is diffeomorphic for each t 2 [0; 1].

Proof. First, we use the Picard-Lindelöf theorem (Th. 4.4) to prove existence and unique-
ness of the solution � of (21). For this, we have to show that vR is continuous in the �rst
argument and Lipschitz continuous in the second with a Lipschitz constant, which is
independent from the �rst argument. The former applies by the de�nition of vR as a
piecewise linear interpolation. In order to prove the latter, we �x t 2 [tn� 1; tn ]. Since
vR (t; �) is given by a linear combination of Fn and Fn+1 , it is suf�cient to show that Fn is
Lipschitz continuous for each n = 1 ; ::; N + 1 . For x1; x2 2 Rd it holds

kFn (x1) � Fn (x2)k2

= kW n
3 sin(W n

2 sin(W n
1 x1 + bn

1 ) + bn
2 ) + bn

3 � (W n
3 sin(W n

2 sin(W n
1 x2 + bn

1 ) + bn
2 ) + bn

3 )k2

� k W n
3 kF k sin(W n

2 sin(W n
1 x1 + bn

1 ) + bn
2 ) � sin(W n

2 sin(W n
1 x2 + bn

1 ) + bn
2 )k2

� k W n
3 kF kW n

2 sin(W n
1 x1 + bn

1 ) + bn
2 � (W n

2 sin(W n
1 x2 + bn

1 ) + bn
2 )k2

� k W n
3 kF kW n

2 kF kW n
1 kF kx1 � x2k2 � ckx1 � x2k2

for a constant c > 0. Here, we have used that kW n
j kF , j = 1 ; 2; 3, is bounded and that

sine is 1-Lipschitz. The latter holds because the angle addition theorems imply

j sin(a) � sin(b)j = 2

�
�
�
�cos

�
a + b

2

�
sin

�
a � b

2

� �
�
�
� � 2

�
�
�
�sin

�
a � b

2

� �
�
�
� � j a � bj 8a; b2 R:

Thus, Fn is Lipschitz continuous and consequently the Picard-Lindelöf theorem (Th. 4.4)
yields that (21) has a unique solution � : [0; 1] � Rd ! Rd.

In order to prove that � (t; �) is a diffeomorphism for each t 2 [0; 1], we apply the Cauchy-
Lipschitz theorem (Th. 4.5). For this, instead of (21), we consider the equivalent system
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of differential equations

@t ' (t; x ) = vR (t; ' (t; x )) 8t 2 [tn� 1; tn ]; x 2 Rd; n = 1 ; :::; N

' (tn� 1; x) = � (tn� 1; x) 8x 2 Rd; n = 1 ; :::; N;

which also has the unique solution ' = � . Due to vR j[tn � 1 ;t n ]� Rd 2 C1([tn� 1; tn ] � Rd; Rd),
Th. 4.5 yields that � j[tn � 1 ;t n ]� Rd (t; �) is diffeomorphic for each t 2 [tn� 1; tn ]. This is syn-
onymous with the fact that � (t; �) is diffeomorphic for each t 2 [0; 1].

Note that forward Euler discretization with step size 1
N of the differential equation dis-

cussed in Th. 4.6 yields exactly the deformations � R
0 ; :::; � R

N resulting from RNR. Hence,
Th. 4.6 provides a differential equation on which RNR is based and which has a unique
analytical solution that is diffeomorphic for each �xed time point.

4.4.2 Time-Discrete Solutions Resulting from RNR

From the previous section, we know that the analytical time-continuous solution of the
differential equation underlying RNR is diffeomorphic for each time point. However,
this does not mean that the time-discrete solution computed with RNR is also diffeo-
morphic at each time point. Therefore, we consider the time-discrete setting next.

The following theorem provides a condition which guarantees that the deformations
resulting from RNR are diffeomorphic.

Theorem 4.7. Let F R
1 ; :::; F R

N : Rd ! Rd be the residual functions given by (27) with
�xed weight matrices W n

j and bias vectors bn
j . Further, let � R

1 ; :::; � R
N : Rd ! Rd be

the corresponding deformations given by (26) resulting from RNR. If kr F R
n (x)k2 < 1

for all x 2 Rd and n = 1 ; :::; N , then each deformation � R
n is diffeomorphic.

Proof. Since (26) yields

� R
n =

�
Id + F R

n

�
� � R

n� 1 =
�
Id + F R

n

�
�

�
Id + F R

n� 1

�
� ::: �

�
Id + F R

1

�
;

it is suf�cient to proof that
�
Id + F R

n

�
is diffeomorphic for each n = 1 ; :::; N .

