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Notation

(Non-convex) Variational Problem

Flu) = /Q sl 4 /Q ()

—_——

data term H(u) regularizer J(w)

u: ) — T sufficiently smooth

Q) c R?%open and bounded image domain

I' € R compact range (label space)

n : R? — R non-negative and convex

p: Q1 x I — R proper, non-negative and possibly non-convex
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MIC

Bregman lteration

Consider the denoising problem:
Flu) = + J(u).

With input data f and some convex, absolute one-homogeneous regularizer J.
Bregman Iteration [Osher et al. 2005]
Initialize po = 0 and repeatfor k= 1,2, ...
uy € argmin { /(1) + J(u) — (p-1, )}
pr € 0J(uy)

Continuous limit leads to the Inverse Scale Space Flow:

— Non-linear decompositions of the input
- Non-linear filters for the input
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Example & Outlook

Bregman iteration on Rudin-Osher-Fatemi (convex)

4/14 D.Bednarski Implementation with prost: Méllenhoff et al. 2016



Related Work

Bregman ISS, convex non-convex
iteration  non-linear  dataterm data term lifting
filters
Osher et al. 2005 v v
Burger et al. 2006, 2015, 2016 (v) v v
Holtgen 2016 v (optical flow)
Alberti et al. 2003 ) v v
Pock et al. 2010 (v) v v
Vogt 2019 (v) v v
Mollenhoff et al. 2015, 2017 (v) v (sublabel-accurate)
Lifted Bregman ? v v
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Example & Outlook

Rudin-Osher-Fatemi (convex)

[Teration k=1
[~ Iteration k=6
0.8 f—Tteration k=11
|-Iteration k=1
Tteration k=21
Tteration k=2

[Teration k=1
6

6/14 D.Bednarski Implementation with prost library: Méllenhoff et al. 2016; Middlebury Stereo Datasets: Scharstein et al. 2014



Lifting Approach

Calibration-based Lifting [Alberti et al. 2003, Pock et al. 2010]

Original Problem: inf F(u), F(u)
uc W1
(E) Embedding: inf  F(1,), F(1,)
1y, ue Whi
(C) Convexification: infC F(v)
ve
Lu(z,t) =0
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Calibration-based Lifting: Alberti et al. 2003, Pock et al. 2010, Vogt 2019



Lifting Approach

Calibration-based Lifting [Alberti et al. 2003, Pock et al. 2010]

Original Problem: inf F(u), F(u) ::/ dz
ue W1 Q
(E) Embedding: inf  F(1,), F(l,) := sup/ (¢, D1,,)
Ly, ue Wt QxR
(C) Convexification: ing F(v)
ve

Global minimizers [Pocketal.2010 (Thm. 3.1)]

Let v* be a global minimizer in (C). Then forany s € [0, 1) the characteristic function T, o

is a global minimizer in (E). Furthermore, the function 1y, is the characteristic of the
subgraph of a minimizer of
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Lifting Approach - Sketch e
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Lifting Approach - Discretization

State of the art for J(u) = TV(u): sublabel-accurate discretization

- Relies on convexity and one-homogeneity of TV
— Data term and regularizer can be lifted separately
- Results in piecewise convex approximation of the data term
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MIC

Lifting Approach - Discretization

State of the art for J(u) = TV(u): sublabel-accurate discretization

- Relies on convexity and one-homogeneity of TV
- Data term and regularizer can be lifted separately
— Results in piecewise convex approximation of the data term

Notation needed for the talk:

— Discretize the range I' by choosing ¢ + 1 labels:
1 <o <Yer1, T'= 1, 7041]
- Denote the (sublabel-accurate discretized) lifted problem as

F(u) = H(u) + J(u)

9/14 D.Bednarski Sublabel-Accurate Discretization: Méllenhoff et al. 2015, Méllenhoff and Cremers 2017



Lifted Bregman lIteration

Lifted Bregman Iteration [Bednarski and Lellmann 2021]

Initialize p, = 0 and repeatfor k= 1,2, ...

uy, € argm&n {H(u) + J(u) — (Pr_1, u)}
D € 0J(uy)
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Lifted Bregman Iteration e

Lifted Bregman Iteration [Bednarski and Lellmann 2021]

Initialize p, = 0 and repeatfor k= 1,2, ...

uy, € argm&n {H(u) + J(u) — (Pr_1, u>}
D € 0J(uy)

Original Bregman iteration: Lifted Bregman iteration:
uj € argming {H(uw) + J(v)} <«— wuj € argmin, {H(w) + J(u)}

Solutions «; and u; are equivalent, if the projection of wu; given by

Up(2) ==+ (V2 = Y15 s V1 — Vo) up(2)

gives a solution of the original problem, i. e. u; = ()
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Lifted Bregman Iteration e

Lifted Bregman Iteration [Bednarski and Lellmann 2021]

Initialize p, = 0 and repeatfor k= 1,2, ...

uj, € argmin {H(u) + J(u) — (pr_1.w)}

Dy, € 0J(uy)
Original Bregman iteration: Lifted Bregman iteration:
uj € argming, {H(u) + J(u)} «—— uj € argming {H(u) + J(u)}

us € argming { H(u) + J(u) — (p1, w)} PR w; € argming { H(u) + J(u) — (p;, u)}

Next: sufficient condition on the subgradients p;.; and p;,_; such that the iterates «, and
u;, are equivalent.
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Equivalence

Proposition 2 [Bednarski and Lellmann 2021]
Assume that the minimization problems in the original Bregman iteration have unique so-
lutions. Assume that the solutions in the lifted Bregman iteration (uj) are sublabel-integral.

If at every point z the chosen subgradients py_1 € dJ(ug_1) and p,_; € J(uy_1) satisfy

T
Pi-1(2) = pr-1(2) (72—%, ce 'Yl+1_’Yl) )

then the solutions of the lifted Bregman iteration (u;) and the original Bregman iteration
(uy) are equivalent.

Proof: Relies on the fact that the lifted representation of H(u) = H;(u) — Ha(u) for
Hy(u) = (p, uw) is H(u) = Hy(u) — Hy(u).
=- Proposition applies to deconvolution/ denoising problem with anisotropic TV
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Results

Rudin-Osher-Fatemi:

transformed
subgradients

k=1 k=2 k=3 k=4
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Results

Stereo Matching:

F(u) = // Z WOz, I (1, y2 + u(2))) — Op, L2 ((y1, y2))) dz+ TV(uw)

d—12
L :
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Conclusion

Introduction of the lifted Bregman iteration

Equivalence of original and lifted Bregman iteration if sufficient condition on
subgradients is satisfied

Sufficient condition satisfied in case of ROF problem with anisotropic TV

First results of lifted Bregman iteration on originally non-convex problems
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