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Abstract— The registration of medical images containing soft

tissue like inner organs, muscles, fat , etc., is challenging due

to complex deformations between different image acquisitions.

Despite different approaches to get smooth transformations the

number of feasible transformations is still huge and ambiguous

local image contents may lead to unwanted results. The incor-

poration of additional user knowledge is a promising way to

restrict the number of possible non-rigid transformations and

to increase the probability to find a clinically reasonable solu-

tion. A small number of pre-operatively and interactively de-

fined landmarks is a straight forward example for such expert

knowledge. Typically, when vessels appear in the image data,

a natural way is to determine landmarks as vessel branchings.

Here, we present a generalization that allows also the usage of

corresponding vessel segments. Therefor, we introduce a regis-

tration scheme that can handle anisotropic localization uncer-

tainties. The contribution of this work is a consistent modeling

of a combined intensity and landmark registration approach as

an inequality constrained optimization problem. This guaran-

tees that each reference landmark lies within an error ellipsoid

around the corresponding template landmark at the end of the

registration process. First results are presented for the registra-

tion of preoperative CT images to intra-operative 3D ultrasound

data of the liver as an important issue in an intra-operative nav-

igation system.
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I. INTRODUCTION

Non-rigid image registration is one of the key problems in
computer-assisted oncological liver surgery. Based on preop-
erative CT data, resections are planned based on 3D models
of the liver vessels and the tumor which are extracted from the
image data [1]. During the intervention the surgeon is guided
by a navigation system based on 3D ultrasound, which cap-
tures the current shape and position of the liver [2]. To trans-
fer the preoperative plan to the patient on the operating table a
non-rigid registration method is needed, which compensates
liver deformations. The liver deformation arises from intra-
operative bedding and from the mobilization of the organ.

There is only few work published regarding CT/MRI to
ultrasound registration. Rigid methods have been presented,

which are either intensity- [3], feature-based [4] or where
the CT images are made similar to ultrasound images and
then their correlation is measured [5]. Usually the liver ves-
sels serve as features, because of their easy identification in
CT/MRI and ultrasound data, in particular in Power Doppler
ultrasound. Extensions of such vessel-based approaches to
non-rigid transformations are described in [6, 7]. These meth-
ods, however, suffer from the problem that vessels cannot be
extracted automatically from ultrasound data at high accu-
racy and speed. Alternatively, hybrid approaches [8, 9] fit pre-
operatively extracted features (vessels) directly to the intra-
operative image data.

The incorporation of additional user knowledge into a non-
rigid registration process is a promising topic in modern reg-
istration schemes to increase the robustness of the registra-
tion process. The combination of intensity based registration
and some interactively chosen landmark pairs is a major ap-
proach in this direction [10, 11, 12, 13, 14]. As the interac-
tive localization of point landmarks is always prone to errors,
we introduce an inequality constrained optimization scheme,
which guarantees corresponding landmarks to be at most a
given distance apart from each other after registration. As the
localization uncertainties might deviate in different directions
we introduce for the first time a landmark constrained regis-
tration scheme with anisotropic tolerances (error ellipsoids),
which can be used for the registration of vascular structures.

II. METHODS

Given a reference image R (intra-operative 3D ultrasound)
and a template image T (preoperative CT ) with R,T : R

3 →
R the aim of the registration process is to find a displacement
vector field y : R

3 → R
3 , which transforms the domain of

the template image in such a way, that corresponding points
are mapped onto each other. In the general variational non-
parametric image registration approach [15] a functional J
depending on the transformation y is minimized. The func-
tional consists of a distance measure D[R,T (y)] quantifying
the intensity differences of the reference R and the trans-
formed template T (y) and a regularizer S[y] ensuring smooth
and plausible transformations y . This leads to the following
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Fig. 1: Anisotropic segment and isotropic branching landmarks with
eigenvectors v1,v2,v3.

optimization problem:

min
y

J[y] = D[R,T (y)]+αS[y]

with weighting factor α ∈ R
+. Different possibilities exist

to incorporate corresponding landmark pairs r j, t j ∈ R
3, j =

1, . . . ,N into this intensity based registration approach. The
first is to add a penalizer P[y] to the functional [11] measuring
the sum of the distances between the landmarks:

min
y

J[y] = D[R,T (y)]+αS[y]+βP[y]

with weighting factor β ∈R
+. As the landmark misfit is glob-

ally controlled, the distance of individual landmarks might
still be high after optimization. In addition the penalty ap-
proach suffers from parameter tuning (weighting factor β ).
An individual landmark control is possible by formulating a
constrained optimization problem:

min
y

J[y] = D[R,T (y)]+αS[y]

subject to Ceq
j [y] = 0, j = 1, . . . ,N

with three equality constraints Ceq
j [y] = y(r j)− t j for each

landmark pair [10, 12]. The exact mapping of correspond-
ing landmarks onto each other is guaranteed in this scheme.
But equality constraints are too restrictive because interac-
tive landmark definition is always prone to errors. Here we
are presenting a new approach by considering individual
anisotropic landmark localization inaccuracies. As the local-
ization uncertainty of a landmark might deviate in different
directions (anisotropic errors) we define an ellipsoidal toler-
ance volume for each landmark pair by a weighted norm [16]:

Ciq
j [y] = 1−∥

∥y(r j)− t j
∥
∥2

Wj
= 1− (y(r j)− t j)Wj(y(r j)− t j)

with Wj ∈ R
3×3 being positive definite symmetric weighting

matrices. The resulting inequality constrained optimization
problem looks like:

min
y

J[y] = D[R,T (y)]+αS[y]

subject to Ciq
j [y] ≥ 0, j = 1, . . . ,N

(1)

In [17] also an anisotropical landmark weighting is used, but
in a penalizer scheme with the above mentioned disadvan-
tages.