According to the inverse function theorem [117, Sec. 8.6.1, Th. 1], we only need to show
that the Jacobian matrix f n (x) := r (Id + F R

n )(x) is invertible for all x 2 Rd. Therefore, we
�x x 2 Rd and denote with I 2 Rd� d the identity matrix in Rd� d. Due to kr F R

n (x)k2 < 1,
for all z 2 Rd holds

z> f n (x)z = z> (I + r F R
n (x))z = kzk2

2 + z> (r F R
n (x))z; and

jz> (r F R
n (x))zj � kr F R

n (x)k2kzk2
2 < kzk2

2:

Thus, f n (x) is positive-de�nite and therefore invertible in particular.

Remark 4.8. Note that in the proof of Th. 4.7 we did not use the exact form of the resid-
ual functions given by (27), but only that these are continuously differentiable. Conse-
quently, Th. 4.7 also applies to other continuously differentiable residual functions.
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Th. 4.7 yields a suf�cient condition to guarantee that RNR yields diffeomorphic defor-
mations. We include this condition in the RNR approach by penalizing the gradients of
the residual functions using a corresponding penalty term; see Sec. 4.5.1. This way, RNR
provides preferably deformations that are diffeomorphic. As we only include the con-
dition as a penalty and not as a constraint, no guarantee is given for diffeomorphisms
in general; see also Sec. 2.2.1. Nevertheless, in Sec. 4.6 we show numerically that this
approach is suf�cient to obtain diffeomorphisms for the applications considered there.

Even though including the suf�cient condition of Th. 4.7 in a penalty term is enough for
the applications in Sec. 4.6, in the following we take a look at a common alternative for
guaranteeing diffeomorphic deformations. This alternative approach is justi�ed by the
subsequent corollary, which is stated e.g. in [118] without the proof presented below.

Corollary 4.9 (adapted from [118, Th. 1]). Let F R
1 ; :::; F R

N : Rd ! Rd be given by (27)
with �xed weight matrices W n

j and bias vectors bn
j , and let � R

1 ; :::; � R
N : Rd ! Rd be

the corresponding deformations given by (26). If F R
n is Lipschitz continuous with

Lipschitz constant M < 1 for all n = 1 ; :::; N , then each deformation � R
n is a diffeo-

morphism.

Proof. This is a direct conclusion of Th. 4.7, since the condition on the Lipschitz constant
of F R

n implies for each x 2 Rd

kr F R
n (x)k2 = sup

z2 Rd ;
kzk2=1




 (r F R

n (x))z





2 = sup
z2 Rd ;

kzk2=1








 lim
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1
h
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1
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 F R

n (x + hz) � F R
n (x)






2 � sup
z2 Rd ;

kzk2=1

lim
h! 0

M
h

khzk2 = M < 1:

Remark 4.10. Note that the exact form of the residual functions is also insigni�cant for
the proof of Cor. 4.9.

Recently, several works on ResNets guaranteed diffeomorphisms by ensuring that the
Lipschitz constants of the residual functions are less than one; see e.g. [28, 118]. In or-
der to guarantee the Lipschitz condition different normalization methods are used; see
e.g. [119, 120, 121]. The advantage of this approach over including the suf�cient con-
dition of Th. 4.7 in the penalty term is that diffeomorphic deformations are guaranteed.
The disadvantage, however, is the additional computational effort required to normalize
the residual functions. This motivates us to use the simpler penalty-based approach for
the experiments in Sec. 4.6 and Sec. 4.7.

4.5 Implementation Details
In the previous sections, we have provided a theoretical analysis of RNR. In the re-
mainder of this chapter, we will examine the method from an experimental perspective.
Therefore, we summarize implementation details of the RNR method in this section. The
experiments presented in Sec. 4.6 and Sec. 4.7 are based on this implementation.

59



4.5. Implementation Details

While RNR was introduced for 2D and 3D registration problems, the experiments in
the following sections focus only on the more complex case of 3D registration problems.
Thus, from now on, by an image we mean a discrete image composed of voxels; see
Sec. 2.1. For computational reasons we assume a cuboid image domain that is uniformly
scaled to �t into the cube 
 � [� 1; 1]3.

All experiments presented in the following are implemented in Python 3.10.9 [122] using
PyTorch 2.0.0 [36]. The results in Sec. 4.6 are generated on a 12-core Intel(R) Xeon(R) Gold
6128 CPU system with 95GB of RAM, NVIDIA GeForce RTX 2080 and CUDA 12.6. The
experiments in Sec. 4.7 are performed on a 24-core AMD EPYC 74F3 system with 256GB
of RAM, NVIDIA A100 and CUDA 12.6.
Our implementation builds on the code basis of Wolterink et al. [38], which contains a
method for intensity-based image registration based on INRs.

4.5.1 Registration Settings
As described in Sec. 4.2, in the RNR method an energy functional of the form (29) is
minimized, which consists of a data �tting term D , a regularizer S and a penalty term P .
More precisely, in (29) we set

D[y] :=
1
N

NX

n=1

Dn [� n ]; S[y] :=
1
N

NX

n=1

Sn [� n ] and P[y] :=
1
N

NX

n=1

Pn [� n ]

with the vector �elds � 1; :::; � N being the successive deformations corresponding to the
�nal transformation y de�ned by (26). Note that the above notations are not well de�ned
in general since vector �elds � n uniquely de�ne a �nal transformation y but the reverse
does not hold. Nevertheless, we decided to use these notations in order to keep the
formulation short. Numerically this inconsistency is no problem, since the optimization
is directly performed on the weights of the network; see Rem. 4.2 for a more detailed
discussion.

Next, we present concrete choices for the functionals Dn , Sn and Pn .
Appropriate choices of the data �tting term depend on the application. In the experi-
ments presented in Sec. 4.6.2–4.6.4, which consider academic registration problems, we
use the MSE as similarity measure for simplicity; see (2). For the registration problem
with lung data in Sec. 4.6.5, the distance measure NCC, see (3), is utilized in order to
account for varying intensity changes in the data. Whereas for the calculation of the
breathing model in Sec. 4.7, a combination of MSE and NCC is selected based on the
data provided for this purpose.
As discussed in Sec. 4.3, we use the regularizer given by (31) in order to guarantee exis-
tence of solutions of the minimization problem.
Further, we penalize the gradients of the residual functions F R

n given by (27) by setting

Pn [� n ] :=
1

jB j

X

x2 B

kr F R
n (x)k2

F for n = 1 ; ::; N; (35)

where B is the set of voxel positions that are taken into account in the optimization; see
Sec. 4.5.2. The choice of this smoothness penalty is motivated by Th. 4.7, which states
that the deformations � R

n calculated with RNR are diffeomorphisms if the condition

kr F R
n (x)k2 < 1 8x 2 
 ; n = 1 ; :::; N
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Table 4.1:Number of parameters in the network in RNR for the 3D case (d = 3 ) with N 2 f 1; 5g
time steps and network widthq 2 f 8; 30; 100g calculated using(28).

N
q

8 30 100

1 131 1.143 10.803
5 655 5.715 54.015

holds; see the discussion following Th. 4.7. As is usual with registration, appropriate
choices for the regularization parameter � S and the penalty parameter � P depend on
the speci�c registration problem; see e.g. [9]. However, since RNR is not very sensitive
to the choice of the regularization parameter � S, see Exp. 4.22, we set� S = 10 � 4 in
all experiments. With this choice the regularization term turned out to have no major
in�uence on the resulting deformation, but still guarantees the existence of solutions.
We desire this behavior since there is no physical foundation for the utilized regularizer;
see Sec. 4.3.2 for further details. The penalty parameter� P in�uences the smoothness
of the deformation and must therefore be selected individually for each application. We
perform an automatic search to determine � P. The details are presented in Sec. 4.6 and
Sec. 4.7.
In order to evaluate the deformed template images T � � n , sub-voxel image intensity
values are computed through trilinear interpolation. The derivative r (T � � n ) at sub-
voxel positions, which is required during the optimization process, is computed with
right derivatives.

For the number of time steps performed in a registration with RNR, we use N = 1 and
N = 5 . While the �rst choice for N gives insight about the deformation produced with
one time step, the latter shows how the deformations look after several time steps and
allows the usage of intermediate data.

The choice of the network width q within the residual functions varies. A total of three
different network widths are investigated in the following experiments: q = 8 ; 30; 100.
These values were chosen because the number of parameters in the corresponding net-
works differs by a factor of ten; see Tab. 4.1. While the small and medium sized network
(q = 8 ; 30) proved to be reasonable for the structured academic registration problems
considered in Sec. 4.6.2 and Sec. 4.6.3, the large network (q = 100) is more �exible and
thus appropriate for the registration problems with real data presented in Sec. 4.6.5 and
Sec. 4.7. Note that all networks utilized in the next sections contain a relatively small
number of parameters compared to other registration methods based on INRs. For ex-
ample, in [38] the network contains approximately 1:3�105 parameters, [39] uses between
6:7 � 104 and 1:3 � 105 parameters and [40] even utilizes approximately 1:3 � 107 parame-
ters. In contrast, the largest network used in RNR in the following sections contains only
5:4 � 103 parameters; see Tab. 4.1. We will show that the relatively small number of pa-
rameters in RNR is already suf�cient for the registration problems under investigation.