The anisotropically weighted landmarks yield a higher
flexibility in defining landmark pairs. For example instead of
using point landmarks at corresponding liver vessel branch-
ings, which are usually difficult to identify in 3D, also land-
marks between two corresponding branchings (vessel seg-
ments) can be used, which are often easier to identify. With
the latter landmarks the localization uncertainty is high along
the vessel, but low perpendicular to it (see Fig. 1). The covari-
ance of the anisotropic localization uncertainty can be mod-
eled via their eigenvalues and eigenvectors. The first eigen-
vector v j

1 ∈ R
3 points in the direction of the corresponding

vessel at the position of the landmark, the other two eigen-
vectors v j

2,v
j
3 ∈ R

3 are perpendicular to it. As the localization
uncertainty is high in the direction of the vessel and low per-
pendicular to it depending on the area of the vessel cross sec-
tion, the eigenvalues are chosen as λ j

1 = 5r2
j ,λ

j
2 = r2

j ,λ
j

3 = r2
j

, with r j being a radius estimation of the vessel at landmark j.
The radii are already available due to the preoperative mod-
eling of the vessels for the surgery planning process. With
D j = diag(λ j

1 ,λ j
2 ,λ j

3 ) and Vj = (v j
1,v

j
2,v

j
3) the uncertainty

matrices are defined as:

Σ j = V T
j D jVj.

The weighting matrices are then the inverse of the co-
variance matrices: Wj = Σ−1

j . The approach can be seen as
a generalization of the isotropic tolerance method described
in [14]. To handle such isotropic tolerances the matrix Σ is
choosen as Σ j = a2

j I3, with a j ∈ R
+ being the radius of an

error sphere around landmark j.
For the optimization of (1) we use the first-discretize-

then-optimize-approach. That means, the objective function
as well as the constraints are discretized first to achieve a
finite constrained optimization problem. In particular, the
constraints are approximated by means of linear interpola-
tion as described in [12]. Analytical gradients for the dis-
cretized problem are determinable allowing efficient opti-
mization schemes. We solve the finite optimization problem
by a generalized Gauss-Newton-method [18].
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III. RESULTS

We show the effectiveness of the proposed registration
scheme on an illustrative example, which is a simplified ge-
ometry of portal veins in a real liver CT containing only the
biggest vessels. A realistic deformation based on a combined
intensity and landmark registration with equality constraints
of clinical CT and 3D ultrasound data is determined. The
landmarks have been defined on vessel branchings. This de-
formation is applied to the example image to get an artificial
template. In the first row of Fig. 2 the vessels extracted from
the template and reference image as well as the landmarks
and vessel center lines are shown. The points on the center
lines are displaced by 5± 2mm. 6 landmark pairs have been
interactively chosen on the vessel segments. Landmark 3 has
been moved by 10mm in the direction of the vessel.

We chose the curvature regularizer Scurv =
1
2

∫
∑3

k=1

∥
∥Δ(yk − y0

k)
∥
∥2 dx [15] with y0 being the initial

displacement field and the sum of squared differences (SSD)
as the distance measure DSSD = 1

2
∫
(T (y(x)) − R(x))2dx

because in our example the vessels appear bright compared
to the background in template and reference image. We used
a multilevel and multi-resolution strategy for the images T,R
and the displacement field y. We started on a grid with 7.5
mm spacing and refined twice to a final spacing of 1.9mm.
The original resolution of the images was 1×1×1mm3.

As can be seen in the second and third row of Fig. 2 the
isotropic tolerance at landmark 3 is to restrictive to compen-
sate the displacement of the landmark, but the anisotropic tol-
erance is suitable for compensation while keeping the restric-
tive tolerance perpendicular to the vessel.

IV. DISCUSSION AND CONCLUSION

Different ways have been published recently to combine
intensity and landmark information in a joint registration
process even for landmarks with anisotropic uncertainties.
The contribution of this work is a consistent modeling as
an inequality constrained optimization problem guarantee-
ing that each reference landmark lies within an error ellip-
soid around the corresponding template landmark at the end
of the registration process. In contrast to [17] the anisotropi-
cally weighted landmark differences are not added as a penal-
izer to the registration functional, but as hard inequality con-
straints. In addition not an alternating optimization scheme,
but a direct optimization scheme has been implemented. The
presented algorithm is a generalization to the one published
by Papenberg et al. [14] with isotropic spherical landmark
tolerances.

Vessel segment landmarks with anisotropic localization
uncertainties are a promising alternative and/or extension to

vessel branching landmarks with isotropic localization uncer-
tainties. They offer an additional flexibility for the interactive
definition of landmarks on vessel trees allowing for an intu-
itive and efficient registration workflow. The first results on
an illustrative but realistic example are promising such that
the next step will be a thorough and quantitative investigation
on a significant number of clinical data sets from patients,
which underwent computer assisted liver surgery.
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Fig. 2: In the first column reference (grey) and template (red) vessels are shown. In the second row the error ellipsoids around template landmarks as well as
the position of reference landmarks is visualized. In addition the vessel center lines are shown. In the first row the original deformed vessels and landmark
positions are presented. Landmark 3 is displaced in the direction of the vessel. In the second row registration results using isotropic tolerances around the

landmarks and in the third row using anisotropic tolerances are visualized
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