4.5.2 Optimization Settings

For the optimization, we use ADAM [107], which has proven to be a successful stochastic
gradient descent-based optimization algorithm in recent years; see [123, 124] for popular
applications of ADAM. The learning rate is set to 10� 3, which is a commonly used value
for the step size, see e.g. [40, 60], and has also proven to be suitable in our experiments.
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We initialized the weight matrices and bias vectors for each residual function with values
drawn from a normal distribution with zero mean, using a standard deviation of one
for the �rst two linear layers and a standard deviation of 10� 3 for the last layer. This
ensures that the initial deformation is close to the identity transformation. The intuitive
strategy of setting the initial deformation to the identity, i.e. initializing all parameters
with zero, is not reasonable for learning-based approaches. If doing so, the derivatives
of the network output with respect to the weights in one layer would be identical, so that
the updated weights in this layer would also remain identical throughout training [125].

In each epoch, one optimization step is performed based on a share of the image voxels,
such that over multiple epochs all voxels are considered in random order. Naturally,
using a small proportion in each epoch saves computation time, while a large proportion
improves the registration quality.
Therefore, in the experiments based on large data in Sec. 4.6.2 and Sec. 4.7, we use1%
of the image voxels in each epoch. In Sec. 4.6.3, the data consists of signi�cantly fewer
voxels than in the other examples, and thus all voxels can be used in each epoch. For the
data in Sec. 4.6.5, using3% of the voxels turned out to be a good compromise between
computational effort and registration quality.

In RNR, terminating the optimization using classical stopping criteria such as no signif-
icant change in the loss or reaching a certain threshold for the loss, see e.g. [11], is not
suitable. The reason for this are the large stochastic variations in the loss, due to stochas-
tic sampling and the stochastic gradient descent scheme. Instead, we �x the number of
epochs, as is usual in learning-based registration approaches; see e.g. [34, 35]. We run
the optimization for 300 epochs in the experiments presented in Sec. 4.6 and Sec. 4.7,
which was empirically determined to be a reasonable value for the considered regis-
tration problems. A validation of this choice for the stopping criteria is presented in
Exp. 4.23.

4.6 Validation of RNR

In this section, we present a comprehensive experimental validation of RNR. The results
give an impression of the deformations produced by RNR. We demonstrate that RNR
provides deformations that build on each other in a meaningful way. Furthermore, we
compare RNR with selected state-of-the-art registration approaches, such as the classical
optimization-based registration approach [126] and the CNN-based method [60]. As
already mentioned in the previous section, we focus on 3D registration problems in this
validation.

Before we dive into details about the validation, in Sec. 4.6.1 we shortly introduce the
visualizations that will be used to demonstrate the registration results in the following
sections. The subsequent validation is then divided into four parts: In Sec. 4.6.2, an aca-
demic registration problem in the form of Problem 2 is investigated, whose structure
allows to understand what the deformations resulting from RNR look like. We compare
the deformations produced by RNR using different network widths and show that the
registration quality for this problem generally bene�ts from the usage of intermediate
data. Additionally, we demonstrate that for the considered example the adaptation of
the residual functions proposed in Sec. 4.2 indeed yields larger deformations compared
to the original residual functions used by Ben Amor et al. [41], which was the motiva-
tion for this adaptation. A comparison with the classical LDDMM method, which was
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introduced in Sec. 4.1 and forms the basis for RNR, shows that RNR achieves higher reg-
istration quality with faster computation time for the considered example. Afterwards,
in Sec. 4.6.3 registration problems with X-ray hand data are investigated, which are based
on transformations not covered by the structured example in Sec. 4.6.2. We show that
RNR is able to provide basic transformations such as translations, scalings and small ro-
tations, but struggles with large rotations and partially with local minima. In Sec. 4.6.4,
a brief discussion on the stability and convergence behavior of the optimization within
RNR is presented. In Sec. 4.6.5, we compare RNR with state-of-the-art registration meth-
ods regarding the registration quality on a publicly available dataset containing lung CT
data. We show that RNR can compete with these commonly used methods. Lastly, in
Sec. 4.6.6 we summarize the main results of the presented validation.

4.6.1 Overview of Visualization Types

Visualization of 3D images and deformations on a 2D plane always involves limitations.
Therefore, many visualization approaches exist, each with different advantages and dis-
advantages; see e.g. [127] for an overview of 3D visualization methods. Since the focus
of this thesis is not on different visualization approaches, we have decided on four intu-
itive types of visualizations, which will now be described. An example for each type is
shown in Fig. 4.6.

All visualizations used in the following are based on 2D image slices taken from the 3D
images, as using 2D slices is one of the simplest ways to visualize 3D images on a 2D
plane. While visualizing only one slice taken from the center of the 3D image allows
details in this 2D image to be recognized, combining several evenly distributed slices
in an image collage gives a rough impression of the entire 3D image; see the �rst two
illustrations in Fig. 4.6. In order to give insight into the 3D deformations resulting from
registrations, we show projections of deformed grid slices; see the third illustration in
Fig. 4.6. More precisely, for this type of visualization we �x a slice of a 3D grid in the im-
age domain, deform this slice using the given 3D deformation and project the deformed
slice to a 2D plane. For orientation purposes, the corresponding slice of the template
image is also displayed in the background of the resulting grid. Finally, as shown on
the right in Fig. 4.6, we use difference images created by subtracting the template from
the reference image. Since difference images are particularly well suited for illustrating
subtle differences between images, we utilize theses for the registration problem with
lung data; see Sec. 4.6.5.

Figure 4.6: 2D visualizations of exemplary 3D images and deformation. From left to right:
image slice, image collage containing nine slices of an image, projection of deformed grid slice
with template in the background, slice of a difference image between two corresponding images;
see Sec. 4.6.1 for details.
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4.6.2 Example 3D-C: Handling Large Deformations

In this section, we consider a registration problem, whose structure allows us to under-
stand what the deformations resulting from RNR look like. The problem under con-
sideration is a 3D adaptation of the example examined by Christensen et al. [128], who
performed a registration of a 2D disc to an image of the letter "C"; see Fig. 4.7.
Christensen et al. [128] proposed this example in order to illustrate the limitations of
elastic registration methods [65], which are unable to deform the disc into the "C". More
precisely, the example is interesting for multiple reasons [128]. Firstly, the template and
the reference image differ greatly from each other. Since the right side of the disc has to
move a large distance from its undeformed to its deformed position, large deformations
are required to solve the registration problem. Secondly, the reference image contains
corners while the template image does not. This allows to validate whether calculated
deformations are continuously differentiable. Lastly, many points of the disc have to
follow nonlinear paths to deform the disc into the "C". Due to all three aspects, elastic
models are unable to solve this registration problem.

We show that RNR, on the other hand, is capable of handling such large deformations.
Additionally, although deformations computed with RNR are smooth, they can be a
good approximation of non-smooth functions that create corners. In order to demon-
strate this, we adapt the registration setting of [128] as follows: The template image
shows a homogeneous �lled ball. Furthermore, we create �ve successive reference im-
ages, which show 3D C-shapes that can be imagined as balls that have been indented
from one direction. The cavity is small for the reference image corresponding to the �rst
time point and increases in the subsequent time points. Fig. 4.7 visualizes slices of the
images. Each 3D image consists of200� 200� 200cubic voxels.

The validation in this section is organized in multiple phases. In the �rst two parts, we
neglect the intermediate reference images and perform registrations only based on the
�nal reference image using either one or �ve time steps. Afterwards the intermediate
reference images are taken into account as well, which turns out to have a signi�cant
impact on the registration. We compare the results for different network widths. All
in all, RNR proves to yield large deformations and is capable of solving the considered
registration problem. In the subsequent experiments, RNR is compared with a registra-

Template Reference
n = 1 n = 2 n = 3 n = 4 n = 5

Figure 4.7: 3D template image and reference images of the 3D-C example, which are created by
adapting the data [128] to 3D. For details about the visualization see Sec. 4.6.1.
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tion approach that uses the original residual functions [41], as well as with the classical
LDDMM method. Lastly a validation on the computation time of all methods used in
this section is presented.

Choice of the Network Structure and the Penalty Parameter

For the following experiments, the implementation presented in Sec. 4.5 is utilized. Since
the values for the network width q and the penalty parameter � P have to be selected
depending on the experiment, we will now describe how these are determined.

In order to evaluate how the deformations resulting from RNR change with the network
width, we examine all three different cases for the dimension q mentioned in Sec. 4.5.1,
i.e. q = 8 ; 30; 100. While q = 30 was chosen as baseline because in preliminary exper-
iments reasonable results were achieved with this network width, q = 8 and q = 100
were chosen for comparison with a much smaller and a much larger network; see also
Sec. 4.5.1 for a discussion of these choices.

The idea for the choice of � P is to set the parameter as small as possible, but large enough
such that the �nal and intermediate deformations resulting from RNR are diffeomorphic,
i.e. the third condition of Problem 2 is ful�lled. This allows us to focus on the behavior of
the deformations caused by the network structure given by (26) and (27). More precisely,
the penalty parameter � P is automatically selected in each experiment as follows: A grid
search is executed taking into account values for � P between 0 and 1 with a step size of
0.02. For each value of� P considered, a registration with RNR is performed and checked
as described below to determine whether the resulting deformations are diffeomorphic.
The smallest value for � P that satis�es the latter condition is chosen.
One suf�cient criterion for a deformation to be diffeomorphic is that the Jacobian deter-
minant is greater than zero in R3. To save computation time, we only check this criterion
on a set of 105 randomly selected points on a grid within the image domain. This grid
has the size of the image data in terms of voxels. Note that with this procedure we can-
not guarantee that the obtained deformations are diffeomorphic on the entire space R3.
Nevertheless, this is a commonly used approach to check whether deformations are dif-
feomorphic; see e.g. [34, 39, 40].
The resulting penalty parameters are listed in Tab. A.1 in the Appendix for all experi-
ments in this section.

Experiment 4.11 (RNR with one time step) . In the �rst experiment, we use RNR with
only one time step in order to get insight into how deformations resulting from a single
time step look like. Thus, we set N = 1 and use only the �nal reference image in the
registration while the intermediate reference images are not taken into account. The de-
formed template image as well as the deformed grid is visualized at the top of Fig. 4.8.
The small network ( q = 8 ) generates a deformation that is almost the identity and thus
does not produce an image with a C-shape. The image resulting from the medium and
large network ( q = 30; 100) show a C-shape, but the cavity in the C is not nearly as pro-
nounced as in the reference image. In all three cases, the deformation is smooth and too
restrictive to deform a ball to the desired C-shape. Additionally note that although both
the template image and the reference image have a symmetrical structure, the deformed
template image does not have this property. Since the network structure used within
RNR allows to represent symmetric deformations, this must be due to the optimization
within the method.
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Figure 4.8:Final deformed template image and deformed grid resulting from RNR using network
widths q = 8 ; 30; 100. Top: results using one time step; see Exp. 4.11.Middle: results using
�ve time steps and only the �nal reference image; see Exp. 4.12.Bottom: results using �ve time
steps and all reference images; see Exp. 4.13. For details about the visualization see Sec. 4.6.1.
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Experiment 4.12 (RNR with multiple time steps omitting intermediate data) . Next, we
perform a registration using RNR with �ve time steps, i.e. N = 5 . In this way, we allow
the method to produce intermediate deformations. We still do not include the interme-
diate data. Instead, as in the previous experiment, the registration is only guided by the
�nal reference image. For the loss function (29) this means that for the data �tting term
there is only one summand and thus we omit the weighting by 1

N for the data term in
order to ensure comparability with the other experiments. The resulting �nal image and
deformed grid is presented in the middle of Fig. 4.8. The result shows that by allowing
RNR to produce intermediate deformations, the method is able to deform a ball into the
desired C-shape. Thus, RNR can generate large deformations that make it possible to
map even very different images onto each other. In this structured registration example,
a relatively small network width of q = 30 is already suf�cient. As we have �ve times as
many parameters when using �ve instead of one time step, the greater �exibility of RNR
in this experiment compared to the previous experiment is not surprising. However,
note that the network corresponding to N = 1 ; q = 100 contains twice as many parame-
ters as the network with N = 5 ; q = 30; see Tab. 4.1. Nevertheless, in the latter case the
deformation is larger. From this we conclude that the �exibility of RNR depends more
on the number of time steps than on the network width.
Note that for q = 30; 100also the corners in the reference images are relatively well rep-
resented by the deformations. This means, though deformations generated by RNR are
theoretically in C1 (R3; R3), in practice the method can generate deformations that can
hardly be distinguished from non-differentiable transformations.
When considering the �gures, it should be noted that, due to the choice of the penalty
parameter as described in Sec. 4.5, no grid folding occurs. For the casesq = 30; 100 the
grid seems to fold, but this only an artifact of the visualization.
In order to understand how the template image is deformed over time, Fig. 4.9 visualizes
the deformed template image and the corresponding deformed grid after each individ-
ual time step. The behavior is shown exemplary for q = 30, since for the small and large

q = 30
n = 1 n = 2 n = 3 n = 4 n = 5

Figure 4.9:Deformed template image and deformed grid after each time step resulting from RNR
using N = 5 time steps and network widthq = 30 without intermediate reference images; see
Exp. 4.12. For details about the visualization see Sec. 4.6.1.
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network we obtain analogous results. Although the fully deformed template image is
well aligned with the �nal reference image, the intermediate results differ greatly from
the intermediate reference images. Since these were not incorporated in the registration
this is not surprising. In the next experiment, we show that including the intermediate
reference images solves this issue.

Experiment 4.13 (RNR with multiple time steps including intermediate data) . In the
next experiment, we retain the network structure in RNR as used in the previous ex-
periment, but include the intermediate reference images in the registration. In this way,
we again allow the method to produce four intermediate deformations, but we addi-
tionally support the calculation of these deformations by providing data corresponding
to the intermediate time points. The �nal deformed template image and the deformed
grid is presented in the bottom of Fig. 4.8. For the medium and large network width
(q = 30; 100) the �nal results do not differ signi�cantly from the one of the previous ex-
periment. In these cases, RNR yields deformations that are able to generate the desired
C-shape. Since the network architectures used coincide with those of Exp. 4.12, this be-
havior matches our expectation. Surprisingly, for the small network width ( q = 8 ) the
ball is not deformed as much as in the previous experiment. One explanation for this is
that the data �tting term now takes into account not only the �nal time point, but also
the time points in between, so that the last time point is less important.
The deformed template images and deformed grids corresponding to each individual
time point are shown in Fig. 4.10. In contrast to the previous experiment, at least for
the medium and large network ( q = 30; 100) the deformed template image matches the
reference images for each time point well.
Summarizing, including the intermediate reference turned out to be both partly advan-
tageous and partly disadvantageous for the registration of the 3D-C example. Using the
small network width, the incorporation of the intermediate data had a negative impact
on the quality of the �nal registration result. However, in the other two cases the quality
of the �nal registration result was not visibly affected by the inclusion of the additional
data, while the intermediate results have clearly bene�ted from this.

Experiment 4.14 (In�uence of the adaptation of the residual functions in RNR) . Next,
we validate whether the adaptation of the original residual functions of Ben Amor et
al. [41] does indeed result in larger deformations, as described in Sec. 4.2. Since with
the adapted residual functions the registration problem is already solved well for the
medium network ( q = 30) using the intermediate reference data, we repeat Exp. 4.13
with the original residual functions (25). The parameters were selected as in the previous
experiments. The resulting deformed template images and deformed grids correspond-
ing to each individual time point are shown in Fig. 4.11. There is a large difference to
the results attained in Exp. 4.13; see Fig. 4.10. The use of the adjusted residual functions
leads to a much larger deformation, which is more suitable to deform the ball to the
C-shape.

Experiment 4.15 (Comparison of RNR with LDDMM) . In this validation part, we com-
pare RNR with a registration method belonging to the classical LDDMM framework as
described in Sec. 4.1.1. More precisely, we use torch-lddmm [129] with the default set-
tings except for minor adaptations. Since the gradient descent step size was too small
for the considered example, we set the step size to10� 1, which turned out to be a reason-
able choice. The regularization parameter is optimized in the same way as the penalty
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q = 8
n = 1 n = 2 n = 3 n = 4 n = 5

q = 30
n = 1 n = 2 n = 3 n = 4 n = 5

q = 100
n = 1 n = 2 n = 3 n = 4 n = 5

Figure 4.10: Deformed template image and deformed grid after each time step resulting from
RNR using N = 5 time steps and network widthsq = 8 ; 30; 100 when using intermediate
reference images; see Exp. 4.13. For details about the visualization see Sec. 4.6.1.
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q = 30
n = 1 n = 2 n = 3 n = 4 n = 5

Figure 4.11: Deformed template image and deformed grid after each time step resulting from
RNR with original residual function of [41] usingN = 5 time steps and network widthq = 30,
including intermediate reference images; see Exp. 4.14. For visualization details see Sec. 4.6.1.

parameter in the previous experiment, such that the weighting of the regularization is as
small as possible without allowing for grid folding. The maximum number of iterations
in the optimization is set to 300, but in both registrations presented in the following, the
optimization stopped prematurely because the energy change threshold was reached.

In order to compare LDDMM with RNR, we �rst use LDDMM with N = 5 time steps
analogous to the previous experiments for RNR. The computed �nal image and de-
formed grid is shown on the left of Fig. 4.12. The resulting deformation is quite small
compared to those produced in Exp. 4.13 using RNR with network width q = 30; 100and
including the intermediate reference data. When enlarging the number of time steps to
N = 25 LDDMM is also able to generate deformations that map the ball to the desired

N = 5 N = 25

Figure 4.12:Final deformed template image and deformed grid resulting from LDDMM using
N = 5 andN = 25 time steps; see Exp. 4.15. For details about the visualization see Sec. 4.6.1.
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Table 4.2:Computation time in seconds for each method utilized for the 3D-C example using dif-
ferent number of time stepsN and network widthsq: RNR without intermediate data (RNR w/o)
with N = 1 ; 5 and q = 8 ; 30; 100; RNR with intermediate data (RNR w) withN = 5 and
q = 8 ; 30; 100; RNR with the original residual functions [41] and intermediate data (RNR
w+[41]) with N = 5 andq = 30; torch-lddmm [129] withN = 5 ; 25.

Method RNR w/o RNR w RNR w+[41] LDDMM
N 1 5 5 5 5 25
q 8 30 100 8 30 100 8 30 100 30 - -

Time [s] 6 8 21 39 71 204 53 90 250 55 37 500

C-shape; see Fig. 4.12 right. This comes at the price of computation time as discussed in
the next experiment. Note that the used implementation of LDDMM does not take the
intermediate reference images into account.
A fundamental difference between RNR and the LDDMM implementation is how the
methods deal with the image boundary @
 . While LDDMM �xes the boundary, RNR
is not restricted by any boundary conditions. This means on the one hand that RNR is
universally applicable and it is not necessary to consider which boundary conditions are
appropriate for each registration task. On the other hand, if a registration problem comes
with speci�c boundary conditions, these cannot be guaranteed using RNR. An easy im-
plementable adaptation of RNR that at least comes close to ful�lling certain boundary
conditions is to include them as a penalty in the minimized loss function. Adapting RNR
to incorporate boundary conditions as constraints is not straightforward.

Experiment 4.16 (Computation time) . Tab. 4.2 summarizes the computation times for all
methods considered in this section for the 3D-C example. Note that with RNR the entire
cavity in the C-shape is generated in 71 s, when using RNR without the intermediate
reference data and network width q = 30. LDDMM requires 500 s for this task and
we need to set the number of time steps to N = 25. Thus, RNR can generate large
deformations much faster than the LDDMM approach.

4.6.3 Example Hands: Handling Af�ne Deformations and Local Min-
ima

Though the 3D-C example, which was examined in Sec. 4.6.2, already gives a compre-
hensive insight into what deformations resulting from RNR look like, some aspects are
not covered by this example. Still open questions are whether simple transformations
such as translations, scaling and rotations can be computed with RNR and how the
method deals with local minima. In order to answer these questions, we utilize the
hand data as visualized in Fig. 4.13. In this section the MSE between the template and
reference is speci�ed on the left side of each depicted template image, since the image
similarity of the hand data is more dif�cult to assess visually than for the 3D-C exam-
ple. The data in Fig. 4.13 result from an adaptation of the original X-ray hand data [130].
The original hand data consist of 2D images of size 20 cm� 25 cmwith 128� 128pixels
and can be downloaded from the software toolbox documented in [11]. Note that the
implementation of RNR used for the 3D-C example cannot handle 2D data. Although it
is possible to adapt the implementation of RNR to process 2D data, we decided to adjust
the hand data instead due to time constraints. Thus, we stacked together �ve identical
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Templates
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Figure 4.13:3D template images and reference image of the hand examples. For each experiment
the MSE between the corresponding template image and the reference image is speci�ed on the
left-hand side. For details about the visualization see Sec. 4.6.1.

2D images to get 3D data. In this section, we conduct four experiments to investigate
different types of deformations: a translation, a scaling, a small rotation by �ve degrees
and a larger rotation by 22.5 degrees with an additional nonlinear deformation. While in
the �rst three experiments the template image results from the reference image by only
a translation, scaling or rotation, in the last experiment the ground truth transformation
does not only consist of a pure rotation. Instead, in the latter experiment we use for the
template image a rotated version of the original template in [130]. This means that in
this experiment the template and reference images show different hands and thus the
ground truth deformation contains also a nonlinear component. Note that for all hand
examples in this section no intermediate reference images are provided.

Choice of the Network Structure and the Penalty Parameter

In order to keep the validation in this section short, we limit the versions of the network
structure within RNR under investigation: In each experiment, we utilize RNR with
N = 1 time step and small or medium network width, i.e. q = 8 ; 30. We use one time
step since the data in this section comes without intermediate data. The choice of the
utilized network width is justi�ed by the fact that the af�ne transformations on which
the data are based on can be parameterized by only a few parameters. Thus, we assume
that even the small network ( q = 8 ) is suf�cient, but we consider the medium network
(q = 30) as well to be on the safe side.

The penalty parameter � P is chosen in the same way as in the 3D-C example in Sec. 4.6.2.
The resulting values are summarized in Tab. A.2 in the Appendix.

Experiment 4.17 (Translation) . First, we consider the example in which the template im-
age results from the reference image using a translation; see Fig. 4.13 left. More precisely,
the applied underlying transformation is a shift in x1-direction of around 4:6 cm, which
corresponds to about a quarter of the image width for the image size described above.
The dif�culty of this example is that a local minimum is reached as soon as any �n-
ger in the template matches any �nger in the reference image. In the left-most column of
Fig. 4.14 the �nal images and deformed grids are shown. While the network within RNR
with small width ( q = 8 ) is able to represent the transformation of the hand, the larger
network ( q = 30) gets stuck in a local minimum (overlap of thumb with index �nger)
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